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Editorial

Clayton Peterson

Christian Straßer

1 Foreword

The special issue on Deontic logic and normative systems follows from the 16th
edition of the International Conference on Deontic Logic and Normative Systems
(DEON 2023) held at the Université du Québec à Trois-Rivières (Canada) in July
2023. The special issue on Deontic Logic and Normative Systems stems from the 16th
edition of the International Conference on Deontic Logic and Normative Systems
(DEON 2023), held at the Université du Québec à Trois-Rivières (Canada) in July
2023. The focus of DEON 2023 was on the theoretical and practical limitations of
automated behavior. 17 papers were published in the conference proceedings. After
the conference, a call for submissions was issued, inviting both unpublished papers
not included in DEON 2023’s proceedings and papers from the proceedings that had
been extended with substantial new content.

Xavier Parent and Dominik Pichler (both TU Wien) develop A perspectival ac-
count of conditional ought with definite descriptions, building on their contribution
to DEON 2023, which was honored with the J.J. Meijer Best Paper Award. They
introduce a reading of ought as an extensional operator allowing for salva veritate
substitution of co-referential terms, and they develop a perspectival account of obli-
gations within an approach combining both extensional and intensional modalities.

Term-modal deontic logics as fragments of alethic first-order modal logics by Stef
Frijters (KU Leuven) and Robbe Van Den Eede (KU Leuven and Vrije Universiteit
Brussel) extends results from modal logic to first-order modal logic by proving that
some term-modal deontic logics are fragments of first-order alethic modal logics
through an Anderson-Kanger reduction.
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Peterson and Straßer

In Extensions and variations of the DWE framework with applications Paul Mc-
Namara (University of New Hampshire) tackles the disjunctive supererogation prob-
lem by introducing new deontic operators based on a revised semantics for the Doing
Well Enough (DWE) framework.

A dynamic logic of the right to know by Xu Li (University of Luxembourg) and
Réka Markovich (University of Luxembourg) makes use of the theory of normative
positions to analyze the conceptual ramifications of the idea of a ‘right to know’,
building on public announcement as well as ‘power to know’.

This special issue results from projects funded by the Fonds de recherche du
Québec [FRQSCAUDACE-310754], the Fonds National de Recherche du Luxem-
bourg [INTEGRAUTO INTER/AUDACE/21/16695098], as well as by the UQTR
Research Chair in Ethics of AI.

Clayton Peterson and Christian Straßer

Received November 2024124



Extensionality vs Intensionality:
A Perspectival Account of Conditional

Ought with Definite Descriptions

Xavier Parent∗and Dominik Pichler†

TU Wien
{xavier,dominik}@logic.at

Abstract
The theme of extensionality in first-order deontic logic has been thoroughly

studied in the past, but not in the context of a combination of different types
of modalities. An operator is extensional if it allows substitution salva veritate
of co-referential terms within its scope and intensional if it does not. It can be
argued that one distinctive feature of “ought” (as opposed to the other modal-
ities) is that it is extensional. The question naturally arises as to whether it is
possible to combine extensionality and intensionality of different modal opera-
tors in the same semantics without creating the deontic collapse. We answer
this question within a particular framework, Åqvist’s system F for conditional
obligation. We develop in full detail a perspectival account of obligation (and
related notions), as was done for Standard Deontic Logic (SDL) by Goble. It is
called “perspectival”, because one always evaluates the content of an obligation
in one world from the perspective of another one. This requires using some
form of cross-world evaluation to handle non-rigid terms like definite descrip-
tions. The proposed framework allows for a more nuanced way of approaching
first-order deontic principles.

Keywords: First-order reasoning, extensionality, conditional obligation,
2-dimensional semantics, preferences, perspectivism, definite description

The present paper supersedes [33], which was based on [32] and was presented at DEON 2023. We
thank Lou Goble and Paul McNamara for their valuable feedback. We also thank two anonymous
reviewers for their valuable feedback.

∗Supported by the Austrian Science Fund (FWF) through the ANCoR project [M-3240-N, doi:
10.55776/I2982] and the LoDEX project [doi: 10.55776/I6372]. For the purpose of open access, the
author has applied a CC BY public copyright licence to any Author Accepted Manuscript version
arising from this submission.

†Supported in part by the Austrian Science Fund (FWF) through the LoDEX project [doi:
10.55776/I6372].



1 Introduction

The past 15 years have seen a renewed interest in so-called relativism or perspec-
tivism in the philosophy of language. Relativist or perspectivist accounts have been
put forth to explain discourse about knowledge, epistemic possibility, matters of
taste, contingent future events, modalities (including the deontic ones) and the like.
Here relativism is usually taken to be, or to presuppose, a semantic thesis. Under-
standing how some discourses function requires recognizing that speakers express
propositions whose truth or falsity are relative to parameters or perspectives in ad-
dition to a possible world−see Kölbel [25] for a thorough defense of this view, and
also MacFarlane [27]. The approach is often called “perspectivism” as it has a less
negative connotation than “relativism”, and we will stick to this term.

The purpose of the present paper is to show some of the usefulness of this view
for normative reasoning. We believe it may shed light on a topic that has been
overlooked in the recent papers devoted to first-order deontic reasoning, e.g. [10, 11,
37]. This is the topic of extensionality of “ought”. We do not claim to be original,
as we will pick up on a proposal made long ago by Goble [15, 16, 17]. It can be
summarized thus. An operator is extensional if it allows substitution salva veritate of
co-referential terms within its scope, and intensional if it does not. It can be argued
that one distinctive feature of “ought” (as opposed to the other modalities) is that
it is extensional. The problem is: a deontic logic in which “ought” is extensional can
be shown to collapse to triviality. Goble developed his own solution to this problem,
and we will refer to it as the original “perspectival” account. The basic idea is that
the content of an obligation at one world is to be evaluated from the perspective
of another one, so that some form of cross-world evaluation is made possible. This
idea of cross-world evaluation is familiar from the literature on multi-dimensional
modal logic (see e.g. [3, 14, 22, 38]). Other works in multi-dimensional deontic logic
we are aware of focus on the propositional case [7, 12, 13, 21]. The novelty lies in
linking the perspectival idea to first-order (FO) considerations.

Our goal is to improve the original account in two ways. By doing so, we hope
to strengthen the case for the perspectival idea, and provide more credibility to it.

• The original account is cast within the framework of Standard Deontic Logic
(SDL) [41], which is known to be plagued by the deontic paradoxes, in par-
ticular the paradox of contrary-to-duty (CTD) obligation [4]. We will recast
the account within the framework of preference-based dyadic deontic logic
[1, 6, 18, 20, 30]. Dyadic deontic logic is the logic for reasoning with dyadic
obligations of the form “It ought to be the case that ψ if it is the case that
φ” (notation: ⃝(ψ/φ)). Its semantics is in terms of a betterness relation over
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possible worlds. Initially devised to resolve the CTD paradox, dyadic deontic
logic is a recognized standard for normative reasoning. The idea of making
it two-dimensional is not entirely new: Lewis [26, p. 63] suggested to ana-
lyze conditionals within the framework of two-dimensional modal logic, but
his motivations were different.

• The original account does not allow for different types of modalities to interact.
We will lift this restriction, and look at the question of whether it is possible to
combine extensionality and intensionality of different modal operators in the
same semantics without creating the collapse. Åqvist’s mixed alethic-deontic
systems E, F and G [1, 30, 31] are obvious candidates for this study. Their
language includes an additional modal operator, 2 (“It is settled that”), en-
abling the capture of fundamental principles of normative reasoning, such as
“strong factual detachment”. Factual detachment, as referred to by Decew [8],
is the principle that allows one to infer ⃝ψ from ⃝(ψ/φ) and the mere truth
of φ. Van Eck emphasized the significance of factual detachment for normative
reasoning by asking:

“How can we take a conditional obligation seriously if it cannot, by
way of detachment, lead to an unconditional obligation?” [9, p. 263]

First discussed by Greenspan [19], strong factual detachment (the name is
Prakken and Sergot [34]’s) requires that 2φ holds, rather than just φ. There
is a widespread agreement among deontic logicians that, for CTD obligations,
strong factual detachment is more appropriate than factual detachment. Con-
sider a primary obligation of the form ⃝¬φ and its associated CTD obligation
⃝(ψ/φ). Example: a person ought to breast-feed her baby, and if she does
not, she ought to use instant formula. Prakken and Sergot write:

“It is only if the violation of the primary obligation ⃝¬φ is unavoid-
able if 2φ holds [she cannot breast-feed], that the [associated] CTD
obligation comes into full effect, and [is detached]” [34, §5.1]1

Of the three systems mentioned above, we choose to focus on F, because it is the
weakest one in which the collapse arises. The first-order extension of F will be called
F∀. One could object that, in F, 2 is a soi disant modality, definable in terms of
⃝(−/−). For that reason, F∀ will contain two alethic modal operators ⊡ and ⊠.
The former will be definable in terms of ⃝(−/−), but not the latter.

The paper is organized as follows. Sec. 2 sets the stage, and defines a list of
basic requirements to be met by the logic. Sec. 3 develops in full semantic detail

1For further discussion, we refer the reader to [28, 34].
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the perspectival account of obligation (and related notions) alluded to above. Sec. 4
shows how the requirements are met. Sec. 5 concludes.

2 Setting the stage
We give a list of basic requirements that we think an adequate first-order (FO) de-
ontic logic should meet. The problem dealt with in this paper will be to devise a
framework meeting them. For ease of readability, we formulate the requirements
within the language of a monadic deontic logic. Our list is not meant to be exhaus-
tive.

2.1 Requirements
Requirement 1 (Extensionality for “ought”). ⃝(“It ought to be the case that. . . ”)
should validate the principle of substitution salva veritate (E-⃝), where φ is a for-
mula, t and s are terms, and φt↪→s is the result of replacing zero up to all occurrences
of t, in φ, by s:

t = s → (⃝φ ↔ ⃝φt↪→s) (E-⃝)

Intuitively: two co-referential terms may be interchanged without altering the truth-
value of the deontic formula in which they occur.

A modal operator is usually said to be referentially transparent, when it satisfies
the principle of substitution salva veritate, and referentially opaque otherwise. As
pointed out by Castañeda [2] there are good reasons to believe that deontic operators
are referentially transparent. For instance, the inference from (1-a) and (1-b) to (1-c)
is intuitively valid:2

(1) a. It ought to be that the Pope blesses the pregnant woman
b. Jose is the Pope
c. It ought to be that Jose blesses the pregnant woman

Formally:

⃝B( ιxP(x), ιy(W (y) ∧ Pr(y)))
j = ιxP(x)
⃝B(j, ιy(W (y) ∧ Pr(y)))

2Our original example in [33] was misleading. It used “The Pope ought to live a life of exceptional
sanctity” as a first premise. This is a generic statement about Popes, and not a singular statement.
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ιxP(x) is a so-called definite description, and is read “the x that is P” (“the Pope”).
Definite descriptions are used to refer to what a speaker wishes to talk about. It is
hard to find counter-examples to the principle of substitution salva veritate in the
deontic domain. Castañeda (rightly) says: “a man’s obligations are his [the author’s
emphasis] regardless of his characterizations”. In other words, they are independent
of the way he is referred to. In daily conversations, one casually switches between
a proper name and a definite description, or between different definite descriptions
(the Pope, the direct successor of St Peter, ...). When using one instead of the other,
we are still talking about the same individual. This would just not be possible if
“ought” was not referentially transparent.

The above point applies to the bearer of an obligation, but also to the party to
whom the obligation is owed. In other words, it applies to anyone affected by the
consequences of the obligation, whether those consequences are positive or negative.
Consider:

(2) a. It ought to be that the Pope blesses the pregnant woman
b. Marie is the pregnant woman
c. It ought to be that the Pope blesses Marie

Intuitively, (2-c) is derived from (2-a) and (2-b) in a similar manner to how (1-c) is
derived from (1-a) and (1-b).

We adopt a “directly referential” approach to definite descriptions that is similar
to Kaplan’s concept of “dthat” [23]. Thus, the meaning of a definite description lies
in what it points out in the world. This “directly referential” take allows us to put
aside putative counterexamples like this one:3

(3) a. Jose is the (actual) Pope: j = ιxP(x)
b. It ought to be that Joey is the Pope: ⃝(j′ = ιxP(x))
c. It ought to be that Joey is Jose: ⃝(j′ = j).

We add “actual” between brackets, a more accurate reading of our “ ιxφ(x)” being
“the x: actually φ(x)”. (3-c) follows from (3-a) and (3-b), by substitution salva
veritate. Suppose (3-a) is true. Suppose also that Jose rigged his own election as
a Pope and that Joey is, in fact, the Cardinal who got the most votes. (3-b) is,
then, true. But intuitively (3-c) is false. The move to (3-c) is not warranted, not
because the principle of substitution fails, but because it rests on an equivocation
on “the Pope”, the use of which in (3-b) is not directly referential, but descriptive.
The meaning of “the Pope” in the sentence (3-b) is not the individual it points at
in the actual world, namely Jose.

3We owe this point (and this example) to Paul McNamara.
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Our interest is really in definite descriptions, and not proper names. Following
Kripke [24], a proper name is often taken to be a rigid designator, and assumed to
refer to the same individual in all possible worlds in which that individual exists.
Obviously, (E-⃝) holds if t and s are rigid designators. We build on the insights
of Kaplan and others, who, while accepting Kripke’s main argument about proper
names, observed that certain uses of definite descriptions appear to be directly refer-
ential. In these cases (E-⃝) also applies. Thus, the question becomes: how can we
account for the validity of (E-⃝), when one of s and t (maybe both) is a definite de-
scription used in this manner? In this study, we do not assume the rigidity of proper
names; however, introducing this assumption would not affect our arguments.

Requirement 2 (Intensionality for “necessarily”). 2 (“It is necessary that ...”)
should not validate the principle of substitution salva veritate, where t and s are
terms (either a constant or a definite description):4

t = s → (2φ ↔ 2φt↪→s) (E-2)

This requirement is best motivated using the following well-known example:

(4) a. Number of planets = 8
b. 2(8 = 8)
c. 2(Number of planets = 8)

Consider the Aristotelian/Megarian tensed interpretation of 2, which takes the past
as well as the future into consideration [36, p. 125]. Under this interpretation, 2φ is
taken as a shorthand for φ ∧Hφ ∧Gφ, where H and G mean “always in the past”
and “always in the future”, respectively. This interpretation of 2 is plausible. Under
such an interpretation, the move from (4-a) and (4-b) to (4-c) is not warranted.5

We believe this requirement makes sense for the most common (non-deontic)
interpretations of 2. However, we reckon there are also less common (non-deontic)
readings of 2 for which this requirement does not apply. For example, it does not
apply to “historical necessity” [40]. Noticeably, 2φ is equivalent with φ, if φ does not
contain the modality of the future (see law (6) in [40]), in which case the principle
of salva veritate holds trivially.

Requirement 3 (No collapse). The logic should avoid the deontic collapse. That
is, the formula φ ↔ ⃝φ should not be derivable.

4Quine argues for this requirement in his [35].
5The number of planets happened to be 9. In 2006, the International Astronomical Union (IAU)

redefined the criteria for counting as a planet, resulting in Pluto losing its status as the ninth planet.
See https://science.nasa.gov/dwarf-planets/pluto/.
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A separate section is devoted to this requirement, taken from Goble [15, 16, 17].
The raison d’être of our last requirement is this: obligations are there to make the

world a better place; they are constantly violated, but should not be so. Therefore,
our account should make the notion of definite description well-behaved with respect
to negation. That is to say:

Requirement 4 (Self-negation). The logic should be able to account for the mean-
ingfulness of a deontic statement denying a property of an individual identified using
that very same property.

Consider the following instantiation of the principle of substitution salva veritate:

(5) a. Jose is the (actual) Pope: (j = ιxP(x))
b. It ought to be that Jose is not Pope: ⃝¬P(j)
c. It ought to be that the (actual) Pope is not Pope: ⃝¬P( ιxP(x))

(5-b) is true, if the election was rigged. (5-c) makes perfect sense. Self-negation like
the one in (5-c) cannot be accounted for in (a straightforward FO extension of) SDL.
The reason is that ⃝¬P( ιxP(x)) is not satisfiable, assuming there exists a Pope in
the best of all possible worlds. Such an obligation tells us that in the best of all
possible worlds, the Pope x is not Pope. But this is a contradiction (assuming that
such an x exists). Of course, the claim is not that in the best of all possible worlds
there is an x that is Pope and is not Pope. Rather−to anticipate our solution−the
claim is that the individual x who is Pope in the actual world (viz. Jose) is not Pope
in any of the best worlds. This is a relation among objects in possible worlds that
cannot be captured in the standard possible world semantics. The semantic analysis
of (5-c) calls for a “cross-world” mode of evaluation.

We emphasize that the use of an “actually” operator in discussions concerning
the a priori has been motivated by very similar considerations. Here is the kind of
example commonly discussed (see, e.g., [5, p. 350]):

(6) It might have been that everyone actually happy was sad

As observed by Hughes and Cresswell, (6) cannot be formalized as

3∀x(Hx → Sx)

They write: “that envisages a possible world in which all happy are sad, and this
can only be so if no one at all is happy” [5, ibidem]. For this reason, it has been
suggested to translate (6) as

3∀x(AHx → Sx) (#)
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where A is a modal operator read as “actually”, whose semantics is defined in terms
of “truth on the diagonal”. Intuitively, this sentence holds in world w if there is an
accessible world v such that everybody who is happy in w is sad in v. There are
similarities between the two approaches. A more thorough comparison should be
postponed to another occasion.

One could object that (5-c) is better formalized as

∃x(P(x) ∧ ⃝¬P(x)) ($)

($) is unproblematic. But note that as a spin-off of the extensionality of the deontic
operator the principles of universal instantiation (UI) and existential generalisation
(EG) hold unrestrictedly, that is, even if t is within the scope of ⃝:6

∃x(x = t) → (∀xφ(x) → φ(t)) (UI)
∃x(x = t) → (φ(t) → ∃xφ(x)) (EG)

Given the assumption ∃x(x = ιyP(y)), ($) and (5-c) are inter-derivable. Thus the
principle of extensionality turns an apparently unproblematic formula, (∃x(P(x) ∧
⃝¬P (x)), into a problematic one, (⃝¬P( ιxP(x))). Our task is to account of the
meaningfulness of the latter formula.

We show below the inter-derivability of ($) and (5-c). ∃!xφ is a shorthand for
∃x∀y(φ ↔ y = x).

(a) ∃x(x = ιyP(y)) (Hypothesis)
(b) ∃x(P(x) ∧ ⃝¬P(x)) (Hypothesis)
(c) ∃!xP(x) (a)
(d) ∃!x(P(x) ∧ ⃝¬P(x)) (FO + b + c)
(e) ∀x(P(x) → ⃝¬P(x)) (FO + d)
(f) P( ιyP(y)) → ⃝¬P( ιyP(y)) (e + UI)
(g) P( ιyP(y)) (a)
(h) ⃝¬P( ιyP(y)) (f + g)

Derivation 1

(a) ∃x(x = ιyP(y)) (Hypothesis)
(b) ⃝¬P( ιyP(y)) (Hypothesis)
(c) P( ιyP(y)) (a)
(d) P( ιyP(y)) ∧ ⃝¬P( ιyP(y)) (b + c)
(e) ∃x(P(x) ∧ ⃝¬P(x)) (d + EG)

6This is in general not the case in first-order modal logic.
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Derivation 2

2.2 Collapse
We explain in more detail how the collapse mentioned in requirement 3 arises. The
discussion draws on Goble [15, 16, 17]. We say the deontic collapse arises in a logic
if the formula φ ↔ ⃝φ is derivable in this logic. This means that everything that
is true is obligatory and vice versa. Goble pointed out that, if the principle of
substitution salva veritate holds, then the deontic collapse follows. We reiterate and
amplify his main points.

The derivation of ⃝φ → φ appeals to the derivation of φ → ⃝φ, so we begin
with the former. As originally given by Goble, derivation 3 invokes the law of
contraposition, the law of double ¬-elimination, and the D axiom for ⃝:

(a) ⃝φ (Hypothesis)
(b) ¬ ⃝ ¬φ (D axiom)
(c) ¬¬φ (φ → ⃝φ and contraposition)
(d) φ (Double ¬-elimination)

Derivation 3

One may be tempted to block this derivation by just abandoning the principle
of contraposition or the principle of double ¬-elimination. However, this would not
block the derivation of φ → ⃝φ, which is already counter-intuitive. We turn to
this implication. We do not give the original argument,7 but a variant one, which
highlights the role of 2.

Proposition 1. Consider a deontic logic containing (i) the usual principles of FO
logic, (ii) the principle of substitution salva veritate for “ought” t = s → (⃝φ ↔
⃝φt↪→s) (E-⃝), (iii) the principle 2φ → ⃝φ (22⃝) and (iv) the principle of
inheritance “If ⊢ φ → ψ then ⊢ ⃝φ → ⃝ψ” (In). Then φ → ⃝φ is derivable from
2∃y(y = t).

Proof. In this derivation we assume that x and y do not occur free in φ:

7Goble’s derivation can be found in [15].
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(a) φ (Hypothesis)
(b) 2∃y(y = t) (Hypothesis)
(c) t = ιx(x = t ∧ φ) (FO + a)
(d) ⃝∃y(y = t) (22⃝ + b)
(e) ⃝∃y(y = ιx(x = t ∧ φ)) (E-⃝ + c + d)
(f) ⃝φ (In + e)

Derivation 4

Some comments are in order:

• We show φ → ⃝φ, where the original argument shows ⃝ψ → (φ → ⃝φ).
• Our derivation starts from the supposition 2∃y(y = t). This may be read as t

necessarily denotes. We take this supposition to be harmless. We do not want
the collapse even under this assumption.

• Line (c) “drags” φ inside the scope of the definite description. (c) is read: t
is the-unique-x-identical-with-t-and-φ. Line (f) “drags” φ outside the scope of
the definite description. Both moves are allowed in FO logic.

• The principle (E-⃝) is applied on line (e); t is replaced by the co-referential
term “the-unique-x-identical-with-t-and-φ”. The intuitive meaning of (e) may
seem difficult to grasp. As explained in Sec. 4.3, the two-dimensional semantics
presented in this paper can be of help.

• Line (f) is obtained by applying (In). This final move will be discussed further
in a moment (see derivation 5).

To avoid the deontic collapse, the following ways out suggest themselves:

Option 1: revise the laws of first-order logic;

Option 2: abandon (22⃝);

Option 3: abandon (In), or restrict its application.

We will go with option 3. Thus, in derivation 4, the move from (e) to (f) will be
blocked. A good reason for choosing this path is that option 2 alone would not block
the original derivation of the collapse in a mono-modal setting, which uses (In) and
the laws of FO logic. Note that, in Åqvist’s system F, (In) is not a primitive rule,
but is derivable from (22⃝) and two extra principles:

• the principle of necessitation for 2 : “If ⊢ φ, then ⊢ 2φ” (N-2)
• the K axiom for ⃝: ⃝(φ → ψ) → (⃝φ → ⃝ψ) (K-⃝)
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In a system in which (In) is not primitive, like Åqvist’s one, the move from (e) to
(f) is explained thus:

(a) ⊢ ∃y(y = ιx(x = t ∧ φ)) → φ (FO)
(b) ⊢ 2[∃y(y = ιx(x = t ∧ φ)) → φ] (N-2)
(c) ⊢ ⃝[∃y(y = ιx(x = t ∧ φ)) → φ] (22⃝)
(d) ⊢ ⃝∃y(y = ιx(x = t ∧ φ)) → ⃝φ (K-⃝)

Derivation 5
Ultimately, the solution will consist in restricting the application of (N-2) so as to
block the move from (a) to (b). However, the final effect will be the same: (In) will
go away in its plain form.8

Proposition 2 indicates that the extensionality of 2 can lead to a collapse, re-
gardless of the stance on whether ⃝ is extensional.9

Proposition 2. Consider the same deontic logic as in Prop. 1, but with (E-⃝)
replaced with (E-2). In such a logic, φ → ⃝φ is derivable from 2∃y(y = t).

Proof. As before we assume that x and y do not occur free in φ:
(a) φ (Hypothesis)
(b) 2∃y(y = t) (Hypothesis)
(c) t = ιx(x = t ∧ φ) (FO + a)
(d) 2∃y(y = ιx(x = t ∧ φ)) (E-2 + b + c)
(e) ⃝∃y(y = ιx(x = t ∧ φ)) (22⃝)
(f) ⃝φ (In)

Derivation 6

3 The perspectival account
In this section, we develop in full detail our perspectival account. The basic idea
is that the content of an obligation at one world is to be evaluated from the per-
spective of another one. What we mean by this is the following. Formulas will

8This is an adaptation of Goble’s solution to our bi-modal setting. Goble uses an axiomatization
of SDL in which (In) is primitive. One could have used instead an axiomatization of SDL in which
the rule of necessitation for ⃝ is primitive, and (In) is derivable from it. Whatever axiomatization
is chosen, the effect is the same: both rules hold in a restricted form.

9This observation is new to the literature. Again, we will block the last step of the derivation.
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be evaluated with respect to two dimensions, or pair of worlds (v, w). World v is
where the evaluation takes place, and world w is the one from the perspective of
which formulas are evaluated (call it the reference or actual world, if you wish).
Throughout the paper the reference world will be represented as an upper index in
the notation v |=w. What is meant by “φ is evaluated in v from w’s perspective” is
this: when determining the truth-value of φ in v, the terms occurring in φ get the
same denotation as in w.

To keep the logic as close as possible to the original F, we use two alethic modal
operators, ⊡ and ⊠. The first is extensional, and the second intensional. ⊡ is
definable in terms of ⃝ (see Appendix B), and is thus dispensable.

Definition 1. The language L contains:

• A countable set of variables V := {x, y, z, ...}
• A countable set of constants C := {c, d, e, ...}
• Two propositional connectives ∧,¬
• Three first-order logic symbols ∀, ι,=
• A binary obligation operator ⃝(−/−)
• Two unary alethic operators ⊡ and ⊠
• For each n ∈ Z+ a countable set of n-place predicate symbols

Pn := {An, Bn, ...}, we define P := ⋃
n∈N Pn

We can now define inductively the well-formed terms and formulas used in our
logic and their respective complexity (⌜...⌝).

Definition 2 (Terms and formulas).

• Terms:
– Every element of V ∪ C is a term of complexity 0
– If φ is a formula and x ∈ V then ιxφ is a term with ⌜ ιxφ⌝ := ⌜φ⌝ + 1

• Formulas:
– If Rn ∈ P is a n-place predicate symbol and t1, ..., tn are terms then
Rn(t1, ..., tn) is a formula with ⌜Rn(t1, ..., tn)⌝ := ∑n

i=1⌜ti⌝
– If φ is a formula and x ∈ V then ∀xφ is a formula with ⌜∀xφ⌝ := ⌜φ⌝+1
– If t1 and t2 are terms then t1 = t2 is a formula

with ⌜t1 = t2⌝ := ⌜t1⌝ + ⌜t2⌝ + 1
– If φ is a formula then ¬φ is a formula with ⌜¬φ⌝ := ⌜φ⌝ + 1
– If φ is a formula then ⊡φ is a formula with ⌜⊡φ⌝ := ⌜φ⌝ + 1
– If φ is a formula then ⊠φ is a formula with ⌜⊠φ⌝ := ⌜φ⌝ + 1
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– If φ and ψ are formulas then φ ∧ ψ is a formula
with ⌜φ ∧ ψ⌝ := ⌜φ⌝ + ⌜ψ⌝ + 1

– If φ and ψ are formulas then ⃝(ψ/φ) is a formula
with ⌜⃝(ψ/φ)⌝ := ⌜φ⌝ + ⌜ψ⌝ + 1

– Nothing else is a formula

Definition 3 (Derived connectives). Let t be a term. We define E(t) as ∃x(x = t),
where x is the first element of V not appearing in t. The symbols ∨,⊥,⊤,→,↔
,♢. φ,♢×φ, P (./.),∃,∃! and ̸= are introduced the usual way.

Definition 4 (Frames). F = ⟨W,⪰, D⟩ is called a frame, where

• W ̸= ∅ is a set of worlds.
• ⪰ ⊆ W × W is a binary relation called the betterness relation. When w ⪰ v,

we say that world w is at least as good as world v.
• D is a function which maps every world w ∈ W to a non-empty set Dw.

D is called the domain function, and Dw is called the domain of w.
D := ⋃

w∈W Dw is called the “actual” domain and D+ := D ∪ {D} the (whole)
domain.

The individual domains (Dw)w∈W contain all objects which are within the range
of the universal quantifier at a world w. The actual domain D is not contained in
the domain of any world10 and is used as the value assigned to definite descriptions
that do not designate (uniquely).

Definition 5 (Models). M = ⟨W,⪰, D, I⟩ is called a model (on the frame F =
⟨W,⪰, D⟩), where I is a function (called interpretation function) such that:

• for c ∈ C and w ∈ W : I(c, w) ∈ D+

• for Rn ∈ P and w ∈ W : I(Rn, w) ⊆ (D+)n

I(c, w) = a says that a is the denotation of c in w.

Definition 6 (Variable assignment). Given a model M = ⟨W,⪰, D, I⟩ we call a
function g : V ×W 7→ D+ a variable assignment (of M).

Roughly speaking, g(x,w) = a says that a is the denotation of x in w. Note
that g(x,w) does not have to be an element of the domain of w.11 Note also that
the variable assignment and the interpretation function are world-dependent. This

10D ̸∈ D.
11The element a does not even have to be contained in the actual domain.
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is because we do not assume rigidness of terms, as mentioned at the beginning of
Sec. 2. To adopt a more mainstream approach using rigid constants and world-
independent variable assignments, one must add an assumption: I(c, w) = I(c, v)
and g(x,w) = g(x, v) for every constant c and variable x, and every world w and v.

We amend the usual notion of an x-variant as follows. An x-variant of some
variable assignment g at a world w is a variable assignment h that agrees with g on
all values except for x, whose value in every world remains constant, and an element
of Dw. Formally:

Definition 7 (x-variant). Assume a model M = ⟨W,⪰, D, I⟩, a variable assignment
g of M and an element of the whole domain d ∈ D+. We write gx⇒d for the variable
assignment which replaces the value assigned to x at any world by d:

gx⇒d(z, v) :=
{
d if (z, v) ∈ {x} ×W

g(z, v) otherwise

A variable assignment h is an x-variant of g at w iff h = gx⇒d for some d ∈ Dw.

“Best”, in terms of which the truth-conditions for ⃝(−/−) are cast, is defined
by:

Definition 8 (best). Given a model M = ⟨W,⪰, D, I⟩ and a set of worlds X ⊆ W
we define

best(X) := {w ∈ X : ∀v ∈ W (v ∈ X ⇒ w ⪰ v)}
best(X) is the set of worlds in X that are at least as good as every member of X.

Remark 1. We define “best” using the concept of optimality, following the termi-
nology of [29]. This is in keeping with Åqvist [1]’s own proposal. Whether other
notions, like maximality, would make a significant difference or only result in mini-
mal changes to the logic as in the propositional case [30] remains an open question
for future research.

The construct “M, v |=w
g φ” can be read as “φ holds at v under g if looked at

from the point of view of (an inhabitant of) w”.
A non-denoting definite description is assigned the value D. This element can

verify a given property in a given model. For example, nothing rules out the possi-
bility that D ∈ I(R,w) . In this case R( ιxB(x))) holds in w even if ιxB(x) does not
denote in w. The only thing that cannot happen is that D ∈ Dw. Intuitively, one
may want to be able to talk about the properties of non-existing individuals, as in
“Santa Claus has a beard” or “Santa Claus is not giving gifts to bad children”.

138



Definition 9. Let M = ⟨W,⪰, D, I⟩ be a model, g a variable assignment, x ∈ V
and c ∈ C. We define

• Iw
g (x) := g(x,w)

• Iw
g (c) := I(c, w)

• Iw
g ( ιxφ) :=





h(x,w) if there exists a unique x-variant h of g at w
such that M, w |=w

h φ

D otherwise

The forcing relation |= can be defined inductively as follows:

• M, v |=w
g Rn(t1, ..., tn) :⇔ ⟨Iw

g (t1), ..., Iw
g (tn)⟩ ∈ I(Rn, v)

• M, v |=w
g ¬φ :⇔ M, v ̸|=w

g φ
• M, v |=w

g φ ∧ ψ :⇔ M, v |=w
g φ and M, v |=w

g ψ
• M, v |=w

g ∀xφ :⇔ M, v |=w
h φ for all x-variants h of g at v

• M, v |=w
g t1 = t2 :⇔ Iw

g (t1) = Iw
g (t2)

• M, v |=w
g ⊡φ :⇔ ∀u ∈ W M, u |=w

g φ

• M, v |=w
g ⊠φ :⇔ ∀u ∀v′ ∈ W M, u |=v′

g φ

• M, v |=w
g ⃝(ψ/φ) :⇔ best(||φ||Mg,w) ⊆ ||ψ||Mg,w

We drop the reference to M when it is clear what model is intended.

Definition 10 (Truth in F∀). Given a model M = ⟨W,⪰, D, I⟩, a variable assign-
ment g, a formula φ and a world w we define what it means that φ is true in M at
w under g (in symbols: M, w |=g φ) as

M, w |=g φ :⇔ M, w |=w
g φ

The meaning of ⊡, ⊠ and ⃝ is easier to explain using the following derived truth
conditions.

Remark 2 (Derived truth conditions).

• M, w |=g ⊡φ ⇔ ∀v ∈ W M, v |=w
g φ

• M, w |=g ⊠φ ⇔ ∀u ∀v ∈ W M, u |=v
g φ

• M, w |=g ⃝(ψ/φ) ⇔ best(||φ||Mg,w) ⊆ ||ψ||Mg,w

When evaluating the truth-value of ⊡φ at w, one moves to an arbitrary world v,
and determines the truth-value of φ in v from w’s perspective. This means giving
to the terms occurring in φ the denotation they have in w. When evaluating the
truth-value of ⊠φ at w, one moves to an arbitrary world u, and evaluates φ in u from
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every other world’s v perspective. As a consequence, we have M, w |=g ⊠φ → ⊡φ
for every w, g and formula φ.

For obligation, the idea is similar. The standard evaluation rule puts ⃝(ψ/φ)
as true at w whenever all the best φ-worlds are ψ-worlds. The φ-worlds and the ψ-
worlds in question are those according to w’s perspective. This is how the principle
of substitution salva veritate will be validated for ⃝ and ⊡, and invalidated for ⊠.

Definition 11. Given a model M = ⟨W,⪰, D, I⟩. ⪰ is reflexive if
∀w ∈ W (w ⪰ w), and ⪰ fulfils the limitedness condition if for every φ, g and w ∈ W
we have

||φ||Mg,w ̸= ∅ ⇒ best(||φ||Mg,w) ̸= ∅

U is the class of models in which ⪰ is reflexive and fulfils limitedness.

Intuitively, the limitedness condition validates the dyadic version of the D axiom
(with ♢ replaced with ♢. ) involved in derivation 3 of the collapse (see Subsec. 2.2).

Definition 12 (Validity in F∀). We set:

• φ holds at w in a model M (notation: M, w |= φ) if for every variable assign-
ment g, we have that M, w |=g φ;

• φ is valid in a model M (notation: M |= φ) if for every world w we have
M, w |= φ;

• φ is valid in a class M of models (notation: M |= φ) if for every model M ∈ M
we have M |= φ;

• φ is valid (notation: |= φ) if φ is valid in the class U as defined above.

4 Benchmarking
We test the account introduced in Sec. 3 against the requirements discussed in
Sec. 2.

4.1 Extensionality / intensionality / self-negation

A proof of the principle of extensionality in its general form is given in Subsec. 4.2.
For simplicity’s sake, we only discuss the examples considered in Sec. 2.

Proposition 3 (Extensionality of ⃝, requirement 1). We have:
(⃝B( ιxP(x), ιy(W (y) ∧ Pr(y))) ∧ j = ιxP(x)

) → ⃝B(j, ιy(W (y) ∧ Pr(y)))
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Proof. When a formula does not contain a free variable its truth-conditions do not
depend on which variable assignment is assumed. Therefore for this and all future
proofs (in which no free variable is involved) we always deal with an arbitrary variable
assignment. Now, if w |=w

g j = ιxP (x), then for every u ∈ best(||⊤||Mg,w)

u |=w
g B( ιxP(x), ιy(W (y) ∧ Pr(y))) ⇔ u |=w

g B(j, ιy(W (y) ∧ Pr(y)))

This is because the terms on both sides of ⇔ get the denotation they have in w.
Therefore:

best(||⊤||Mg,w) ⊆ ||B( ιxP(x), ιy(W (y) ∧ Pr(y)))||Mg,w

⇔ best(||⊤||Mg,w) ⊆ ||B(j, ιy(W (y) ∧ Pr(y)))||Mg,w

This proves the claim.

Proposition 4 (Intensionality of ⊠, requirement 2). We do not have:

c = ιxB(x) →(⊠(c = c) ↔ ⊠(c = ιxB(x)))

Proof. Put M = ⟨W,⪰, I,D⟩ with (an arrow from v to w means v ⪰ w, and no
arrow from from w to v means w ̸⪰ v):

w v

B(a), c = a B(b), c = a

W := {w, v}
⪰:= the reflexive closure of {(v, w)}
Dw := {a}, Dv := {a, b}
I(B,w) := {a}, I(B,w) := {b}
I(c, w) := a, I(c, v) := a

The condition of limitedness is fulfilled. We have:

• w |=w
g c = ιxB(x) since c and ιxB(x) denote a in w

• w |=w
g ⊠(c = c) since c = c is a tautology

• w ̸|=w
g ⊠(c = ιxB(x)) since w ̸|=v

g c = ιxB(x)12

Proposition 5 (Self-negation, requirement 4). The sentences (5-a), (5-b) and (5-c)
are simultaneously satisfiable.

12c and ιxB(x) do not have the same denotation in v.
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Proof. We give a model which satisfies all three formulas in the same world.

w v

P (a), j = a j = a

W := {w, v}
⪰:= the reflexive closure of {(v, w)}
Dw := {a}, Dv := {a}
I(P, w) := {a}, I(P, v) := ∅
I(j, w) := a, I(j, v) := a

As before ⪰ is limited. We have:

• w |=w
g j = ιxP(x) since j and ιxP(x) denote a in w

• w |=w
g ⃝¬P(j) since a is not P in v

• w |=w
g ⃝¬P( ιxP(x)) since a (=the unique P in w) is not P in v

The paradox is resolved by having Jose, who is the pope in the actual world w,
not be the pope in the best world v. Therefore ⃝¬P( ιxP(x)) can be satisfied.

4.2 Extensionality (general form)
We show the principle of extensionality in its general form. Where φ is a formula and
s and t terms, let φt↪→s be the result of replacing zero up to all unbound occurrences
of t,13 in φ, by s. We may re-letter bound variables, if necessary, to avoid rendering
the new occurrences of variables in s bound in φ.

Proposition 6. Consider some g and some w in M such that w |=w
g t = s. Then,

for all v in M,

v |=w
g φ ↔ φt↪→s (#)

provided t is not contained in the scope of the ⊠ operator in φ.

Proof. By induction on the complexity n of a formula φ. The base case, if φ is
R(t1, ..., tm) with ⌜R(t1, ..., tm)⌝ = 0, follows from the definitions involved. For the
inductive case, we assume (#) holds for all k < n, and for all v in M. We only
consider three cases−the other ones are left to the reader:

• φ := ∀x ψ. Given the restrictions put on t and s, we have the following chain
of equivalences:

13By an unbounded occurrence of t, we mean that no variables in t are in the scope of a quantifier
or a definite description not in t.
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v |=w
g ∀x ψ iff v |=w

h ψ for all x-variants h at v
v |=w

h ψt↪→s for all x-variants h at v (by IH)
v |=w

g ∀x ψt↪→s

• φ := ⃝(χ/ψ).

v |=w
g ⃝(χ/ψ) iff best(||ψ||Mg,w) ⊆ ||χ||Mg,w

best(||ψt↪→s||Mg,w) ⊆ ||χt↪→s||Mg,w (by IH)
v |=w

g ⃝(χt↪→s/ψt↪→s)
v |=w

g ⃝(χ/ψ)t↪→s

• φ := R(t1, ..., tm). Assume v |=w
g R(t1, ..., tm). If t appears only as one of

the ti’s, then we are done. So let us suppose that t appears in one (or
more) of the ti’s. W.l.o.g. let t only appear in t1 = ιxψ. By the IH
w |=w

g ψ ↔ ψt↪→s, so Iw
g ( ιxψ) = Iw

g ( ιxψt↪→s). Consider some v ∈ W . We
have ⟨Iw

g ( ιxψ), ..., Iw
g (tm)⟩ ∈ I(R, v), so ⟨Iw

g ( ιxψt↪→s), ..., Iw
g (tm)⟩ ∈ I(R, v).

Hence v |=w
g R(t1, ..., tm)t↪→s as required. For the converse implication, the

argument is the same.

Corollary 1 (Extensionality). The principle (E) is valid:

|= t = s → (φ ↔ φt↪→s) if t is not in the scope of ⊠ (E)

Proof. This follows from Prop. 6 putting v = w.

Remark 3. We draw the reader’s attention to the proviso “if t is not in the scope
of ⊠”. At first, it may seem that all terms, including definite descriptions, are rigid.
However, this is not the case. As the proviso indicates, the terms do not exhibit
a rigid behavior by themselves. It is the operators ⃝ and ⊡ that treat the terms
rigidly, ensuring they remain tied to the original world.14 By contrast, the modal
operator ⊠ does not treat terms rigidly, as shown in Prop. 4.

14Goble [15, p. 347] makes a similar point.
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4.3 Deontic collapse
We start by explaining how the collapse is avoided semantically. We define a model
in which the formulas at steps (a)-(e) in derivation 4 are true in the actual world w
but the formula at step (f) is not.

Example 1. Put φ := A(c). M is defined by

w v

A(a), c = t = a c = t = a

W := {w, v}
⪰:= the reflexive closure of {(v, w)}
Dw := {a}, Dv := {a}
I(c, w) := I(c, v) := a

I(t, w) := I(t, v) := a

I(A,w) := {a}, I(A, v) := ∅

We have

(a) w |=g A(c) since I(c, w) = a ∈ I(A,w)
(b) w |=g ⊠∃y(y = t) since I(t, w) = I(t, v) = a ∈ Dw

and I(t, w) = I(t, v) = a ∈ Dv

(c) w |=g t = ιx(x = t ∧A(c)) since I(t, w) = a = Iw
g ( ιx(x = t ∧A(c)))

(d) w |=g ⃝∃y(y = t) since I(t, w) = a ∈ Dv
15

(e) w |=g ⃝∃y(y = ιx(x = t ∧A(c))) since Iw
g ( ιx(x = t ∧A(c))) = a ∈ Dv

not-(f) w ̸|=g ⃝A(c) since I(c, w) = a ̸∈ I(A, v)

We briefly explain the last two steps:

• (e) holds, because v |=w
g ∃y(y = ιx(x = t ∧ A(c))), where v is the best world.

This formula picks up the unique x for which x = t∧A(c) holds in w, namely
a. It tells us that such an x exists in v, but not which properties it has in v
(existence not being a property).

• (e) does not imply v |=w
g A(c); hence not-(f). The clause v |=w

g A(c) says that
the denotation of c in w, namely a, has property A in v–this is not the case.

In other words, statements v |=w
g ∃y(y = ιx(x = t∧A(c))) and v |=w

g A(c) talk about
the same individual c, but in two different worlds,16 where it can evidently verify
different properties.

15By definition v |=w
g ∃y(y = t) holds if there exists an y-variant h of g at v such that

h(y, w) = I(t, w). This is equivalent to I(t, w) being an element of Dv.
16w in the former case, and v in the latter case.
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This model gives a counter-example to the principle of inheritance. The implica-
tion ∃y(y = ιx(x = t ∧A(c))) → A(c) is valid, but the implication ⃝∃y(y = ιx(x =
t ∧A(c))) → ⃝A(c) is not valid.

To explain proof-theoretically how the deontic collapse is avoided, we introduce
the notion of “variable only” version φ∗ of a formula φ. Intuitively, φ∗ is obtained
by substituting, in φ, a new variable for every definite description and constant
occurring in φ. This ensures that φ∗ contains only variables, making it impossible
to apply the rule of inheritance (and necessitation) from which the collapse follows.
Formally:

Definition 13 (Variable only version, Goble [16]). Given a formula φ, we define φ∗

as the formula in which all terms t1, ..., tn, which are not variables and are occurring
in the formula φ, have been replaced by x1, ..., xn ∈ V respectively. The variables
x1, ..., xn are the first, pairwise different, elements of V such that x1, ..., xn do not
occur in φ.

Example 2. Let A,B and C be predicate symbols, x, y, z ∈ V the first three variables
of V , c ∈ C a constant and φ ∈ WF a well-formed formula:

• A( ιyφ, c)∗ = A(x, z)
• ∀xA( ιyB(y, d), x)∗ = ∀xA(z, x)
• A( ιyB( ιxC(x, y)), y)∗ = A(z, y)
• A(y, y)∗ = A(y, y)

In Sec. 2.2, we mentioned that the collapse will be avoided by restraining the
application of the rule of necessitation for ⊠. We are now in a position to define
formally our new rule:

If |= φ∗ then |= ⊠φ (N∗-⊠)

Like in Goble’s original solution, N∗-⊠ entails the following restricted form of inher-
itance:

If |= (ψ1 → ψ2)∗ then |= ⃝(ψ1/φ) → ⃝(ψ2/φ) (In⋆)

Before showing the validity of these two rules, we observe that the other law
involved in the collapse, ⊠ψ → ⃝(ψ/φ), still holds. This follows at once from the
following:

Proposition 7. We have

|= ⊠ψ → ⊡ψ (⊠2⊡)
|= ⊡ψ → ⃝(ψ/φ) (⊡2⃝)
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Proof. (⊠2⊡) is straightforward, and may be left to the reader. For (⊡2⃝), let us
assume w |=g ⊡ψ holds for a fixed model M = ⟨W,⪰, D, I⟩, a world w ∈ W and a
variable assignment g. This is equivalent to ||ψ||Mg,w being equal to the whole set of
worlds W . Hence we can infer that for any formula φ we have best(||φ||Mg,w) ⊆ W =
||ψ||Mg,w, which, by definition, means w |=g ⃝(ψ/φ).

In Sec. 1, we pointed out that combining alethic and deontic modalities allows
us to express fundamental principles, such as the law of strong factual detachment
(SFD). We note that the distinction between extensional and intensional contexts
has no bearing on the validity of this law, as this one continues to hold for both
types of alethic modal operators.

Proposition 8 (Strong factual detachment). We have:

|= ⃝(ψ/φ) ∧ ⊠φ → ⃝ψ (⊠-SFD)
|= ⃝(ψ/φ) ∧ ⊡φ → ⃝ψ (⊡-SFD)

Proof. (⊠-SFD) follows from (⊡-SFD) and (⊠2⊡), so we concentrate on (⊡-SFD).
Assume a model M, a world w and a variable assignment g such that

w |=g ⃝(ψ/φ) (1)
w |=g ⊡φ (2)

By Def. 10,

w |=w
g ⃝(ψ/φ) (3)

w |=w
g ⊡φ (4)

Let v ∈ best(||⊤||Mg,w).

• By (4), v |=w
g φ

• Let u |=w
g φ. Clearly, u |=w

g ⊤, so that u ∈ ||⊤||Mg,w. Hence v ⪰ u.

This shows that v ∈ best(||φ||Mg,w). By (3), v ∈ ||ψ||Mg,w, and so by Def. 9 w |=w
g ⃝ψ.

By Def. 10, w |=g ⃝ψ. By Def. 12, |= ⊡-SFD.

We now show that the rules (N∗-⊠) and (In⋆) preserve validity. To show this we
need the following two lemmas.

Lemma 1. Given a formula φ and a model M, then

M |= φ∗ ⇒ M |= ⊠(φ∗)
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Proof. Let φ be a formula and M = ⟨W,⪰, D, I⟩ a model. If for every world w ∈ W
and every variable assignment g of M it holds that w |=g φ

∗, it follows that w |=w
g φ∗

holds for every world w ∈ W and every variable assignment g of M. Now let us
take two arbitrary but fixed worlds v, w ∈ W and an arbitrary but fixed variable
assignment g and define a new variable assignment h : V ×W → D+ of M as:

h(x, u) :=





g(x,w) if u = v

g(x, v) if u = w

g(x, u) otherwise
Since h and g only swap how they see the variables at w and v, and φ∗ does not con-
tain constants or definite descriptions, we get ∀u(u |=w

g φ∗ ⇔ u |=v
h φ

∗). Therefore
from v |=v

h φ
∗, which holds by assumption, we can infer v |=w

g φ∗. Since v, w ∈ W
and g were arbitrary we can conclude M |= ⊠φ∗.

Lemma 2. Given a formula φ and a model M, then

M |= φ∗ ⇒ M |= φ

Proof. This proof is done by contraposition. Suppose there are M = ⟨W,⪰, D, I⟩,
w ∈ W and g such that w ̸|=w

g φ. Let t1, ..., tn be all terms in φ which are replaced
by the corresponding variables x1, ..., xn in φ∗. Then for the variable assignment

h(x, v) :=
{
Iv

g (ti) if (x, v) ∈ {xi} ×W where i ∈ {1, ..., n}
g(x, v) otherwise

we have w ̸|=w
h φ∗.

Putting those two lemmas together, we can prove the soundness of (N∗-⊠):

Lemma 3. Given a formula φ and a model M then

M |= φ∗ implies M |= ⊠φ

Proof. M |= φ∗ ⇒ M |= ⊠(φ∗) ⇔ M |= (⊠φ)∗ ⇒ M |= ⊠φ.

Theorem 1. We have

If |= φ∗ then |= ⊠φ (N∗-⊠)
If |= (ψ1 → ψ2)∗ then |= ⃝(ψ1/φ) → ⃝(ψ2/φ) (In⋆)

Proof. The first rule follows at once from Lem. 3. The second rule follows from the
first one and Prop. 7.
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We end this section by showing that the rule of necessitation in its plain form
fails for ⊠. Here is a counter-example. The formula ∃y(y = ιxR(x)) → R( ιxR(x)) is
valid in any model. To see why, fix a model M = ⟨W,⪰, D, I⟩, a variable assignment
g, and a world w ∈ W . Assume w |=g ∃y(y = ιxR(x)). Hence, there exists a y-
variant h of g at w such that h(y, w) = Iw

h ( ιxR(x)). This means that h(y, w) = a
for some a ∈ Dw. By definition of ιxR(x), a is the unique element in Dw s.t.
a ∈ I(R,w). So w |=h R( ιxR(x)). Since y does not occur in R( ιxR(x)) we conclude
w |=g R( ιxR(x)) as required.

Now we define a model in which ⊠[∃y(y = ιxR(x)) → R( ιxR(x))] is not valid:

Example 3. Consider the model M := ⟨W,⪰, D, I⟩ with

w v

R(a) R(b)

W := {w, v}
⪰:= the reflexive closure of {(v, w)}
Dw := {a, b}, Dv := {a, b}
I(R,w) := {a}, I(R, v) := {b}

We have v |=w
g ∃y(y = ιxR(x)), as Iw

g ( ιxR(x)) = a ∈ Dv. But v ̸|=w
g R( ιxR(x))

because Iw
g ( ιxR(x)) = a ̸∈ I(R, v). So M ̸|= ⊠[∃y(y = ιxR(x)) → R( ιxR(x))].

5 Concluding remarks
We have defined and studied a new perspectival account of conditional obligation.
A number of requirements were identified, and shown to be met by the framework.
The framework allows for a more nuanced way of approaching first-order deontic
principles. Topics for future research include:

(i) to investigate variant candidate truth-conditions for ⊠;

(ii) to find a suitable axiomatic basis;

Ad (i): the truth-conditions for ⊠ in Def. 9 allowed us to make the minimal changes
to the axiomatic basis of F. The most significant change is that Lewis’s absoluteness
principle ⃝(ψ/φ) → ⊠ ⃝ (ψ/φ), stipulating that obligations are necessary, goes
away. This may be considered good news. But (⊠2⃝) remains, and this law may
be considered counter-intuitive. The following alternative truth-conditions may be
used:

w |=g ⊠φ iff ∀v : v |=v
g φ
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Intuitively: w |=g ⊠φ holds, if φ holds at all v under the hypothesis that the terms
occurring in φ take the reference they have in this very same world. With this
definition of ⊠, (⊠2⃝) goes away, and the rule of necessitation holds without any
restriction.

Ad (ii): we have identified a sound axiomatic basis for the logic. This logic is defined
in Appendix C. Completeness is left as a topic for future research.

Appendix A: Universal instantiation
In Sec. 2, we observed that the principles of universal instantiation (UI) and existen-
tial generalisation (EG) hold in our logic even if the replaced term appears within a
deontic operator. We are now going to prove this observation and discuss what these
principles tell us about our logic. They are inter-derivable, so we focus on (UI).

In the following φx⇒t denotes the result of replacing all free occurrences of the
variable x, in a formula φ, by the term t.

Proposition 9. Consider some φ, some g, some world w in M and a term t such
that no bound variable in φ appears free in t. Then for d := Iw

g (t) and for all v the
equivalence

v |=w
g φx⇒t ⇔ v |=w

gx⇒d
φ (#’)

holds, provided x is not contained in the scope of the ⊠ operator in φ.

Proof. The proof is by induction on the complexity n of a formula φ and in a
similar fashion to the proof of Prop. 6. The base case, if φ is R(t1, ..., tm) with
⌜R(t1, ..., tm)⌝ = 0, follows from the definitions involved. For the inductive case, we
assume #’ holds for all k < n, and for all v in M. We again only consider three
cases:

• φ := ∀y ψ. In the case that y is the variable x, the formulas φx⇒t and φ
are the same 17 and the evaluation via the variable assignments g and gx⇒t

coincide. In the case that y is not x, then given the restrictions put on t, we
have that y does not appear free in t. Therefore we get the following chain of
equivalences:

17since all x in φ are bound by ∀.
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v |=w
g (∀y ψ)x⇒t iff v |=w

g ∀y (ψx⇒t)
v |=w

h ψx⇒t for all y-variants h of g at v
v |=w

hx⇒d
ψ for all y-variants h of g at v (by IH)

v |=w
h′ ψ for all y-variants h′ of gx⇒d at v (since x ̸= y)

v |=w
gx⇒d

∀y ψ
• φ := ⃝(χ/ψ).

v |=w
g ⃝(χ/ψ)x⇒t iff best(||ψx⇒t||Mg,w) ⊆ ||χx⇒t||Mg,w

best(||ψ||Mgx⇒d,w) ⊆ ||χ||Mgx⇒d,w (by IH)
v |=w

gx⇒d
⃝(χ/ψ)

• φ := R(t1, ..., tm). Assume v |=w
g R(t1, ..., tm)x⇒t. If x appears only as one

of the ti’s, then we are done. So let us suppose that x appears in one (or
more) of the ti’s. W.l.o.g. let x only appear in t1 = ιyψ. By the IH w |=w

g

ψx⇒t ⇔ w |=w
gx⇒d

ψ, so Iw
g ( ιyψx⇒t) = Iw

gx⇒d
( ιyψ). Consider some v ∈ W . We

have ⟨Iw
g ( ιyψx⇒t), ..., Iw

g ((tm)x⇒t)⟩ ∈ I(R, v), so ⟨Iw
gx⇒d

( ιyψ), ..., Iw
gx⇒d

(tm)⟩ ∈
I(R, v). Hence v |=w

gx⇒d
R(t1, ..., tm) as required. For the converse implication,

the argument is the same.

Corollary 2 (Universal instantiation). The principle of (UI) is valid:

|= E(t) → (∀xφ → φx⇒t) if x is not in the scope of ⊠

Proof. This follows from the fact that w |=w
g E(t) holds if and only if d := Iw

g (t) ∈ Dw

holds. Therefore w |=w
g E(t) implies that gx⇒d is a x-variant of g at w. Now

using Prop. 9 and putting v = w we obtain w |=w
g φx⇒t from w |=w

g E(t) and
w |=w

g ∀xφ.

(UI) highlights the difference between ∀x ⃝ (ψ(x)/φ) and ⃝(∀xψ(x)/φ). (UI)
can be applied to the former but not to the latter formula. This is because the Barcan
formula, as well as the converse Barcan formula, do not hold.18 ∀x⃝(ψ(x)/φ) states
that ψ is an obligation for each existing individual under condition φ. ⃝(∀xψ(x)/φ)
states that ∀xψ(x) is obligatory under condition φ. This means that in an optimal
φ-world everyone fulfills ψ. This does not imply that someone currently existing has
to fulfill ψ. As an example let us contrast the two sentences:

18Also, ∀x⃝(ψ/φ(x)) and ⃝(ψ/∀xφ(x)) do not imply each other.
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(7) a. Everyone should live eco-friendly: ∀x⃝φ(x)
b. It should be that everyone live eco-friendly: ⃝∀xφ(x)

Unlike (7-b), (7-a) describes an obligation binding each existing individual. From
(7-a) and E(t) one gets ⃝φ(t). By contrast (7-b) does not warrant the move to
⃝φ(t) even in the presence of E(t). This is as it should be.

Example 4. Consider the model M := ⟨W,⪰, D, I⟩ with

w v

R(a) R(b)

W := {w, v}
⪰:= the reflexive closure of {(v, w)}
Dw := {a}, Dv := {b}
I(t, w) := I(t, v) := a

I(R,w) := {a}, I(R, v) := {b}
We have v |=w

g ∀xR(x), as gx⇒b is the only x-variant of g at v and Iw
gx⇒b

(x) = b ∈
I(R, v). Furthermore w |=w

g E(t) holds, since Iw
g (t) = a ∈ Dw. But v ̸|=w

g R(t)
because Iw

g (t) = a ̸∈ I(R, v). Hence M ̸|= E(t) → (⃝∀xR(x) → ⃝R(t)).

For our final example, we take a look at the application of existential generali-
sation when the term appears in the antecedent:

(8) a. There exists a (current) Pope: E( ιxP (x))
b. It ought to be that John says grace if the Pope joins him for dinner:

⃝(G(j)/D( ιxP (x)))
c. There exists someone such that John ought to say grace if this person

joins him for dinner: ∃y ⃝ (G(j)/D(y))

The inference from (8-a) and (8-b) to (8-c) is both intuitively and formally valid.
On the other hand, ⃝(G(j)/∃yD(y)) does not follow from (8-a) and (8-b), as shown
below.
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Example 5. Consider the model M := ⟨W,⪰, D, I⟩ with

w v

P (a), G(b), D(a) P (a), D(c)

W := {w, v}
⪰:= the reflexive closure of {(v, w)}
Dw := {a, b, c}, Dv := {a, b, c}
I(j, w) := I(j, v) := b

I(P,w) := {a}, I(P, v) := {a}
I(G,w) := {b}, I(G, v) := {}
I(D,w) := {a}, I(D, v) := {c}

• w |=w
g E( ιxP(x)) since Iw

g ( ιxP(x)) = a ∈ Dw

• w |=w
g ⃝(G(j)/D( ιxP (x))) since

best(||D( ιxP (x))||Mg,w) = {w} ⊆ {w} = ||G(j)||Mg,w

• w ̸|=w
g ⃝(G(j)/∃yD(y)) since best(||∃yD(y)||Mg,w) = {v} ̸⊆ {w} = ||G(j)||Mg,w

Appendix B: Inclusion of F

The following is an axiomatization of Åqvist’s system F.

Axioms:
All truth-functional tautologies
S5-schemata for 2 and ♢ (S5)
⃝ (ψ → χ/φ) → (⃝(ψ/φ) → ⃝(χ/φ)) (COK)
⃝ (ψ/φ) → 2 ⃝ (ψ/φ) (Abs)
2ψ → ⃝(ψ/φ) (O-nec)
2(φ ↔ ψ) → (⃝(χ/φ) ↔ ⃝(χ/ψ)) (Ext)
⃝ (φ/φ) (Id)
⃝ (χ/φ ∧ ψ) → ⃝(ψ → χ/φ) (Sh)
♢φ → (⃝(ψ/φ) → P (ψ/φ)) (D⋆)

Rules:
If ⊢ φ and ⊢ φ → χ then ⊢ χ (MP)
If ⊢ φ then ⊢ 2φ (N)
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An explanation of the axioms can be found in [31]. The distinctive axiom of the
system is (D⋆). This is the dyadic version of the D axiom. We now show that the
system F∀ is a first-order extension of F:

Theorem 2. The rule (MP) and all the axioms of F, where 2 is replaced with ⊡
and ♢ is replaced with ♢. , are valid in F∀.

Proof. This proof works very similarly to the propositional case. We therefore limit
ourselves to (D⋆). Suppose w |=w

g ♢. φ. Then, there is some v ∈ W such that v |=w
g φ.

Suppose w |=w
g ⃝(ψ/φ). Then, best(||φ||Mg,w) ⊆ ||ψ||Mg,w. By limitedness, there is

v′ ∈ W such that v′ ∈ best(||φ||Mg,w). Combining the two, it immediately follows that
best(||φ||Mg,w) ∩ ||ψ||Mg,w ̸= ∅, which is equivalent to w |=w

g P (ψ/φ).

As mentioned in Sect. 3 the operator ⊡ can be defined in terms of ⃝ in F∀, in
the same way as 2 can be defined in terms of ⃝ in F. Formally:

Theorem 3. |= ⊡φ ↔ ⃝(⊥/¬φ).

Proof.

w |=w
g ⊡φ iff ||φ||Mg,w = W truth conditions for ⊡

||¬φ||Mg,w = ∅ truth conditions for ¬
best(||¬φ||Mg,w) = ∅ by limitedness
best(||¬φ||Mg,w) ⊆ ||⊥||Mg,w

w |=w
g ⃝(⊥/¬φ) truth conditions for ⃝

In Sec.1, we mentioned that ⊠ is a primitive modality in F∀. This directly follows
from the fact that, unlike ⃝, ⊠ is an intensional modality. Consequently, we do not
have the validity of all the axioms of F with 2 and ♢ replaced with ⊠ and ♢× ,
respectively. For a full list of valid axioms, see Appendix C.
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Appendix C: Axiomatisation of F∀

A sound Hilbert axiomatic system of the logic proposed in this paper is shown below.
An explanation of the axioms and rules of FO logic with definite descriptions can
be found in [39].

Axioms:
All truth functional tautologies
All axioms of system F with 2 replaced with ⊡ and ♢ with ♢.
S5-schemata for ⊠ and ♢×
⊠ φ → ⊡φ
⊠ ψ → ⊠ ⃝ (ψ/φ)
⊠ (φ ↔ ψ) → ⊠(⃝(χ/φ) ↔ ⃝(χ/ψ))
t = s → (φ ↔ φt↪→s) if t is not in the scope of ⊠
E(t) → (∀xφ → φx⇒t) if x is not in the scope of ⊠
∃x∃y(x = y)
t = t

t ̸= s → ⊡t ̸= s

∀y((∀x(φ ↔ x = y)) → y = ιxφ)
E( ιxφ) → ∃!xφ
∀x(E(x) → φ) → ∀xφ
(∀xφ ∧ ∀xψ) ↔ ∀x(φ ∧ ψ)

Rules:
If ⊢ φ and ⊢ φ → χ then ⊢ χ

If ⊢ φ∗ then ⊢ ⊠φ
If ⊢ ⃝(ψ/φ) then ⊢ ⊠ ⃝ (ψ/φ)
If ⊢ φ → t ̸= x then ⊢ ¬φ where x ̸∈ free(φ)
If ⊢ φ → ψ then ⊢ φ → ∀xψ where x ̸∈ free(φ)
If ⊢ φ → ⊡ψ then ⊢ φ → ⊡∀xψ where x ̸∈ free(φ)
If ⊢ φ → ⊠ψ then ⊢ φ → ⊠∀xψ where x ̸∈ free(φ)
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Abstract

In contrast to what has become known as standard deontic logic, Anderson
and Kanger independently proposed alethic modal logics with a deontic con-
stant, in which an obligation operator can be defined. It can be proven that
several deontic logics are fragments of these alethic modal logics. This has been
called “one of the main mathematical results on propositional monadic deontic
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logic”. We show that a similar translation theorem can be proven for a number
of predicative deontic logics, known as term-modal deontic logics (TMDLs).

In this paper we define several TMDLs and several first-order (alethic) modal
logics (FOMLs) with predicative constants, as well as a translation from the
TMDLs to the FOMLs. We prove that a number of the TMDLs are fragments
of the FOMLs. This is interesting not only from a conceptual, but also from
a technical perspective. It shows that (some) term-modal logics are actually
reducible to orthodox (i.e. not term-modal) FOMLs. We also present a few
negative results, showing that some TMDLs cannot straightforwardly be shown
to be fragments of FOMLs. Finally, we briefly discuss the possible repercussions
of both the positive and negative results for other reductions, in particular for
the reduction of propositional multi-modal logics to propositional uni-modal
logics.

1 Introduction
The best studied system of deontic logic is Standard Deontic Logic (SDL). SDL is
just the normal propositional modal logic KD, where the modal operator, written as
O, is interpreted as obligation. This logic is inspired by Von wright’s early work [27],
though SDL differs from Von Wright’s proposal in significant ways [20]. Along the
same lines, several deontic logics with a primitive obligation operator and a normal
modal semantics have been proposed.

A different approach to deontic logic was introduced by Alan Ross Anderson
[1, 2] and Stig Kanger [17, 15], although the philosophical idea behind this approach
can be traced back to the philosopher and mathematician G. W. Leibniz. The latter
analysed ‘φ is obligatory for a’ as ‘φ is necessary for a’s being a good person’ [16].
Inspired by a similar intuition, Anderson and Kanger do not use a primitive obliga-
tion operator, but instead an alethic modal operator and a propositional constant.
They then define the obligation operator in this new language.

Kanger and Anderson work this out in different ways. In the Kangerian ap-
proach, the propositional constant G is to be read as “what morality prescribes”
[17]. It is obligatory that φ, denoted as Oφ, is then defined as “it is necessary for
what morality prescribes that φ”, 2(G → φ). In the Andersonian approach, a dif-
ferent propositional constant, S, is used. This denotes some bad state of affairs [1,
p. 103], a violation of a rule [2, p. 348] or a sanction being applicable [16]. It is
obligatory that φ, can then be defined as ‘not φ necessarily implies a bad state of
affairs’, ‘not φ necessarily implies a violation of a rule’ or ‘not φ necessarily implies
the applicability of a sanction’. These two approaches are equivalent if we simply
take S to be the classical negation of G [20]. In what follows, we call such systems
Andersonian-Kangerian logics.

160



TMDLs As Fragments

It turns out that all logical principles validated by SDL and other logics like it,
are also validated by Andersonian-Kangerian logics. One can define a translation
that assigns to each formula of SDL (or a closely related system) a formula of an
Andersonian-Kangerian logic. It has been proven that for every SDL-formula φ, φ is
a theorem of SDL iff the translation of φ is a theorem of the Andersonian-Kangerian
logic. Åqvist calls this translation theorem “one of the main mathematical results on
propositional monadic deontic logic” [4]. In this paper, our main goal is to expand
this result to predicative deontic logic.

Predicative (or quantified, or first-order) deontic logic has long been understud-
ied. Presumably, this was because it was either thought to be trivial, in view of the
results on first-order modal logic in general, or because there are certain problems
(e.g. the interpretation of the Barcan Formula in a deontic context) for which there
was no solution at hand [16, 8]. Whatever the reason might have been, the result
is that most systems of deontic logic cannot capture elementary patterns of deontic
reasoning that involve quantification.

Recently, this has changed with the introduction of term-modal deontic logics
(TMDLs) [8, 11, 22].1 The language of these TMDLs contains obligation operators
indexed with terms (variables or constants) of the language. This allows for a great
increase in expressivity, as illustrated in Table 1 (taken from [8, 11]). In addition,
this indexing solves many of the problems plaguing earlier attempts at constructing
a system of first-order deontic logic (as argued in [8, 11]).

It is obligatory for Alfred that φ Oaφ

φ is obligatory for every philosopher (∀x)(Px → Oxφ)
Everyone has an obligation towards b
to help b

(∀x)(Ob
xHxb)

b has an obligation towards everyone
else to help them (∀x)(x ̸= b → Ox

bHbx)

Every parent of a sick child has an obli-
gation towards the child to care for it (∀x)(∀y)((Pxy ∧ Sy) → Oy

xCxy)

Table 1: Illustrating the expressiveness of TMDLs

In this paper, we prove a translation theorem for TMDLs. We define a family
of first order modal logics (FOMLs) that model the Andersonian-Kangerian ideas
in a predicative context. These logics use an orthodox (that is, not term-modal)
modal operator and two predicative constants Q and Q2. So for example, ‘it is

1The renewed interest in predicative deontic logic is also illustrated by [21], which points out a
shortcoming of the current TMDL-approach.
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obligatory for a that φ’, Oaφ, can be defined in these logics as ‘a being a good
person necessarily implies φ’, 2(Qa → φ).

The paper is structured as follows. In Section 2 we define and discuss a family
of TMDLs, and in Section 3 we do the same for a family of FOMLs based on the
Andersonian-Kangerian ideas. Section 4 is dedicated to proving the translation the-
orem for each of these logics. In Section 5 we discuss some other possible extensions
of the TMDLs from Section 2. Some of these extensions are more appropriate for
non-deontic interpretations of the term-modal operator. We show that the reduc-
tion of these extensions does not always go as one might expect, and discuss the
repercussions of these results for propositional multi-modal logic. Finally, Section
6 summarizes the results, briefly discusses their implications, and sketches possible
paths for future research.

2 Term-Modal Deontic Logics
Term-modal deontic logics are based on term-modal logics that were themselves
developed for epistemic logic [23, 7, 18]. The main innovation of term-modal logics
is that instead of an orthodox modal operator, the language of term-modal logic
contains a modal operator that is indexed by a term (variable or constant) of the
language. Semantically, this is mirrored by the use of a ternary (or quaternary)
instead of a binary accessibility relation.

In this section we start out by defining the language that is shared by all TMDLs
discussed in this paper (Section 2.1). We then define the semantics (Section 2.2) and
an axiomatisation (Section 2.3) of the weakest TMDL that we discuss in this paper:
TMK. This is a term-modal variant of the normal modal logic K. In Section 2.4
we define different extensions of TMK.

2.1 The Language of TMDLs
The definition of the language of TMDLs is taken from previous work [8, 11]. Let
C = {a, b, . . .} be the set of constants and V = {x, y, . . .} be the set of variables.
We let α, β, . . . range over C and ν, ξ, . . . over V . Let T = C ∪V be the set of terms
(always denoting agents) and θ, κ, . . . the metavariables ranging over it. For each
natural number n we let Pn be a set of n-ary predicate symbols and we let P be the
union of all Pn. We let P range over P. Lastly, we let φ,ψ, χ be metavariables for
formulas and we use Γ,∆,Θ as metavariables for sets of formulas. Our language L
is defined by the following Backus-Naur form:

φ ::= Pθ1 . . . θn | θ = κ | ¬φ | φ ∨ φ | Oθφ | Oθ
κφ | (∀ν)φ
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The other Boolean connectives are defined in the standard way. Additionally,
(∃ν)φ =df ¬(∀ν)¬φ, Pθφ =df ¬Oθ¬φ and Pθ

κφ =df ¬Oθ
κ¬φ. We will often write

θ ̸= κ instead of ¬θ = κ.
The notion of free and bound variables are as usual, with two additions (cfr.

Fitting et al. [7]): (1) The free occurrences of variables in Oθφ are all free occurrences
of variables in φ and in addition θ if θ is a variable, and (2) the free occurrences of
variables in Oκ

θφ are θ, if θ is a variable, κ, if κ is a variable, and all free occurrences
of variables in φ. We define the set S of sentences as consisting of those formulas
φ ∈ L such that all variables in φ are bound.

The two term-modal operators Oθ and Oκ
θ denote undirected and directed per-

sonal obligations. A formula Oθφ is read as ‘θ has an obligation that φ’ and Oκ
θφ as

‘θ has an obligation towards κ that φ’. Here, θ is the bearer of the obligation, i.e. the
agent who is at fault if the obligation has been violated, and κ is the counterparty
of the obligation.

The second term-modal operator (Oκ
θ ) is very useful to model reasoning with the

Hohfeldian rights-relations [8, 11]. For example, ‘a has the right to vote’ becomes in
the Hohfeldian analysis: ‘everyone else has towards a the obligation not to prevent
a from voting’. This can be formalised as: (∀x)((x ̸= a) → Oa

x¬Pxa), where Pxy
is interpreted as ‘x prevents y from voting’. The expressiveness of this language is
further illustrated in Table 1. For a more detailed discussion, see [8, 11].

2.2 Semantics of TMK
TMK-models (Definition 1) do not differ substantially from other models for first-
order modal logic with constant domains, except for the two accessibility relations.

Definition 1. A TMK-model is a tuple M = ⟨W,A, R,RD, I⟩, where:
1. W ̸= ∅
2. A ≠ ∅
3. R ⊆ W × A ×W
4. RD ⊆ W × A × A ×W
5. I is an interpretation function that assigns to every θ ∈ T a p ∈ A and to

every pair ⟨P,w⟩ ∈ Pn × W an element of ℘(An) for every natural number
n ∈ N.

The set W is the world domain, consisting of possible worlds w,w′, . . ., and A
is the agent domain, consisting of agents p, p1, p2, . . .. Both are non-empty and are
allowed to be at most countably infinite.2 R and RD are two accessibility relations.

2The agent domain is the analogue of the (object) domain of first-order logic. It is possible to
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The set R(w, p1) =df {w′ ∈ W | ⟨w, p1, w′⟩ ∈ R} is interpreted as the set of worlds
where all the obligations that agent p1 has in world w have been fulfilled. Similarly,
RD(w, p1, p2) =df {w′ ∈ W | ⟨w, p1, p2, w′⟩ ∈ RD} is interpreted as the set of worlds
where all obligations that agent p1 has towards p2 in world w have been fulfilled.

After definining what it means to be a ν-alternative (Definition 2), we are in a
position to give the semantic clauses (Definition 3). The only non-standard clauses
are SC5 and SC6. Semantic consequence and validity are defined in the usual way
(Definitions 4 and 5). In what follows, we will omit the subscript TMK when this is
clear from the context. Throughout this paper we treat both constants and variables
as rigid designators and we only consider models with constant domains.

Definition 2. For any ν ∈ V , M ′ = ⟨W,A, R,RD, I ′⟩ is a ν-alternative to M =
⟨W,A, R,RD, I⟩ iff I ′ differs at most from I in the member of A that I ′ assigns to
ν.

Definition 3 (Semantic Clauses). For any TMK-model M = ⟨W,A, R,RD, I⟩:
SC1 M,w |= Pθ1 . . . θn iff ⟨I(θ1), . . . , I(θn)⟩ ∈ I(P,w)
SC2 M,w |= ¬φ iff M,w ̸|= φ
SC3 M,w |= φ ∨ ψ iff M,w |= φ or M,w |= ψ
SC4 M,w |= θ = κ iff I(θ) = I(κ)
SC5 M,w |= Oθφ iff M,w′ |= φ for all w′ ∈ R(w, I(θ))
SC6 M,w |= Oκ

θφ iff M,w′ |= φ for all w′ ∈ RD(w, I(θ), I(κ))
SC7 M,w |= (∀ν)φ iff for every ν-alternative M ′: M ′, w |= φ

Definition 4 (Semantic consequence). φ is a semantic consequence of Γ, Γ ⊩TMK φ
iff for every TMK-model M = ⟨W,A, R,RD, I⟩ and w ∈ W : if M,w |= ψ for all
ψ ∈ Γ, then M,w |= φ.

Definition 5 (Validity). φ is valid, ⊩TMK φ iff for every TMK-model M =
⟨W,A, R,RD, I⟩ and w ∈ W : M,w |= φ.

2.3 Axiomatisation of TMK
A sound and strongly complete axiomatisation of TMK is obtained by closing a
complete axiomatisation of classical propositional logic (CL) with all instances of
the axiom schemata in Table 2 under the rules of Table 3.3 φ(θ/κ) is the result of
replacing all free occurrences of κ in φ by θ, relettering bound variables if necessary

expand the agent domain to include objects that are not agents. This is discussed in Section 3.5.3
of [8].

3The proof of soundness and strong completeness is a straightforward variation on the com-
pleteness proof for TMDL in [8, 11].
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to avoid rendering new occurrences of θ bound in φ(θ/κ). φ(θ//κ) is the result
of replacing various (not necessarily all or even any) free occurrences of κ in φ by
occurrences of θ, again relettering if necessary [24].

Theoremhood and derivability are defined as follows. A formula φ is a TMK-
theorem (denoted ⊢TMK φ) iff φ can be derived from the TMK-axioms and rules.
φ ∈ S is TMK-derivable from Γ ⊆ S (denoted Γ ⊢TMK φ) iff there are ψ1, . . . , ψn ∈
Γ such that ⊢TMK (ψ1 ∧ . . .∧ψn) → φ. From this it follows immediately that ⊢TMK
is compact. We write ⊢ instead of ⊢TMK where this does not lead to confusion.

(K) Oα(φ → ψ) → (Oαφ → Oαψ) (UI) (∀ν)φ → φ(α/ν)
(BF) (∀ν)Oαφ → Oα(∀ν)φ (REF) α = α
(DK) Oβ

α(φ → ψ) → (Oβ
αφ → Oβ

αψ) (SUB) (α = β) → (φ → φ(α//β))
(DBF) (∀ν)Oβ

αφ → Oβ
α(∀ν)φ (ND) (α ̸= β) → Oγ(α ̸= β)

(DND) (α ̸= β) → Oδ
γ(α ̸= β)

Table 2: Axiom schemata of TMK

(MP) if φ → ψ and φ, then ψ
(NEC) if ⊢ φ, then ⊢ Oαφ

(DNEC) if ⊢ φ, then ⊢ Oβ
αφ

(UG) if ⊢ φ → ψ(α/ν) and α not in φ or ψ, then ⊢ φ → (∀ν)ψ

Table 3: Rules of TMK

2.4 Extensions of TMK
One of the points of contention in propositional deontic logic is what principles
should be accepted. For example, the scheme Oφ → ¬O¬φ is valid in SDL, but in
the face of deontic conflicts one could argue that this should be given up [14]. These
discussions are also relevant for TMDLs: TMK does not validate Oθφ → ¬Oθ¬φ,
but an extension of the logic might. We will not take a stand on such discussions
here. Instead, we propose a family of TMDLs. Each member of this family is
obtained by adding different axiom schemes and corresponding frame conditions
from Table 4 to TMK. For example, the TMDL discussed in [11] is obtained by
adding the axiom schemes (D) and (DIU) (and the corresponding frame conditions)
to TMK.4 For all these logics, the proof of soundness and strong completeness is a

4One could also argue that TMK itself is already too strong. We refer the interested reader to
[12] for a discussion of term-modal logics weaker than TMK.
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straightforward variation on the proofs for TMDL in [8, 11].

(D) Oθφ → Pθφ For all p ∈ A and w ∈ W : R(w, p) ̸= ∅
(DD) Oκ

θφ → Pκ
θφ For all p, p′ ∈ A and w ∈ W : RD(w, p, p′) ̸= ∅

(+) Oθ(Oθφ → φ) For all w,w′ ∈ W and p ∈ A: if w′ ∈ R(w, p),
then w′ ∈ R(w′, p)

(D+) Oκ
θ (Oκ

θφ → φ) For all w,w′ ∈ W and p, p′ ∈ A: if w′ ∈
RD(w, p, p′), then w′ ∈ RD(w′, p, p′)

(7) Oθ(PθOθφ → φ) For all w,w′, w′′ ∈ W and p ∈ A: w′ ∈
R(w, p) and w′′ ∈ R(w′, p) implies w′ ∈
R(w′′, p)

(D7) Oκ
θ (Pκ

θ Oκ
θφ → φ) For all w,w′, w′′ ∈ W and p, p′ ∈ A: w′ ∈

RD(w, p, p) and w′′ ∈ RD(w′, p′, p′) implies
w′ ∈ RD(w′′, p, p′)

(DIU) Oβ
αφ → Oαφ For all w ∈ W , p1, p2 ∈ A: R(w, p1) ⊆

RD(w, p1, p2)

Table 4: Additional axiom schemes for TMDLs

Other axiom schemes could have been added to Table 4. We discuss the most
important of these alternative schemes in Section 5. However, we think that the
schemes presented in Table 4 are among the most plausible candidates for inclusion
in a TMDL. The schemes (D) and (DD) are the term-modal analogues of the fa-
mous ought-implies-can principle in propositional deontic logic. Under a plausible
reading, the schemes (+) and (D+) can be used to model the intuition that iter-
ated deontic modalities of the same kind do not add any meaning. For a deeper
discussion of such intuitions for propositional deontic logic, see for example [5]. The
conditions associated with (+) and (D+) are sometimes called shift reflexivity, or
secondary reflexivity (see e.g. [25, 6]). Åqvist calls it almost reflexivity [4, p. 209].
The propositional analogue of (7) and (D7) is also discussed by Åqvist, and for that
reason (7) and (D7) are included in Table 4. Åqvist calls the corresponding frame
condition almost symmetry [4, p. 209].5 Finally, the scheme (DIU) concerns the
interaction between directed and undirected personal obligations. Arguments for
and against this principle in a predicative context were discussed in [8, 11].6

5To see why this is called almost symmetry, it might help to note that (7) is equivalent with
Oθ(φ → OθPθφ), while symmetry corresponds to the axiom (B): φ → OθPθφ (see Section 5.2).

6A non-monotonic version of this principle was proposed in [10].

166



TMDLs As Fragments

3 The Alethic Modal Logics
As mentioned in the introduction, the goal of this paper is to prove a translation
theorem for different TMDLs. This means that we must also define a family of first-
order modal logics inspired by Andersonian-Kangerian (and Leibnizian) intuitions.
Each of these logics is built around an alethic modal operator and two predicative
constants Q and Q2. To define this family of logics, we take the same approach as
in Section 2. We first define the language shared by all the logics in this family in
Section 3.1. Then we give the semantics and axiomatisation of the weakest logic in
the family, AK, in Sections 3.2 and 3.3. Finally, Section 3.4 defines the extensions
of AK by giving a list of axiom schemes (and corresponding frame conditions) that
can be added to AK.

3.1 The Language of AK
The language of AK is built using the same constants, variables and predicate
symbols as the language of TMDLs.7 We add to this an orthodox modal operator
2, and two predicative constants Q and Q2 with arity 1 and 2 respectively. Our
new language LQ is defined by the following Backus-Naur form:

φ ::= Pθ1 . . . θn | θ = κ | ¬φ | φ ∨ φ | 2φ | (∀ν)φ | Qθ | Q2θκ

The other connectives are defined in the standard way, with the addition that 3φ =df
¬2¬φ. The notions of free and bound variables are as usual. A formula φ ∈ LQ is
a sentence, φ ∈ SQ, iff all the variables in φ are bound. Note that the language of
AK contains no term-modal operators, but only orthodox modal operators.

The main novelty in the language LQ lies in the predicative constants. Qx can
be read in different ways. Staying close to the Leibnizian intuitions, we will read Qx
as ‘x is a good person’. However, this choice is rather arbitrary. We can also stay
closer to a Kangerian or Andersonian interpretation and read Qx as ‘x’s obligations
have been fulfilled’ or ‘x is not in violation of any obligation’. From a technical
point of view, nothing hinges on the precise interpretation of the constant. The
same goes for Q2. The formula Q2xy can be read as ‘x is a good person when it
comes to their dealings with y’, ‘x’s obligations towards y have been fulfilled’, or ‘x
is not in violation of any obligation that x has towards y’. A predicate similar to Q2

was proposed by Lindahl [19, p. 163] to solve some problems with Kanger’s formal
treatment of rights. Following Lindahl’s suggestion, we will read Q2xy as ‘y has not
been wronged by x’.

7This will be important for the proof of the translation theorem (Theorem 1).
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3.2 Semantics of AK

The semantics of AK is fairly standard. Definition 6 gives the definition of AK-
models. This does not differ significantly from that of familiar constant-domain
models for first-order modal logic, except for the addition of the functions f and
f2. Definition 7 gives the semantic clauses for AK. A ν-alternative, semantic
consequence and validity are all defined analogous to those definitions for TMK in
Section 2.2.

Definition 6. An AK-model is a tuple M = ⟨W,A, RQ, f, f2, I⟩, where:

1. W ̸= ∅
2. A ≠ ∅
3. RQ ⊆ W ×W
4. f and f2 are functions such that:
4.1. f : A → ℘(W )
4.2. f2 : A × A → ℘(W )
5. I is an interpretation function that assigns to every θ ∈ T a p ∈ A and to

every pair ⟨P,w⟩ ∈ Pn × W an element of ℘(An) for every natural number
n ∈ N.

The relation RQ should be given an alethic instead of a deontic interpretation:
RQ(w) =df {w′ | ⟨w,w′⟩ ∈ RQ} is the set of worlds that are possible at w. The
function f(p) can be interpreted as the set of worlds that are (deontically) ideal
for agent p. Alternatively, we could say that f(p) is the set of worlds where p is
praiseworthy, where p is not blameworthy, or where p satisfies her obligations/the
demands placed on her. Similarly, f(p, p′) is the set of worlds where p′ has not been
wronged by p, or where p’s obligations toward p′ have been fulfilled.

Definition 7 (Semantic Clauses). For any AK-model M = ⟨W,A, RQ, f, f2, I⟩:

SC1 M,w |= Pθ1 . . . θn iff ⟨I(θ1), . . . , I(θn)⟩ ∈ I(P,w)
SC2 M,w |= ¬φ iff M,w ̸|= φ
SC3 M,w |= φ ∨ ψ iff M,w |= φ or M,w |= ψ
SC4 M,w |= θ = κ iff I(θ) = I(κ)
SC5 M,w |= 2φ iff M,w′ |= φ for all w′ ∈ RQ(w)
SC6 M,w |= (∀ν)φ iff for every ν-alternative M ′: M ′, w |= φ
SC7 M,w |= Qθ iff w ∈ f(I(θ))
SC8 M,w |= Q2θκ iff w ∈ f2(I(θ), I(κ))
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3.3 Axiomatisation of AK

A sound and strongly complete axiomatisation of AK is obtained by closing a com-
plete axiomatisation of CL with all instances of the axiom schemata in Table 5
under the rules of Table 6. Theoremhood and derivability are defined in a manner
completely analogous to that in Section 2.3. The proofs of soundness and strong
completeness are straightforward adaptations from the standard proofs. See Sections
4.4 and 4.6 of [8] for details.

(QK) 2(φ → ψ) → (2φ → 2ψ)
(QBF) (∀ν)2φ → 2(∀ν)φ
(QUI) (∀ν)φ → φ(α/ν)

(QREF) α = α
(QSUB) (α = β) → (φ → φ(α//β))
(QND) (α ̸= β) → 2(α ̸= β)

Table 5: Axiom schemata of AK

(QMP) if φ → ψ and φ, then ψ
(QNEC) if ⊢ φ, then ⊢ 2φ
(QUG) if ⊢ φ → ψ(α/ν) and α not in φ or ψ, then ⊢ φ → (∀ν)ψ

Table 6: Rules of AK

3.4 Extensions of AK
As we did for TMK, we will now define a family of extensions of AK. Each member
of this family is obtained by adding any number of axiom schemes and corresponding
frame conditions from Table 7 to AK. For all these logics, the proofs of soundness
and strong completeness again straightforward.

(QQ) Qθ → Q2θκ For all p1, p2 ∈ A and w ∈ W : f(p1) ⊆ f2(p1, p2)
(AQ) 3Qθ For all p ∈ A and w ∈ W , RQ(w) ∩ f(p) ̸= ∅

(ADQ) 3Q2θκ For all p, p′ ∈ A and w ∈ W , RQ(w) ∩ f2(p, p′) ̸= ∅
(AT) 2φ → φ RQ is reflexive
(AB) φ → 23φ RQ is symmetric

Table 7: Additional axiom schemes for AK

The axiom schemes in Table 7 deserve a short explanation. The scheme (QQ)
corresponds to the intuition that whenever one is a good person, then one has not
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wronged anyone.8 This corresponds to the intuition behind (DIU). The schemes
(AQ) and (ADQ) model the intuition that it is always possible to be a good person
or not to wrong another person (i.e. to fulfill one’s obligations to other persons).
These schemes correspond to (D) and (DD). For an alethic interpretation of the 2

operator, (AT) is usually considered to be a plausible axiom scheme: if φ is necessary,
then φ is the case. We will need this scheme to prove the translation theorem for
TMDLs that contain (+) and (D+). Similarly, (AB) seems plausible for an alethic
interpretation of 2 and is needed to prove the translation theorem for TMDLs that
contain (7) and (D7).

We could have added more schemes to the table. For example, (A4) 2φ → 22φ
and (A5) 3φ → 23φ are plausible candidate schemes for an alethic interpretation
of the 2 operator. However, these schemes will only be discussed in Section 5 and
play no role in the translation theorems in the next section.

4 The Translation Theorems
This section contains the most important positive results of this paper, the proofs of
the translation theorems for TMDLs. In Section 4.1 we define the translation from
the language of TMDLs to that of the first-order Andersonian-Kangerian logics
and comment on the implications of this translation. In Section 4.2 we prove the
translation theorem for the two weakest logics, i.e. we show that TMK is the deontic
fragment of AK, that for every φ that is a theorem of TMK, the translation of
φ is a theorem of AK. Section 4.3 shows how this proof can be expanded to the
extensions of TMK and AK discussed before.

4.1 The Translation
Definition 8 gives a translation T , based on [3, p. 114]. The translation is trivial
except for clauses 5. and 6. These clauses capture the Leibnizian-Andersonian-
Kangerian intuitions discussed in the introduction. In fact, we would argue that
clause 5. better represents the Leibnizian analysis than the propositional proposals
by Anderson and Kanger did. Leibniz is after all analyzing an (undirected) personal
obligation with a bearer, which is a nuance that gets lost in the usual uni-modal
propositional approach.

Definition 8 (Translation). Let φ ∈ L. Then:

8One could even wonder about the other direction: if θ has not wronged anyone, then θ is a
good person, (∀ν)(Q2θν) → Qθ. Accepting this and (QQ) would mean that Q is definable in terms
of Q2 (and vice versa).
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1. T (Pθ1, . . . , θn) = Pθ1, . . . , θn 5. T (Oθφ) = 2(Qθ → T (φ))
2. T (θ = κ) = (θ = κ) 6. T (Oκ

θφ) = 2(Qθκ → T (φ))
3. T (¬φ) = ¬T (φ) 7. T ((∀ν)φ) = (∀ν)T (φ)
4. T (φ ∨ ψ) = T (φ) ∨ T (ψ)

There is a difference in the expressiveness of the language of the TMDLs and
that of AK. Note that the translation is not surjective: for every formula in the
language of TMDLs there is a formula in the language of AK, but not vice versa.
For example, there is no φ ∈ L such that T (φ) is of the form 2(ψ → Qθ). Such
formulas can be used to express ‘deontic sufficiency’: 2(ψ → Qθ) means that the
truth of ψ is sufficient for θ being a good person (see [25]).

4.2 Proof of the Translation Theorem for TMK
The proof of the translation theorem for TMK, Theorem 1, mostly follows that for
the propositional case as laid out by Åqvist [3, 4]. However, there are some important
complications associated with the step to the term-modal level. The proof starts
with Lemma 1, which shows that for every theorem of TMK, its translation is a
theorem of AK. For the other direction it remains to prove that for every φ ∈ L, if
T (φ) is a theorem of AK, then φ is a theorem of TMK (Lemma 5). To prove this,
we first define a model M∗ for every TMK-model M (Definition 9).9 This definition
is significantly more complicated than its propositional counterpart, and as a result
the following lemmas and their proofs are more complicated as well. In the next step,
we prove what Åqvist calls the “easy lemma”: each model constructed according to
Definition 9 is an AK-model (Lemma 2). Then we prove Lemma 3, the lemma “on
relations”, stating that the accessibility relations in the TMK-model M correspond
to those in the AK-model M∗. Finally, we prove the “crucial” Lemma 4: for any
world w in the original TMK model, this world models φ iff the corresponding
worlds in the AK-model M∗ model T (φ).

Lemma 1. For all φ ∈ L: If ⊢TMK φ, then ⊢AK T (φ).

Proof. The proof is a simple induction on the length of the derivation. For the base
cases (i.e. derivations of length one), φ is an instance of one of the axiom schemes
of TMK. We leave it to the reader to see that for each axiom scheme ψ of TMK,
T (ψ) is a theorem of AK (see also [8]). For the induction step, it suffices to prove

9The definition of this model differs significantly from that of the model that plays the same
role in the proofs in [8] and [9]. The definition of M∗ that we present in the present paper is based
on a kind of tree unravelling. It thus has the advantage that it is easier to understand for the reader
already familiar with unravelling. This change also affects (the proofs of) the next few lemmas and
theorems, but in most cases this change is positive: the proofs become shorter and easier.
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that if φ has been obtained by an application of one of the rules of TMK to some
TMK-theorem(s), then T (ψ) is a theorem of AK.

Definition 9. Let M = ⟨W,A, R,RD, I⟩ be a TMK-model. We define M∗ =
⟨W ∗

M ,A, RQ
M , fM , f2

M , I∗
M ⟩ as follows.

1. W ∗
M is the smallest set such that:

1.1. For all w ∈ W , ⟨w⟩ ∈ W ∗
M

1.2. For all p ∈ A, if ⟨w1, . . . , wn⟩ ∈ W ∗
M and w ∈ R(wn, p), then ⟨w1, . . . , wn, p, w⟩

∈ W ∗
M

1.3. For all p, p′ ∈ A, if ⟨w1, . . . , wn⟩ ∈ W ∗
M and w ∈ RD(wn, p, p

′), then ⟨w1, . . . ,
wn, p, p

′, w⟩ ∈ W ∗
M

2. For all ⟨w1, . . . , wn⟩ ∈ W ∗
M , RQ

M (⟨w1, . . . , wn⟩) = {⟨w1, . . . , wn, p, w
′⟩ | ⟨w1, . . . ,

wn, p, w
′⟩ ∈ W ∗

M } ∪ {⟨w1, . . . , wn, p, p
′, w′⟩ | ⟨w1, . . . , wn, p, p

′, w′⟩ ∈ W ∗
M }

3.1. For all p ∈ A, fM (p) = {⟨w1, . . . , wn, p, w⟩ | ⟨w1, . . . , wn, p, w⟩ ∈ W ∗
M }

3.2. For all p, p′ ∈ A, f2
M (p, p′) = {⟨w1, . . . , wn, p, p

′, w⟩ | ⟨w1, . . . , wn, p, p
′, w⟩ ∈

W ∗
M }

4.1. For all θ ∈ T , I∗
M (θ) = I(θ)

4.2. For all P ∈ P and ⟨w1, . . . , wn⟩ ∈ W ∗, I∗
M (P, ⟨w1, . . . , wn⟩) = I(P,wn)

For any TML-model M , M∗ gives a model consisting of several tree-like struc-
tures, where the name of every world in W ∗ represents a finite path through the
model M . This is illustrated by Example 1 in the appendix. In what follows we
omit the subscript M where this does not lead to confusion.

Lemma 2 (Easy Lemma). Given a TMK-model M = ⟨W,A, R,RD, I⟩, M∗ =
⟨W ∗,A, RQ, f, f2, I∗⟩ is an AK-model.

Proof. It suffices to prove that M∗ satisfies all the conditions in Definition 6. This
is easily checked by comparing Definitions 1, 6, and 9.

Lemma 3 (Lemma on Relations). Let M = ⟨W,A, R,RD, I⟩ and M∗ = ⟨W ∗,A, RQ,
f, f2, I∗⟩. For all w,w′ ∈ W , and all p, p′ ∈ A:
1. w′ ∈ R(w, p) iff there is at least one ⟨ w1, . . . , w, p, w′ ⟩ ∈ W ∗, and for all

⟨w1, . . . , w, p, w′⟩ ∈ W ∗, ⟨w1, . . . , w, p, w′⟩ ∈ RQ(⟨w1, . . . , w⟩) ∩ f(p),
2. w′ ∈ RD(w, p, p′) iff there is at least one ⟨w1, . . . , w, p, p′, w′⟩ ∈ W ∗, and for all

⟨w1, . . . , w, p, p′, w′⟩ ∈ W ∗, ⟨w1, . . . , w, p, p′, w′⟩ ∈ RQ(⟨w1, . . . , w⟩) ∩ f2(p, p′).

Proof. This follows from Definition 9. For 1, the left to right direction follows from
clauses 1 (1.2), 2 and 3.1 of Definition 9, and the other direction follows immediately
from clause 1 (1.2) of Definition 9 (note for both directions that by clause 1, W ∗ is
the smallest set satisfying 1.1 - 1.3). For 2, the left to right direction follows from
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clauses 1 (1.3), 2 and 3.2 of Definition 9, and the other direction follows from clause
1 (1.3) of Definition 9.

Lemma 4 (Crucial Lemma). Let M = ⟨W,A, R,RD, I⟩ be a TMK-model, w ∈ W ,
and φ ∈ L. Then for all ⟨w1, . . . , w⟩ ∈ W ∗:

M,w |= φ iff M∗, ⟨w1, . . . , w⟩ |= T (φ)

Proof. The proof proceeds by induction on the complexity of φ. In view of Defini-
tions 8 and 9, all cases are straightforward except for the cases where φ is of the
form Oθψ or Oκ

θψ.
We only write out the case where φ is of the form Oθψ, since the case for Oκ

θψ is
entirely analogous. For the left to right direction, suppose M,w |= Oθψ. To prove
that M∗, ⟨w1, . . . , w⟩ |= 2(Qθ → T (ψ)) holds, we need to show that T (ψ) holds
in every successor of ⟨w1, . . . , w⟩ that satisfies Qθ. By Lemma 3, such a successor
must be of the form ⟨w1, . . . , w, I(θ), w′⟩ for some w′ ∈ R(w, I(θ)). By assumption,
M,w′ |= ψ, and by the induction hypothesis, M∗, ⟨w1, . . . , w, I(θ), w′⟩ |= T (ψ).

For the other direction, suppose M∗, ⟨w1, . . . , w⟩ |= 2(Qθ → T (ψ)). To show
that M,w |= Oθψ, we need to show that M,w′ |= ψ for all w′ ∈ R(w, I(θ)). By
Lemma 3, for any such w′, ⟨w1, . . . , w, I(θ), w′⟩ ∈ RQ(⟨w1, . . . , w⟩) ∪ f(I(θ)). By
the assumption, M∗, ⟨w1, . . . , w, I(θ), w′⟩ |= T (ψ). By the induction hypothesis,
M,w′ |= ψ.

Lemma 5. For all φ ∈ L, if ⊢AK T (φ), then ⊢TMK φ.

Proof. Suppose that ⊬TMK φ. By completeness of TMK, there is a TMK-model
M = ⟨W,A, R,RD, I⟩ and a w ∈ W , such that M,w ̸|= φ. By Lemmas 2 and 4,
there is an AK-model M∗ = ⟨W ∗,A, RQ, f, f2, I∗⟩, such that M∗, ⟨w⟩ ̸|= T (φ). By
the soundness of AK, ⊬AK T (φ).

Theorem 1. {φ ∈ L | ⊢TMK φ} = {φ ∈ L | ⊢AK T (φ)}

Proof. This follows immediately from Lemmas 1 and 5.

4.3 The Translation Theorems for the Extensions

In this section we prove the translation theorem for each of the extensions of TMK
that were defined in Section 2.4. The first column of Table 8 gives a list of axioms.
Adding any combination of these axioms and the corresponding frame conditions
(see Table 4) to TMK gives an extension of TMK. Note that we demand that
either both or neither of (+) and (D+) are added, and that either both or neither of
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(7) and (D7) are added.10. To find the logic of which such an extension of TMK is
the deontic fragment, simply add the axioms that are on the same lines in the second
column of Table 8 (and their corresponding frame conditions) to AK. For example,
TMK extended with (DIU), (+) and (D+) is the deontic fragment of AK extended
with (QQ) and (AT). In what follows we sketch how the proof of the translation
theorem needs to be adapted for each of these extensions.

Definition 10. For any ⟨w1, . . . , wn⟩ ∈ W ∗, ⟨w1, . . . , wn⟩− is the previous world: if
⟨w1, . . . , wn⟩ is of the form ⟨w1, . . . , wn−1, p, wn⟩, then ⟨w1, . . . , wn⟩− =df ⟨w1, . . . ,
wn−1⟩, and if ⟨w1, . . . , wn⟩ is of the form ⟨w1, . . . , wn−1, p, p′, wn⟩, then ⟨w1, . . . ,
wn⟩− =df ⟨w1, . . . , wn−1⟩.

TM-axioms AK-axioms Modification to definition of M∗

(D) (AQ) no changes
(DD) (ADQ) no changes
(+) and (D+) (AT) add ∪{⟨w1, . . . , wn⟩} to clause 2
(7) and (D7) (AB) add ∪{⟨w1, . . . , wn⟩−} to clause 2
(DIU) (QQ) add ∪f(p1) to clause 3.2

Table 8: Term-modal and Andersonian-Kangerian axiom schemes

Theorem 2. For any combination of lines from Table 8, let TML be the extension of
TMK obtained by adding the axiom schemes (and corresponding frame conditions)
from the first column to TMK, and let AKL be the extension of AK obtained by
adding the axioms (and corresponding frame conditions) from the second column to
AK. Then {φ ∈ L | ⊢TML φ} = {φ ∈ L | ⊢AKL T (φ)}.

Proof. For each of the logics, the proof is mostly analogous to that for TMK and
AK in Section 4.2. We go through each of the lemmas and definitions in that section
and describe where the proof changes substantially.

Proving the analogue of Lemma 1 is straightforward. The proof is analogous
to that for Lemma 1, except that there are more cases to prove. For example, if
the line with (D) and (AQ) is included, then we need to prove that ⊢AKL 2(Qθ →
ψ) → ¬2(Qθ → ¬ψ). This follows from (AQ) and the properties of normal modal
logic. The other cases are analogous; each time the theorem follows from the axiom
added to AKL and the properties of normal modal logic.

10This is not a problem, since any argument for the acceptance of (+) is in all likelihood also an
argument for the acceptance of (D+), and any argument for (7) is likely also an argument for (D7).
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The definition of M∗ needs to be adapted in some cases. These changes are
described in the third column of Table 8. The easy lemma (Lemma 2) is straight-
forward (for the cases for (+)/(D+) or (7)/(D7), simply note that because of the
modifications, RQ is reflexive or symmetric). For the Lemma on relations (Lemma
3), there are also no significant changes. Even for the cases where we add (+) and
(D+), or (7) and (D7), the proof still goes through, since the right to left directions
of the proof do not rely on clause 2 of Definition 9.

For the crucial Lemma (Lemma 4) there are no significant changes necessary
for (D), (DD), (7) and (D7), or (+) and (D+). For (DIU) the difference is worth
commenting on. When we prove that M∗, ⟨w1, . . . , w⟩ |= 2(Q2θκ → T (ψ)), under
the assumption that M,w |= Oκ

θψ, it is no longer the case that every element of
RQ(⟨w1, . . . , w⟩) ∩ f2(I(θ), I(κ)) is of the form ⟨w1, . . . , w, I(θ), I(κ), w′⟩, since it
might also be of the form ⟨w1, . . . , w, I(θ), w′⟩. However, in this case the proof
simply follows from the proof for the undirected case, since by the frame condition
corresponding to (DIU), M,w |= Oθψ follows from M,w |= Oκ

θψ.

5 Some other schemes: (4), (5), (B) and (T)
So far the story has been quite elegant. We have a reduction result for TMK and for
all the extensions of TMK with any combination of the axiom schemes (D), (DD),
(+) and (D+), (7) and (D7), and (DIU). Furthermore, these results mirror the
results that Åqvist discusses for the propositional case [3, 4].11 However, Åqvist also
considers the schemes (4) and (5) (Table 9). These schemes have some plausibility
in the context of deontic logic (see for example the discussion in Chapter 6.2 of
[6]). More importantly however, these schemes are relevant for other interpretations
of the term-modal operators (e.g. doxastic or epistemic interpretations, recall that
term-modal logic was originally developed in the context of epistemic logic). The
same holds for the schemes (B) and (T) (Table 9). Therefore, we discuss these
other schemes in this section: Section 5.1 discusses the schemes (4) and (5), Section
5.2 discusses (B), and Section 5.3 discusses (T). We show that with these schemes
the story becomes considerably less elegant, and diverges more from Åqvist’s story.
Finally, in Section 5.4 we briefly sketch the repercussions of these results for uni-
modal and multi-modal propositional deontic logics.

Two comments on this section are in order. First, to contain the size of this
section, we focus only on the term-modal operator with one index.12 Since the

11The only exception is (DIU), since Åqvist does not discuss (a propositional variant of) this
scheme.

12We thus implicitly adapt the previous definitions to no longer contain references to e.g. f2.
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(4) Oθφ → OθOθφ (A4) 2φ → 22φ Transitivity of R/RQ

(5) PθOθφ → Oθφ (A5) 32φ → 2φ Euclideanness of R/RQ

(B) φ → OθPθφ (AB) φ → 23φ Symmetry of R/RQ

(T) Oθφ → φ (AT) 2φ → φ Reflexivity of R/RQ

Table 9: Further axiom schemes and their corresponding frame conditions

new schemes are mostly interesting for non-deontic interpretations, this seems to
be the most interesting case anyway. However, our results are easily translatable
to term-modal operators with two (or more) indices. Secondly, also for reasons of
space we have moved the proofs for some of the negative results and for the frame
correspondence results of some new schemes to a technical appendix.

5.1 The (4) and (5) schemes
Given Åqvist’s results in [3, 4], one might expect that TMDLs satisfying (4) and/or
(5) would be reducible to AKLs satisfying (A4) and/or (A5). Unfortunately, Lemma
6 shows that this is not the case.13

Lemma 6. Let TML be any basic extension of TMK (i.e. an extension discussed
in Section 2) extended with axiom schemes (4) and/or (5), and let AKL be any
basic extension of AK also containing the (A4) and/or the (A5) scheme. There
exists a TML-sentence φ such that ̸⊩TML φ, but ⊩AKL T (φ).

The proof for Lemma 6 can be found in the appendix. The counterexample used
for (4) is the formula PaPbψ → Pbψ, and that for (5) is Paψ ∧ Pb⊤ → PbPaψ. As
the proof shows, the problem lies in the fact that the (A4) and the (A5) scheme
do not distinguish between different agents, which does not combine well with the
transitivity and euclideanness of RQ. Instead of (A4) and (A5), we need the weaker
schemes (A4Q) and (A5Q) (Table 10). The frame conditions corresponding to (A4Q)
and (A5Q) are p-transitivity and p-euclideanness (Table 11. This is proven in Lemma
7 (the proof can be found in the appendix). Theorem 3 proves that the reduction
does work for these systems.

Lemma 7. The frame conditions corresponding to the axiom schemes (A4Q) and
(A5Q) are p-transitivity and p-euclideanness.

13In the conclusion of [9] it was speculated that when one considers TML-models without the
RD-relation, this reduction would work. The proof for Lemma 6 shows that this was mistaken.
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(A4Q) 2(Qα → φ) → 2(Qα → 2(Qα → φ))
(A5Q) 3(Qα ∧ φ) → 2(Qα → 3(Qα ∧ φ))

Table 10: The schemes (A4Q) and (A5Q)

RQ is... iff for all w,w′, w′′ ∈ W , p ∈ A:
p-transitive if w′ ∈ RQ(w) ∩ f(p) and w′′ ∈ RQ(w′) ∩ f(p), then w′′ ∈ RQ(w)
p-euclidean if w′ ∈ RQ(w) ∩ f(p) and w′′ ∈ RQ(w) ∩ f(p), then w′′ ∈ RQ(w′)

Table 11: Definition of p-transitivity and p-euclideanness

Theorem 3. Let TML be any basic extension of TMK (i.e. an extension discussed
in Section 2) extended with axiom schemes (4) and/or (5), and let AKL be the
corresponding extension of AK satisfying (A4Q) and/or (A5Q). Then ⊢TML φ if
and only if ⊢AKL T (φ), for every TML-sentence φ.

Proof. The ‘only if’ part is straightforward, since the translation of any instance of
(4) or (5) is an instance of (A4Q) or (A5Q) respectively. For the ‘if’ part, let RQ∗

be the p-transitive or p-euclidean closure of RQ respectively. We define M∗ using
this new relation RQ∗ instead of RQ. The proof for the ‘if’ direction is now entirely
analogous to that in Section 4, except for the easy lemma. This lemma follows
immediately from the fact that RQ∗ is closed under p-transitivity or p-euclideanness
respectively. The alterations needed in the proofs for the cases where TML does
contain these schemes are straightforward.

From a technical point of view, this reduction works. We have reduced a term-
modal (deontic) logic to an alethic, uni-modal, first-order modal logic (with a pred-
icative constant). However, from a conceptual or philosophical perspective, this re-
sult might leave some unsatisfied. The philosophical motivation for the Andersonian-
Kangerian (and Leibnizian) reduction is that the deontic modals obligation and
permission can be expressed in terms of a purely alethic modality and a deontic
constant. However, the conditions of p-transitivity and p-euclideanness are only
motivated by deontic considerations. Thus, one can argue that 2 is no longer a
purely alethic modality. This is in contrast with, for example, conditions of reflexiv-
ity, transitivity or euclideanness. These conditions can be justified without recourse
to any deontic considerations. On the other hand, the conditions corresponding to
(AQ) and (ADQ) are also only justified by deontic considerations. Similar condi-
tions have been used in the propositional case (see [3, 4]). As far as we know, no
one has objected to them in that context. So if one were to object to p-transitivity
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or p-euclideanness on these grounds, then one would also have to object to earlier
treatments of the (D) scheme in the propositional case.

5.2 The (B) scheme

The next scheme that we consider is the (B) scheme. The frame condition corre-
sponding to this scheme is the symmetry of the accessibility relation R. It does
not seem to be intuitive for a deontic interpretation of Oα and Åqvist does not
discuss it. Nevertheless, for the reasons sketched above it may still be interesting
to investigate the possibility of reducing a term-modal system containing the (B)
scheme to a uni-modal alethic counterpart. We start by noting that it does not
suffice to add the alethic version (AB) of the (B) scheme to AK. Indeed, consider a
model M = ⟨W,A, RQ, f, I⟩ where W = {w,w′}, A = {p}, RQ = {⟨w,w′⟩, ⟨w′, w⟩},
f(p) = {w′} and I is arbitrary. This model satisfies all instances of the (AB) scheme,
since RQ is symmetric, but it does not satisfy the translation of all instances of the
(B) scheme. Consider for example the instance ⊤ → OαPα⊤ of (B), where ⊤ denotes
any propositional tautology. Its translation simplifies to 2(Qα → 3Qα)), and this
is not satisfied in world w.

We thus need a different axiom scheme on the alethic side to possibly make the
reduction work. Similarly to the previous section, we could try an axiom scheme
that is closer to the translation of the (B) scheme, mentioning the predicate Qα:
(ABQ) φ → 2(Qα → 3(Qα ∧ φ)). The frame condition corresponding to the
(ABQ) scheme is p-symmetry, as defined in Table 12. This frame correspondence
is proven in Lemma 8. Unfortunately, Lemma 9 shows that the (ABQ) scheme
does not give us the desired reduction result, since the p-symmetry of RQ does
not handle the presence of multiple agents well (the counterexample used is the
formula Paψ ∧ Pb⊤ → PbPaψ). The proofs for these two lemmas can be found in
the appendix. We have no positive reduction results for extensions of TMK with
the (B) scheme.

RQ is... iff for all w,w′, w′′ ∈ W , p ∈ A:
p-symmetric if w′ ∈ RQ(w) ∩ f(p), then w ∈ RQ(w′) ∩ f(p)

Table 12: Definition of p-symmetry

Lemma 8. The frame condition corresponding to the (ABQ) axiom scheme is p-
symmetry.
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Lemma 9. Let TML be any basic extension of TMK extended with scheme (B),
and let AKL be the corresponding extension of AK containing the (ABQ) scheme.
There exists a TML-sentence φ such that ̸⊩TML φ, but ⊩AKL T (φ).

5.3 The (T) scheme

Another axiom scheme that is commonly used in modal logic is the (T) scheme. The
frame condition corresponding to this scheme is the reflexivity of R. This scheme
does not seem plausible in deontic logic, since obligations can be violated. However,
it seems undeniable in epistemic logic, as knowledge is true by definition. Thus it is
also worthwhile to see whether it is possible to have a reduction for this scheme.

Let us ponder which axiom scheme(s) should be added to our extension AKL of
AK so that the translation of every instance of (T) becomes a theorem in AKL. Such
a translation is of the form 2(Qα → T (φ)) → T (φ). The weakest way to ensure
that sentences of this form are theorems in AKL, is to simply include 2(Qα →
T (φ)) → T (φ) as an axiom scheme. This is highly unconventional, however, as it
makes explicit reference to the translation of a formula of another system, namely
TML. An option which does more justice to the autonomy of the system AKL, is
to include the axiom scheme 2(Qα → φ) → φ for every AKL-formula φ without
any restriction. However, this has as a result that Qα is a theorem of AKL (simply
let φ be Qα). Consequently, the scheme 2(Qα → φ) → φ reduces to 2φ → φ,
which is exactly the (AT) scheme.

An argument against the usage of 2(Qα → T (φ)) → T (φ) as an axiom scheme
is obtained by looking at the frame condition corresponding to it. Given the above,
it is easy to see that this is the reflexivity of RQ, combined with f(p) being equal to
the entire set W for all p ∈ A. We thus find that the frame condition corresponding
to the scheme 2(Qα → T (φ)) → T (φ) is exactly the frame axiom corresponding
to the (AT) scheme (i.e. reflexivity of RQ), together with the frame condition
corresponding to the axiom scheme Qα (i.e. f(p) = W for all p ∈ A). This gives
us an additional reason to drop the artificial scheme 2(Qα → T (φ)) → T (φ) in
AKL and instead replace it by the scheme 2(Qα → φ) → φ, or equivalently, by the
(AT) scheme together with the axiom scheme Qα. However, the fact that Qα is a
theorem for every constant α, causes the translations of TML-formulas to lose the
reference to the agents occurring in them. Indeed, we would have an equivalence
between ⊢TML Oαφ and ⊢AKL 2T (φ), but the latter would also be equivalent
to ⊢TML Oβφ. However, Oαφ and Oβφ should not be equivalent in general, for
that would undermine the entire purpose of including multiple agents. We can thus
conclude that no meaningful reduction of term-modal logic with the (T) scheme to
alethic logic can be obtained in this way.
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5.4 Consequences for Propositional Deontic Logic
In Åqvist’s work [3, 4] the deontic systems under discussion are propositional, and
uni-modal: their language contains only one modal operator and the relevant mod-
els contain only one accessibility relation. These logics are then reduced to propo-
sitional, uni-modal alethic modal logics that contain propositional constants. The
negative results in the present section have little bearing on such reductions. In fact,
the conceptual/philosophical problems sketched above for the reductions of systems
containing (4) and (5) disappear in this case. Furthermore, the counter-examples
to the reduction of systems containing (B) rely on the presence of multiple agents.
Thus, they are not applicable to the reduction of uni-modal systems of deontic logic.dit bewijzen?

Finally, in the discussion on (T) we have not used any kind of quantification in our
argumentation. Only the presence of multiple agents made the proposed reduction
fail. When considering only one agent, i.e. in the uni-modal propositional deontic
logic, the reduction does go through. However, the alethic system is equivalent to
the deontic system in this case, since the deontic constant is a theorem of the alethic
system, and hence sentences of the form Oφ translate to 2φ.

A reduction that keeps closer to the ‘spirit’ of the present paper is a reduc-
tion of propositional multi-modal logic. For reasons of complexity, one might prefer
to work with a propositional multi-modal (deontic) logic instead of a term-modal
logic.14 Consider for example a propositional language with a finite number of modal
operators O1, . . . ,On, interpreted over Kripke models containing n accessibility re-
lations. For conceptual reasons similar to the ones discussed in the present article,
it would be interesting to see if such a logic is a fragment of a propositional, alethic
uni-modal logic whose language contains only one modal operator, 2. The posi-
tive results of Sections 4 and 5 show that a reduction of a number of propositional
multi-modal (deontic) logics to uni-modal (alethic) logics is possible, as the proofs
in those sections are easily translated to the propositional level. Unfortunately, the
counterexamples to some reductions that were discussed in Sections 5.1, 5.2, and
5.3 also apply to the multi-modal case, since they do not rely on any first-order or
term-modal characteristics. Therefore, the negative results of this section would also
have to be taken into account in the multi-modal propositional case.

6 Conclusion
In this paper we have defined a family of TMDLs and a family of first-order modal
logics inspired by the Andersonian-Kangerian view on deontic logic. In Sections 4

14This would of course imply a loss in expressiveness, as discussed extensively in [11, 8].
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and 5, we have gone on to show that many of the TMDLs are reducible to the
Andersonian-Kangerian logics. In other words, we have shown that the TMDLs
are a fragment (the deontic fragment) of the Andersonian-Kangerian logics, i.e.
of first-order modal logics extended with two predicative constants. At first glance,
the TMDLs may have seemed highly unorthodox because of the ternary/quaternary
accessibility relations and the term-modal operators. However, the results in Section
4 show that these TMDLs fit neatly with the canon of deontic logic.

On a conceptual level, it is often argued that the Andersonian-Kangerian reduc-
tion shows that the notion of obligation can be analysed in non-deontic terms. The
same arguments can be made for the reduction presented in this paper. However,
whether this argument is convincing depends on the reading of the constants, both
in the propositional and the predicative case. If Qθ is for example read as ‘θ fulfils
all of their obligations’, then the reduction is merely an analysis of obligations in
terms of obligations. Even if Qθ is read as ‘θ is a good person’, then it might still
be debated whether Q is not still a deontic constant (see [20] for a more detailed
discussion).

The positive results of Sections 4 and 5 stand in stark contrast with the negative
results of Section 5 (especially in Sections 5.2 and 5.3). In Section 5.4, we have
discussed how these negative results affect reductions of uni-modal and multi-modal
propositional deontic logics. In possible future work it might be fruitful to combine
the positive and negative results of Sections 4 and 5, by looking at other possible
reductions. For example, it seems likely that the negative results of Section 5 can
be avoided if we do not reduce TMDLs to first-order modal logics, but instead to
logics that contain an alethic term-modal operator 2θ. If we define a translation
T ′ such that T ′(Oθφ) = 2θ(Qθ → T ′(φ)), then the discussed counter-examples
can be avoided. There is some philosophical motivation for considering an alethic
term-modal operator. For example, what is possible for one agent might not be
possible for another agent, since these two agents might have the ability to execute
different actions that give different results. Alternatively, what one agent considers
possible might be different from what another agent considers possible, since both
have different information at their disposal. One thing that this approach loses, is
the reduction from term-modal to orthodox, i.e. not term-modal, modal logic.

There are other paths open for future work as well. In this paper we have used
constant domains and have treated constants as rigid designators. It is still an open
question whether this is actually the way to go for deontic logic, see for example
[13, 8, 21]. If we can prove a similar reduction for variable domain semantics or non-
rigid designators, then it might be argued that such questions about deontic logic
can be reduced to the (much better studied) corresponding questions for alethic
modal logic.
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There are also a number of possible term-modal logics for which a (satisfying)
reduction to an Andersonian-Kangerian style system has not yet been proved. This
does not only concern logics satisfying the schemes discussed in Section 5. One can
also think of the dyadic or non-normal TMDLs presented in [8].

A final, more philosophically inspired, possibility for future work is to explore
the connection between AK and virtue ethics. Very briefly, virtue ethics judges the
correctness of an action not by the consequences of that action (as consequentialists
might do), nor by whether that action corresponds to a previous set of rules (as a de-
ontologist might). Instead, the virtue ethicist would say that an action is obligatory
iff the action exemplifies some positive characteristic of the agent. Our definition of
‘φ is obligatory for a’ as ‘φ is necessary for a being a good person’ seems to fit this
point of view rather well. Virtue ethics has mostly been overlooked in the literature
on deontic logic, so it might be worthwhile to investigate whether this link can be
substantiated.15
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7 Appendix
Example 1.
Let M = ⟨W,A, R,RD, I⟩ be a TML-model such that: W = {w1, w2, w3}, A =
{p1, p2}, R = {⟨w1, p1, w2⟩, ⟨w2, p2, w3⟩}, RD = {⟨w2, p1, p2, w2⟩}, and let I be an
arbitrary interpretation function. This model is graphically represented by Figure
1. Figure 2 graphically represents the first ‘layers’ of the model M∗.
Lemma (Lemma 6). Let TML be any basic extension of TMK extended with
axiom schemes (4) and/or (5), and let AKL be any basic extension of AK also
containing the (A4) and/or the (A5) scheme. There exists a TML-sentence φ such
that ̸⊩TML φ, but ⊩AKL T (φ).
Proof. We first consider the case where AKL contains the (A4) scheme. Let φ be
the sentence PaPbψ → Pbψ, where ψ is any formula of the form Pa1 . . . an. Let
M = ⟨W,A, R, I⟩, where W consists of three different worlds w1, w2, w3, A consists
of two different agents p1, p2, I is such that I(a) = p1, I(b) = p2 and ψ is true only
in world w3, and RQ is as depicted in the following sketch (where p1, p2 denotes two
different arrows, in contrast with Figure 2 where p1, p2 denotes one arrow).

w1 w2 w3
p1

p2

p2

p1 p1,p2
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⟨w1⟩ ⟨w3⟩

⟨w1, p1, w2⟩

⟨w1, p1, w2, p1, p2, w2⟩ ⟨w1, p1, w2, p2, w3⟩

...
...

⟨w2⟩

⟨w2, p1, p2, w2⟩ ⟨w2, p2, w3⟩

⟨w2, p1, p2, w2, p1, p2, w2⟩ ⟨w2, p1, p2, w2, p2, w3⟩

...
...

Figure 2: The model M∗

Note that M is a TML-model, and that R is serial, secondary reflexive, almost
symmetric, transitive and euclidean. Note furthermore that M,w1 ̸|= PaPbψ → Pbψ,
as w2 ∈ R(w1, I(a)), w3 ∈ R(w2, I(b)) and M,w3 |= ψ , but R(w1, I(b)) = {w1} and
M,w1 ̸|= ψ.

The translation of φ is

T (PaPbψ → Pbψ) = 3(Qa ∧ 3(Qb ∧ ψ)) → 3(Qb ∧ ψ).

Now let M∗ = ⟨W ∗,A∗, RQ, f, I∗⟩ be an arbitrary AKL-model with world w∗
1, and
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suppose that M∗, w∗
1 |= 3(Qa∧3(Qb∧ψ)). Then there exist worlds w∗

2 ∈ RQ(w∗
1)∩

f(I(a)) and w∗
3 ∈ RQ(w∗

2) ∩ f(I(b)) such that M∗, w∗
3 |= ψ. Since M∗ is an AKL-

model, RQ must be transitive. Hence it follows that w∗
3 ∈ RQ(w∗

1), implying that
M∗, w∗

1 |= 3(Qb∧ ψ). This shows that M∗, w∗
1 |= 3(Qa∧ 3(Qb∧ ψ)) → 3(Qb∧ ψ)

for any world w∗
1 in any AKL-model M∗, and thus that ⊩AKL 3(Qa∧3(Qb∧ψ)) →

3(Qb ∧ ψ).

w∗
1 w∗

2 w∗
3

We now consider the case where AKL contains the (A5) scheme. Let φ be the
sentence Paψ ∧ Pb⊤ → PbPaψ, where ψ is any predicate Pa1 . . . an and ⊤ is any
propositional tautology. Let M = ⟨W,A, R, I⟩, where W consists of three different
worlds w1, w2, w3, A consists of two different agents p1, p2, I is such that I(a) = p1,
I(b) = p2 and ψ is true only in world w2, and RQ is as depicted in the following
sketch (again, p1, p2 denotes two arrows).

w1

w2 w3

p1 p2

p1,p2 p1,p2

Note that M is a TML-model, and that Rp1 and Rp2 are both serial, secondary re-
flexive, almost symmetric, transitive and euclidean. Note furthermore that M,w1 ̸|=
Paψ ∧ Pb⊤ → PbPaψ, as w2 ∈ R(w1, I(a)) and M,w2 |= ψ, and w3 ∈ R(w1, I(b)),
but R(w1, I(b)) = {w3} and R(w3, I(a)) = {w3}, and M,w3 ̸|= ψ.

The translation of φ is

T (Paψ ∧ Pb⊤ → PbPaψ) = 3(Qa ∧ ψ) ∧ 3Qb → 3(Qb ∧ 3(Qa ∧ ψ)).

Now let M∗ = ⟨W ∗,A∗, RQ, f, I∗⟩ be an arbitrary AKL-model with world w∗
1,

and suppose that M∗, w∗
1 |= 3(Qa ∧ ψ) ∧ 3Qb. Then there exists a world w∗

2 ∈
RQ(w∗

1) ∩ f(I(a)) such that M∗, w∗
2 |= ψ, and a world w∗

3 ∈ RQ(w∗
1) ∩ f(I(b)). Since

M∗ is an AKL-model, RQ must be euclidean. Hence it follows that w∗
2 ∈ RQ(w∗

3),
implying that M∗, w∗

1 |= 3(Qb ∧ 3(Qa ∧ ψ)). This shows that M∗, w∗
1 |= 3(Qa ∧

ψ) ∧3Qb → 3(Qb∧3(Qa∧ψ)) for any world w∗
1 in any AKL-model M∗, and thus
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that ⊩AKL 3(Qa ∧ ψ) ∧ 3Qb → 3(Qb ∧ 3(Qa ∧ ψ)).

w∗
1

w∗
2 w∗

3

Lemma (Lemma 7). The frame conditions corresponding to the axiom schemes
(A4Q) and (A5Q) are p-transitivity and p-euclideanness respectively.

Proof. We prove the statement only for (A4Q), as the proof for (A5Q) is analogous.
Let ⟨W,A, RQ, f⟩ be an AK-frame, and suppose that RQ is p-transitive. Let I
be an interpretation function, and consider the model M = ⟨W,A, RQ, f, I⟩. Let
w ∈ W , and assume that M,w |= 2(Qα → φ), where α is any constant and φ any
AK-sentence. Pick w′ ∈ RQ(w) ∩ f(I(α)) and w′′ ∈ RQ(w′) ∩ f(I(α)) arbitrarily.
Then w′′ ∈ RQ(w), using the fact that RQ is p-transitive. By the assumption, it
follows that M,w′′ |= φ. Since w′ ∈ RQ(w) ∩ f(I(α)) and w′′ ∈ RQ(w′) ∩ f(I(α))
were chosen arbitrarily, we have that M,w |= 2(Qα → 2(Qα → φ)). This shows
that M,w |= 2(Qα → φ) → 2(Qα → 2(Qα → φ)).

Now suppose that RQ is not p-transitive. Then there exist w,w′, w′′ ∈ W and
p ∈ A such that w′ ∈ RQ(w) ∩ f(p) and w′′ ∈ RQ(w′) ∩ f(p), but w′′ ̸∈ RQ(w).
Let I be an interpretation function such that I(α) = p, and such that φ is satisfied
precisely in the worlds of the set RQ(w) ∩ f(p). Then M,w ̸|= 2(Qα → φ) →
2(Qα → 2(Qα → φ)), since M,w′′ ̸|= φ.

Lemma (Lemma 8). The frame condition corresponding to the (ABQ) scheme is
p-symmetry.

Proof. Let ⟨W,A, RQ, f⟩ be an AK-frame, and suppose that RQ is p-symmetric.
Let I be an arbitrary interpretation function and define M = ⟨W,A, RQ, f, I⟩. Pick
w ∈ W arbitrarily, and let α be a constant and φ an AK-sentence. Then M,w |=
φ → 2(Qα → 3(Qα ∧ φ)). Indeed, suppose that M,w |= φ, and pick w′ ∈
RQ(w) ∩ f(I(α)) (assuming without loss of generality that such world exists). Since
RQ is p-symmetric, we know that w ∈ RQ(w′) ∩ f(I(α)). It follows that M,w |=
2(Qα → 3(Qα ∧ φ)).

Now suppose that RQ is not p-symmetric. Then there exist w,w′ ∈ W and p ∈ A
such that w′ ∈ RQ(w) ∩ f(p), but w ̸∈ RQ(w′) ∩ f(p). Let I be such that I(α) = p
and φ ∈ L is an atomic formula satisfied only in w. Let M = ⟨W,A, RQ, f, I⟩. Then
M,w ̸|= φ → 2(Qα → 3(Qα ∧ φ)), since M,w′ ̸|= 3(Qα ∧ φ).
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Lemma (Lemma 9). Let TML be any basic extension of TMK extended with
scheme (B), and let AKL be the corresponding extension of AK containing the
(ABQ) scheme. There exists a TML-sentence φ such that ̸⊩TML φ, but ⊩AKL
T (φ).

Proof. Let φ be the sentence Pa⊤ ∧ Pbψ → Ppψ, where ⊤ is any tautology not con-
taining modal operators, and ψ is any predicate Pa1 . . . an. Let M = ⟨W,A, R, I⟩,
where W consists of two different worlds w1, w2, A consists of two different agents
p1, p2, I is such that I(a) = p1, I(b) = p2 and such that ψ is true only in world w2,
and R is as depicted in the following sketch.

w1 w2
p2p1,p2 p1,p2

Note that M is a TML-model, since R is serial, secondary reflexive, transitive,
euclidean and symmetric. Note furthermore that M,w1 ̸|= Pa⊤ ∧ Pbψ → Paψ, as
w1 ∈ R(w1, I(a)), w2 ∈ R(w1, I(b)) and M,w2 |= ψ, but R(w1, I(a)) = {w1} and
M,w1 ̸|= ψ.

The translation of φ simplifies to 3Qa ∧ 3(Qb ∧ ψ) → 3(Qa ∧ ψ). Now let
M∗ = ⟨W ∗,A∗, RQ, f, I∗⟩ be an arbitrary AKL-model with world w∗

1, and suppose
that M∗, w∗

1 |= 3Qa∧3(Qb∧ψ). Then there exist worlds w∗
2 ∈ RQ(w∗

1)∩f(I(a)) and
w∗

3 ∈ RQ(w∗
1)∩f(I(b)) such that M∗, w∗

3 |= ψ. Since M∗ is an AKL-model, RQ must
be p-symmetric. Hence it follows that w∗

1 ∈ RQ(w∗
2)∩f(I(a)), and furthermore that

w∗
1 ∈ RQ(w∗

3) ∩ f(I(b)). Consequently, also w∗
3 ∈ RQ(w∗

1) ∩ f(I(a)) holds, implying
that M∗, w∗

1 |= 3(Qa∧ψ). This shows that M∗, w∗
1 |= 3Qa∧3(Qb∧ψ) → 3(Qa∧ψ)

for any world w∗
1 in any AKL-model M∗, and thus that ⊩AKL 3Qa∧3(Qb∧ψ) →

3(Qa ∧ ψ).
w∗

1

w∗
2 w∗

3
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Abstract

Building on McNamara’s DWE (Doing Well Enough) framework, a sub-
stantial generalization and refinement of that framework extends its expressive
resources by adding two ordering operators, changing the underlying semantic
ordering’s scope, and adding a number of other operators making fuller use of
the resulting expanded frames. A solution to DWE’s “Disjunctive Supereroga-
tion Problem” is provided via two semantic characterizations of permissible su-
pererogation stronger than that of DWE’s. The new framework also allows us
to represent a divide in normative ethical theory between classical deontologists
and consequentialists by, among other things, allowing for models distinguish-
ing what is best to do from what one ought to do and from what one must do.
It also allows for modeling supererogatory hole scenarios (Ulla Wessells) and
consequently, for modeling the more recent and much-discussed all or nothing
problem scenarios (Joe Horton). We use the enriched resources to explore care-
fully modeling these problem cases, bringing greater resources to bear on the
cases, as well as indicating some potential challenges with some positions taken
on the problems. It also becomes clear that the classical deontological conflicts
with consequentialism are close cousins to the just-mentioned problems with su-
pererogation; each involves a growing divide in normative ethics over whether
something as good as something permissible must be permissible. It is also made
emphatically clear just how much impact it has if endorsed. In this paper, our
focus will be on the semantic framework and its expressive power.

Keywords: DWE, supererogation, must, ought, the least one can do, good as ok is
ok, supererogatory holes, all or nothing cases, deontology, consequentialism
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1 Introduction
In a variety of places (e.g. [12, 13, 15, 16, 17]), McNamara developed and supported
his DWE framework as a good first approximation for modelling supererogation
and associated concepts. However, there are artificial limitations in the semantic
framework and substantial limitations in its expressive power, as well as in the logic
of the supererogation operator itself.1 We aim to rectify these lacks by expanding
on and modifying the DWE framework, thereby generating a much richer and more
adequate framework. The resulting language is complex and so we will focus here
on some semantic results with an eye to putting them to use in modeling some
classical debates between deontologists and optimizing consequentialists (for general
background, see [1]), as well as in modeling more recent “hot” issues in ethical
theory: Wessels’ “supererogatory holes” (see especially [24, 25]), and Horton’s “all
or nothing problem” [7].2 The framework developed here can accommodate different
and nuanced positions on these topics, as well as those that deny the basic intuitions
often expressed (e.g. that there are supererogatory holes or that there can be all
or nothing problem scenarios). It will also hold some of the same significance that
the DWE framework has had for ethical theorists and we will see that the proposed
operators for going beyond the call improve significantly on DWE’s analysis, adding
more nuance and subtlety while not succumbing to DWE’s “Disjunctive Problem of
Supererogation.”

Section 2 sketches the classical DWE framework and raises a number of ques-
tions about it by way of motivating the substantial expansions to be offered. Section
3.1 supplies those with a new language, which will include two ordering operators.3
It then provides the semantics. The result is a new framework, “DWE(≥).” Sec-
tion 3.2 turns to reflections on the expanded semantic framework, with proofs of
an important fragment of validities and invalidities that help us zero in on some
payoffs: a resolution of the Disjunctive Supererogation Problem as well as modeling
the aforementioned issues in ethical theory. In Section 4 we turn to a strengthened
semantic framework, DWE(≥)G, where we add a semantic constraint to the prior
frames and then show its quite powerful reductive significance by contrasting inva-
lidities without the constraint with validities generated by the constraint, thereby

1Some of these limitations have been previously noted in print (see especially [17], Section 5.10)
and in prior conference presentations; in [17] and [18] expansions of the framework are explored,
but we do so here in a number of different ways making much fuller use of a generalization of the
DWE semantic framework articulated there.

2Section 6.1 of [17] gives a brief critical exposition of Wessel’s framework, and for just a couple
of reactions to Horton’s piece, see [20] and [21].

3[6] put an ordering operator to good use in discussing models for supererogation. We follow,
and there will be added benefits beyond those for supererogation.
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further highlighting some more payoffs of the general DWE(≥) framework. Section
5 concludes with some brief reflections on the framework’s ability to provide con-
ceptual space for nuanced positions on supererogatory holes and deontology, as well
as some reflections on future directions. The Appendix contains sample proofs of
justifications for derivative (often shorter) truth-conditions used in many operator
clauses as well as a selection of proofs of theorems from Section 4 where they would
distract from the comparisons constituting that section.

2 The DWE Framework and Some Limitations
2.1 Sketch of DWE’s Language and Semantics4

Imagine a language for classic truth-functional propositional logic with the usual
operators, ¬, &, ∨, →, ↔, and these primitive deontic operators of DWE added:

OBφ: It is overridingly Obligatory (for Jane) that φ.5
MIφ: The Minimum involves/implies (its being the case that) φ.
MAφ: The Maximum involves/implies (its being the case that) φ.
INφ: It is a matter of Indifference that φ.6

Here are a few of DWE’s defined operators:

PEφ def= ¬OB¬φ It is Permissible that φ.
IMφ

def= OB¬φ It is Impermissible that φ.
SIφ def= ¬INφ It is Significant that φ.
BCφ def= PEφ & MI¬φ It is Beyond the Call that φ.
PSφ def= PEφ & MA¬φ It is Permissibly Suboptimal that φ.

Next, let us define the frames for the DWE framework employing a set of worlds
(W ), a world-relative acceptability relation (A), and a world-relative weak preference
relation (≿):

4See Section 5.6 of [17], as well as [12], [13], and [16] for expositions of this framework.
5We leave the intended relativization to an agent tacit in the remaining glosses on all operators.

On the legitimacy of personal but non-agential readings of deontic operators, see especially Sections
1.3 of [14], briefly summarized in, Section 5.7 of [17], as well as the earlier [9]. See below on the
qualifier “overridingly” in the reading here of OB.

6That is, the language envisioned is φ ::= p | ¬φ | φ → φ | OBφ | MIφ | MAφ | INφ, where
p ∈ S (sentence letters).
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Definition 2.1. F = ⟨W,A,≿⟩, is a DWE Frame, where:
1. W ̸= ϕ
2. A ⊆ W 2 and ∀i∃jAij (Seriality-A)
3. ≿ ⊆ W 3:

a) (k ≿i j or j ≿i k) only if (Aij & Aik) [Confinement of ≿i to A]
b) (Aij & Aik) only if (k ≿i j or j ≿i k) [Connectivity of ≿i for A]
c) if j ≿i k and k ≿i l then j ≿i l [Transitivity of ≿i ]

Here is a pictorial representation:

Figure 1: DWE Frames

For simplicity, the frames are pictured as if there are upper and lower limits
for the weak ordering. The context is classical: the focus is on modeling things
that are overridingly obligatory, so on contexts where there is always an acceptable
alternative (per world i)—one where all such overriding obligations are met. It is
analytic that overriding obligations can’t conflict with one another and overriding
obligations provide the natural context for the new notions introduced in DWE
(those beyond SDL), since they reside primarily in the domain of what is optional
(what is permissible to be realized and permissible to not be realized). Note that
for a world, i, the i-relative ranking relation is confined to the set of worlds that
are i-acceptable. We define the following derivative notions (dropping parentheses
where confusion is unlikely):

Definition 2.2. In a DWE Frame, ⟨W,A,≿⟩:
a) Ai def= {j ∈ W : Aij};
b) j ≈i k

def= j ≿i k & k ≿i j;
c) j ≻i k

def= j ≿i k & ¬(k ≿i j).

Models are defined as usual. Here are the truth conditions for the four primitive
operators of DWE:
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Definition 2.3. DWE’s Basic Deontic Operator Truth-Conditions:
[OB] M |=iOBφ: ∀j(Aij → M |=j φ)
[MI] M |=iMIφ: ∃j(Aij & ∀k(j ≿i k → M |=k φ))
[MA] M |=i MAφ: ∃j(Aij & ∀k(k ≿i j → M |=k φ))
[IN] M |=i INφ: ∀j[Aij → ∃k(k ≈i j & M |=k φ) & ∃k(k ≈i j & M |=k ¬φ)]

Here are truth conditions for our sample five defined operators:

Definition 2.4. Some of DWE’s Derivative Truth-Conditions:
[PE] M |=iPEφ: ∃j(Aij & M |=j φ)
[IM] M |=iIMφ: ∀j(Aij → M |=j ¬φ)
[SI] M |=iSIφ: ∃j(Aij & [∀k(k ≈i j → M |=k φ) ∨ ∀k(k ≿i j → M |=k

¬φ)])
[BC] M |=iBCφ: ∃j(Aij & M |=j φ) & ∃j[Aij & ∀k(j ≿i k → M |=k ¬φ)]
[PS] M |=iPSφ: ∃j(Aij & M |=j φ) & ∀j[Aij & ∃k(k ≈i j & M |=k ¬φ)]

Fig 2 Illustrates,

Figure 2: DWE Illustration

Imagine you must provide a colleague with some delicate info. Suppose you can
do so in exactly three ways, ordered on the right of the figure to reflect their value.
All three delivery options on the right are permissible (they occur in acceptable
worlds). You are obligated to provide the info (you do so in all acceptable worlds),
what you ought to do (the maximum) involves giving the delicate info in person (you
do so in the best acceptable worlds), the least you can do (the minimum) involves
giving the info via email (you do so in the lowest ranked acceptable worlds); it is
beyond the call to give the info in person or by phone since each is permissible but
excluded from the minimal “acceptables” (acceptable worlds), and it is permissibly
suboptimal to give the info by email or by phone, since these are precluded from
the maximal acceptables. Each of these option is significant since there is a level
of acceptable worlds (set of equi-ranked acceptables) throughout which that option
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occurs. Lastly, assume that it is a matter of indifference that you wear a belt, since
all the acceptable levels of value can be achieved with or without wearing that belt.7

Let’s pause to state DWE’s Disjunctive Supererogation Problem (see Section 5.10
of [17]):

Proposition 2.5. |= (IMψ & BCφ) → BC(φ∨ψ). [The Disjunctive Supererogation
Problem]

Proof. AssumeM |=iIMψ & BCφ, that is by definition, M |=iIMψ & PEφ& MI¬φ,
so that (1) ∀j(Aij → |=j ¬ψ), and (2) ∃j(Aij & M |=j φ) and (3) ∃j(Aij & ∀k[j ≿i

k → M |=k ¬φ]). (2) entails (4) ∃j(Aij & M |=j φ ∨ ψ). Fixing j in (3), we
get (5) Aij′ and (6) ∀k[j′ ≿i k → M |=k ¬φ]. For arbitrary k, suppose (7)
j′ ≿i k & Aik. Then from (6), it follows that (8) M |=k ¬φ. But (1) and (7) imply
(9) M |=k ¬ψ, and so we have (10) M |=k ¬(φ ∨ ψ). But k was arbitrary in (7),
so we have (11) ∀k[j′ ≿i k → M |=k ¬(φ ∨ ψ)]. But (11) conjoined to (5) yields
(12) ∃j(Aij & ∀k[j ≿i k → M |=k ¬(φ ∨ ψ)], and this conjoined to (4) is the
truth-condition for M |=jBC(φ ∨ ψ).

To illustrate:

Figure 3: The Disjunctive Supererogation Problem (for DWE).

Tiny Tim is caught in a burning building and you pass by. The least you can
do (e.g. go for help) precludes rescuing Tiny Tim (i.e. MI¬t), which we assume is
permissible (PEt), so per DWE, BCt. Add that fanning the flames is impermissible
(IMf); so it is beyond the call for you to be such that either you rescue Tiny Tim or
fan the flames (BC(t∨ f)). Upshot: Here going beyond the call seems to not really
require that you go beyond the call. McNamara himself described the intuition

7We leave the logic determined by the semantics aside ([10]).
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behind his analysis of supererogation as “doing more good than you would have
done had you done the least you could have done” (e.g. [17, 16]), but this condition
seems to not be met by realizing (t ∨ f).8

2.2 DWE Reinterpreted
Here we will reinterpret the DWE operators in anticipation of substantial revisions
and expansions of that framework. Doing so will help pave the way for understanding
various similar but distinct concepts and modeling them as distinct.9 We begin by
raising some questions about the DWE framework:

• Why not order the worlds generally per i and then integrate that ordering
with a subset of i-acceptable worlds?

• Given the confinement of ≿i to Ai, doesn’t IN amount to indifference-among-
permissible-alternatives, not indifference per se (i.e. over a full ordering of
acceptable and unacceptable worlds)?

• Is the permissible maximum the maximum in the full ordering? Is the best
per se the acceptable best? Is what I ought to do the best or the acceptable
best?

• Is going beyond the call merely going beyond the permissible minimum (short
for "the minimum among the permissibles") or must it also be permissibly
done?

• Given that there is a semantic ordering, would it be worthwhile to introduce
a preference operator to reflect the semantic ordering?

• Can we solve DWE’s Disjunctive Supererogation Problem?

Before exploring answers to these questions, let’s add anticipatory qualifiers to
DWE’s naive operator labels (which we imagine as relativized to an agent).

8There is also no ability to express that φ does more good than ψ in DWE.
9This of course leaves open whether or not the concepts might be necessarily coextensive.
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DWE Operators with Anticipatory Qualifiers:
OBφ: It is overridingly Obligatory that φ.
MIPφ: The Permissible Minimum involves/implies φ.
MAPφ: The Permissible Maximum involves/implies φ.
INPφ: It is Indifferent qua what is permissible that φ.
IMφ

def= OB¬φ (It is Impermissible that φ.)
PEφ def= ¬OB¬φ (It is Permissible that φ.)
OMφ

def= ¬OBφ (It is Omissible that φ.)
OPφ def= ¬OBφ & ¬OB¬φ (It is Optional that φ.)
NOφ def= OBφ ∨ OB¬φ (It is Non-Optional that φ.)
SIPφ

def= INPφ (It is Significant qua what is permissible that φ.)
BCPφ

def= PEφ & MIP¬φ (It is permissibly Beyond the Call
(the permissible minimum) that φ.)

PSPφ
def= PEφ & MAP¬φ (It is Permissibly Suboptimal

qua what is permissible that φ.)
The underlining introduces the intended qualified readings with the conceptual

qualifiers and the operators now have a corresponding “P” indicator added.10 This
will allow us to more easily grasp conceptual distinctions to be made next.

3 DWE(≥)
3.1 The DWE(≥) Framework
We expand the DWE language with additional operators (with the readings and
qualifiers for DWE operators in Section 2.2 retained) but note that some DWE-basic
operators will now be defined operators. Let’s call the new framework “DWE(≥)”
since two ordering operators will play a key role.

Definition 3.1. The Language of DWE(≥) follows. As with DWE, we assume a
classical propositional logic language with these additional deontic operators:

10They reflect DWE’s constraint of the ordering relation to Ai.
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The Primitive Operators of DWE(≥) and Their Readings:
φ ≥ ψ: It is at least as good that φ as that ψ.11

φ ≥P ψ: It is at least as good among the permissibles that φ as that ψ.
MIPφ: The Permissible Minimum involves φ.
MI′φ: The de facto Minimum (worst per se) involves φ.
BMP*φ: It is unalterably permissibly Beyond the permissible Minimum that

φ.12

BMφ: It is Beyond the permissible Minimum that φ.
INPφ: It is Indifferent among the permissibles that φ.
VIφ: It is Valuatively Indifferent that φ.13

Some Defined Operators and Their Readings:
φ > ψ

def= (φ ≥ ψ) & ¬(ψ ≥ φ) It is better that φ than that ψ.
φ ∼ ψ

def= (φ ≥ ψ) & (ψ ≥ φ) It is just as good that φ as that ψ.
φ >P ψ

def= (φ ≥P ψ) & ¬(ψ ≥P φ) It is better among the permissibles that φ
than that ψ.

φ ∼P ψ
def= (φ ≥P ψ) & (ψ ≥P φ) It is just as good among the permissibles

that φ as that ψ.
BMPφ

def= PEφ & BMφ It is permissibly Beyond the permissible
Minimum that φ.

PEφ def= (φ ≥P φ) It is Permissible that φ.
IMφ

def= ¬(φ ≥P φ) It is Impermissible that φ.
OBφ def= ¬(¬φ ≥P ¬φ) It is overridingly Obligatory that φ.
OMφ

def= (¬φ ≥P ¬φ) It is Omissible that φ.
OPφ def= (φ ≥P φ) & (¬φ ≥P ¬φ) It is Optional that φ.
NOφ def= ¬(¬φ ≥P ¬φ)∨¬(φ ≥P φ) It is Non-Optional that φ.
MAPφ

def= φ >P ¬φ The permissible Maximum implies φ.

11φ ≥ ψ on the proposed reading might seem to entail the truth of φ and ψ ([3, 4]), but here we
wish to reflect the value the propositions would have from a world i if they were realized ( i.e. “≥”
has a subjunctive flavor). Similarly for ≥P. The ordering operator formulas should be read with
that in mind. We will drop parentheses where the intent is clear for these dyadic operators.

12The “unalterably” qualifier indicates that the semantics will guarantee that any such φ can’t be
impermissibly realized, in contrast with for example BMPφ. (See Proposition 3.16 and comments
there).

13That is, the language envisioned is φ ::= p | ¬φ | φ → φ | φ ≥ φ | φ ≥P φ | MIPφ | MI′φ |
BMP*φ | BMφ | INPφ | VIφ, where p ∈ S (sentence letters).
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MA′φ
def= φ > ¬φ The Maximum per se implies φ.

BCPφ
def= PEφ & MIP¬φ It is Beyond the Call (as in DWE) that φ.

PSPφ
def= PEφ & MAP¬φ It is Suboptimal among the Permissibles

that φ.
SOφ def= MA′¬φ It is Sub-Optimal per se that φ.
SIPφ

def= INPφ It is Significant among the Permissibles
that φ.

VSφ def= ¬VIφ It is Valuatively Significant that φ.
CIφ def= VIφ & INPφ It is Completely Indifferent that φ.
WSφ def= VSφ ∨ SIPφ It is Weakly Significant that φ.

For the semantic framework for DWE(≥), the only modifications of the DWE
Frames are in clauses 3a and 3b, but we include all the clauses here:

Definition 3.2. F = ⟨W,A,≿⟩, is a DWE( ≥ ) Frame, where:
1. W ̸= ϕ, [non-Emptiness]
2. A ⊆ W 2 and ∀i∃jAij, [Seriality-A]
3. ≿ ⊆ W 3:

a) j ≿i j, [Reflexivity of ≿i]14

b) k ≿i j or j ≿i k, [Connectivity of ≿i]
c) (j ≿i k & k ≿i l) → j ≿i l [Transitivity of ≿i]

Now, for each i in W , the connected weak ordering is not confined to Ai, but
ranges over all of W . This may seem a small change, but as we shall see, the
enrichment it brings is quite substantial: it opens a great deal of space for expressing
different notions and positions of interest in ethical theory, and toward the end
we will be looking at an additional fundamental constraint that has substantial
additional impact. Fig 4 pictures some key potentials in the frames.

Here the central bar is the weak ordering of W per i, the right bar is the sub-
ordering of the i-acceptables, the left bar is the sub-ordering of the i-unacceptables.
As the arrows and angling suggest, the selection is order-preserving: for any two
worlds j, k both appearing among one of the two sets of non-central worlds, the
ordering relation they have there just is the one they have in the i-ranking of W ;
but as indicated, there can be gaps.

The changes in the frames call for some qualifications in the truth conditions
for the classical DWE operators to restore their intended meaning, and we also

14Clause a) follows from Clause b) of course.
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Figure 4: DWE(≥) Frames

must introduce new clauses for the new operators. All the familiar basic clauses for
the traditional SDLish operators (OB, PE. . . NO) will hold (but that claim must
be justified since these are all now defined operators and so their explicit truth
conditions are those given via the conditions for their definiens). In the case of
the non-SDLish operators of classical DWE that were interpreted via an ordering
relation confined to Ai, those conditions must be qualified to restore the intent.

Assume we have sufficient clauses for the truth-functional operators: ¬, &, ∨,
→, ↔. The truth conditions for DWE(≥)’s basic operators follow:

Basic DWE(≥) Deontic Operator Truth-Conditions:
[≥] M |=i φ ≥ ψ ∀j[M |=j ψ → ∃k(k ≿i j & M |=k φ)]
[≥P] M |=i φ ≥P ψ ∃j(M |=j φ&Aij) & ∀k[(M |=k ψ &Aik) → ∃l(M |=l

φ & Ail & l ≿i k)]
[MIP] M |=iMIPφ: ∃j(Aij & ∀k[j ≿i k & Aik) → M |=k φ])
[MI′] M |=iMI′φ: ∃j∀k(j ≿i k → M |=k φ]).15

[BMP*] M |=iBMP*φ: ∃j(Aij & M |=j φ) & ∃j′(Aij′ & ∀k[(j′ ≿i k & Aik) →
[M |=k ¬φ & ∀l(M |=l φ → (l ≻i j

′ & Ail))]])
[BM] M |=iBMφ: ∃j′M |=j′ φ & ∃j[Aij & ∀k[(j ≿i k & Aik) → [M |=k

¬φ & ∀l(M |=l φ → l ≻i j)])]
[INP] M |=iINPφ: ∀j[Aij → ∃k(k ≈i j & Aik & M |=k φ) &

∃k(k ≈i j & Aik & M |=k ¬φ)]
[VI] M |=iVIφ: ∀j[∃k(k ≈i j & M |=k φ) & ∃k(k ≈i j & M |=k ¬φ)]

So |=i φ ≥ ψ will hold (in a model M) iff “φ tracks ψ” in the ≿i ordering,
that is, for every ψ-world, there is a φ-world i-ranked (per ≿i) at least as high;

15We cannot define MIφ as ¬φ > φ for “¬φ > φ” says ¬φ at its best outranks any φ worlds.
But there could be flip flop levels of worlds all the way down, and there could be models where the
worst of all worlds could be a ¬φ world. We could introduce a mirror image “≤” operator that says
φ ≤ ψ holds iff for all ψ worlds, there is a φ-world ranked at least as low, but for our contrastive
purposes we only need an MI operator.
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whereas |=i φ ≥P ψ will hold iff “φ tracks ψ” among the i-acceptables (the i-
acceptable worlds) per ≿i—more explicitly, there is an i-acceptable φ-world and
for all i-acceptable ψ-worlds (if any), there is some i-acceptable φ-world i-ranked
(at least) as high. |=iMIPφ holds iff there is an i-acceptable world j such that all
i-acceptables i-ranked as low are φ-worlds; whereas M |=iMI′φ holds iff there is a
world j such that all worlds i-ranked as low are φ-worlds.16 M |=iBMP*φ holds iff
there is at least one i-acceptable φ-world and there is an i-acceptable world j such
that a) from there on down among the i-acceptables φ is precluded and b) every
φ-world is both i-ranked above j and i-acceptable. M |=iBMφ holds iff there is a φ-
world (i.e. φ is possible) and there is an i-acceptable world j such that a) from there
on down among the i-acceptables φ is precluded and b) every φ-world is i-ranked
above j (whether i-acceptable or not). This allows for impermissibly exceeding the
permissible minimum, as needed to map some conceptual space in current ethical
theory. |=iINPφ holds iff among the i-acceptable worlds, for every level (equivalence
class per ≈i) there is a φ-world and a ¬φ-world at that level; i.e. the realization of
no i-acceptable level of value hinges on φ’s status. Similarly for |=iVIφ except with
no restriction to the i-acceptable worlds—for every i-level per se, there is a φ-world
and a ¬φ-world at that level.

Here are truth conditions for the defined operators:
Defined Deontic Operator Truth Conditions:
[>]M |=i φ > ψ: ∃j[M |=i φ & ∀k(M |=k ψ → j ≻i k)]
[∼]M |=i φ ∼ ψ: ∀j[M |=i ψ → ∃k(k ≿i j & M |=k φ)] &

∀j[M |=j φ → ∃k(k ≿i j & M |=k ψ)]
[>P]M |=i φ >

P ψ: ∃j[M |=j φ & Aij & ∀k((M |=k ψ & Aik → j ≻i k)]
[∼P]M |=i φ ∼P ψ: ∃j∃k(M |=j φ & Aij & M |=k ψ & Aik) & ∀k[(M |=k

ψ & Aik) → ∃l(M |=l φ & Ail & l ≿i k)] & ∀k[(M |=k

φ & Aik) → ∃l(M |=l ψ & Ail & l ≿i k)].17

16Since j ≿i j, in both cases, j must itself be a φ-world, and so only if, respectively, φ is
permissible, φ is possible.

17This was incorrectly stated in [19] with the unintended consequence that neither φ nor ψ need
be permissible.
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[BCP]M |=iBCPφ: ∃j(Aij & M |=j φ) & ∃j(Aij & ∀k[(j ≿i k & Aik) →
M |=k ¬φ])18

[BMP]M |=iBMPφ: ∃j(Aij & M |=j φ) & ∃j[Aij & ∀k((j ≿i k & Aik) →
[M |=k ¬φ & ∀l(M |=l φ → l ≻ j)])]

[PSP]M |=iPSPφ: ∃j(Aij & M |=j φ) & ∃j[Aij & ∀k[(k ≿i j & Aik) →
[M |=k ¬φ])

[SO]M |=iSOφ: ∃j(M |=j φ) & ∃j∀k(k ≿i j → M |=k ¬φ)
[SIP]M |=iSIPφ: ∃j(Aij & [∀k((k ≈i j & Aik) → M |=k φ) ∨

∀k((k ≈i j & Aik) → [M |=k ¬φ)])
[VS]M |=iVSφ: ∃j[∀k(k ≈i j → M |=k φ) ∨ ∀k(k ≈i j → M |=k ¬φ)]
[CI]M |=iCIφ: ∀j[Aij → ∃k(k ≈i j & Aik & M |=k φ) &

∃k(k ≈i j & Aij & M |=k ¬φ)] & ∀j[∃k(k ≈i j & M |=k

φ) & ∃k(k ≈i j & M |=k ¬φ)]
[WS] M |=iWSφ: ∃j(Aij & [∀k((k ≈i j & Aik) → M |=k φ) ∨ ∀k((k ≈i

j & Aik) → M |=k ¬φ)]) & ∃j[∀k(k ≈i j → M |=k

φ) ∨ ∀k(k ≈i j → M |=k ¬φ)].
For these, we often use derivable truth conditions that are more compact than

those we might otherwise derive explicitly from the definitions and truth conditions
of the primitive operators, and all these need justificatory proofs that the truth
conditions via their definiens and the explicit conditions for those are equivalent to
the ones given above. These are left out given space constraints except for a sample
in the Appendix.

|=i φ > ψ holds iff there is a φ-world i-ranked higher than any ψ-world, |=i φ ∼ ψ
holds iff φ tracks ψ (for every ψ-world there is a φ-world i-ranked as high) and
vice versa. |=i φ >P ψ holds iff there is an i-acceptable φ-world that outranks
every i-acceptable ψ-world, and |=i φ ∼P ψ holds iff for every i-acceptable ψ-world
there is an i-acceptable φ-world i-ranked as high, and vice versa.19 For the next
six defined SDL-style operators, standard truth conditions are given since they are
easily derivable, so that for example |=iPEφ holds iff |=i φ ≥P φ holds by definition,
but that is equivalent to there is an i-acceptable φ-world. |=iMAPφ holds iff there
is an i-acceptable world where all i-acceptable worlds i-ranked as high are φ-worlds;
while |=iMA′φ holds iff there is a world such that all worlds i-ranked as high are

18We include DWE’s BC operator and definition for reference even though it is defective. Es-
sentially, it says that there is a permissible way to do ϕ that is beyond the call.

19Although φ ∼ ψ and φ ∼P ψ might be said to represent a sort of indifference, they are strictly
weaker than VIφ and INφ, respectively. Imagine all i-levels, and all i-acceptable levels, can be
placed one-to-one with 1, 2, 3, . . . , and for each odd-mapped such level there are all φ-worlds and
for each even-mapped such level, there are all ¬φ-worlds; then φ ∼ ψ and φ ∼P ψ are true, but
VIφ and INφ are false. That VIφ and INφ are respectively as strong is easily seen.
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φ-worlds. |=iBCPφ holds iff there is an i-acceptable φ-world and there is an i-
acceptable world j such that all i-acceptables i-ranked as low exclude φ. BMPφ
holds iff the conditions for BMφ mentioned above hold as well as those for PEφ.
|=iPSPφ holds iff there is an i-acceptable φ-world and there is an i-acceptable world
j such that all i-acceptables i-ranked as high exclude φ. In contrast |=iSOφ holds iff
there is a φ-world (φ is possible) and there is a world j such that all worlds i-ranked
as high exclude φ. |=iSIPφ holds iff |=i ¬INPφ, that is, iff there is an i-acceptable
world j such that either all i-acceptable worlds i-ranked equally with j are φ-worlds
or all i-acceptable worlds i-ranked equally with j are ¬φ-worlds—the status of φ
is essential to realizing some i-acceptable level; whereas |=iVSφ holds iff there is a
world j such that either all worlds i-ranked equally with j are φ-worlds or all worlds
i-ranked equally with j are ¬φ -worlds—the status of φ is essential to realizing some
i-level of value (i-acceptable or not). Finally, |=iCIφ holds iff the conditions above
for both |=iVIφ and |=iINPφ are met.

3.2 Some Applications and Reflections on the DWE(≥) Framework
Here we highlight some key features of the semantic framework, but with a special
focus on some applications to ethical theory.

First, let’s note that an option’s being an unalterably permissible case of going
beyond the permissible minimum entails that it is beyond the permissible minimum
(whether permissible or not) and entails that it is permissible as well:

Proposition 3.3. |= BMP*φ → (BMφ & BMPφ)

Proof. Assume M |=iBMP*φ, that is (1) ∃j(Aij & M |=j φ) & (2) ∃j[(Aij &
∀k[(j ≿i k & Aik) → [M |=k ¬φ & ∀l(M |=l φ → (l ≻ j & Ail))]]). Note
that (2) at once implies the sightly weaker (2’) ∃j(Aij & ∀k[(j ≿i k & Aik) →
[M |=k ¬φ & ∀l[(M |=l φ) → l ≻ j]) by predicate logic alone. But (1) also
implies the weaker (1’) ∃j′M |=j φ, which conjoined to (2’) is the truth condition
for M |=iBMφ. Also, since (1) is the truth condition for M |=iPEφ, by definition,
we have |=iBMPφ.

Corollary 3.4. |=BMP*φ → PEφ.

In Section 2.1 we explained DWE’s Disjunctive Supererogation Problem and
proved the following (now merely adapted to our alternative notation):

|= (IMψ & BCφ) → BC(φ ∨ ψ). [The Disjunctive Supererogation Problem]
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Why does DWE have this problem? Given |=iBCPφ, nothing guarantees that
φ’s realization will produce more good than the permissible minimum, only that it
can (i.e. there is an acceptable world where it does). In effect it amounts to saying
if φ is permissibly realized, then its realization in that way will yield more good than
the permissible minimum. In contrast, none of our three variants of going beyond
the permissible minimum fall prey to this problem:

Proposition 3.5. ̸|= (IMψ & BMP*φ) → BMP*(φ ∨ ψ). [No Disjunctive Su-
pererogation Problem]

Proof. Let M be such that: W = {i, j, k}, Ai = {i, j}, M |=i φ & ¬ψ, M |=j

¬φ & ¬ψ, M |=k ¬φ & ψ, and i ≻i j ≻i k (with reflexivity of ≿i for i, j, k).20

M |=iIMψ is obvious. For M |=iBMP*φ: Aii & M |=i φ, so a) ∃j(Aij & M |=j φ).
Also Aij and so both j ≿i j and Aij and M |=j ¬φ (but not j ≿i i and not Aik);
and M |=i φ but not so for j or k, and i ≻i j & Aii. So b) ∃j′(Aij′ & ∀k[(j′ ≿i

k & Aik) → [M |=k ¬φ & ∀l(M |=l φ → (l ≻ j′ & Ail)), and b) conjoined to a)
yields M |=iBMP*φ. For M ̸|=iBMP*(φ ∨ ψ): First, i (and only i) does satisfy the
condition on j in a′) ∃j(Aij & M |=j (φ ∨ ψ)). But each world fails to satisfy the
condition of j′ in b′) ∃j′(Aij′ & ∀k[(j′ ≿i k & Aik) → [M |=k ¬(φ∨ψ) & ∀l(M |=l

(φ ∨ ψ) → (l ≻ j′ & Ail))]]); for i does not meet it since although Aii and i ≿i i
hold, M |=i ¬(φ ∨ ψ) fails; nor does k meet it since ¬Aik; nor does j meet it since
although Aij, j ≿i j, M |=j ¬(φ ∨ ψ), and M |=k (φ ∨ ψ) hold, k ≻ j fails (as does
Aik).

Corollary 3.6. ̸|= (IMψ & BMφ) → BM(φ ∨ ψ).21

Corollary 3.7. ̸|= (IMψ & BMPφ) → BMP(φ ∨ ψ)22

Corollary 3.8. ̸|= BCPφ → BMφ.23

20For invalidating models, I will assume reflexivity without stating it is so, and likewise I will
not remark on transitivity, connectivity, and seriality being satisfied when obvious.

21Given the proof of |= BMP*φ → BMφ in Proposition 3.3, we need only show that |=iBM(φ∨ψ)
fails in the model for Proposition 3.5. Tracing through the model makes that apparent: in brief, the
only world in the model that can fit the condition on j in ∃j[Aij & ∀k((j ≿i k & Aik) → M |=k

¬(φ∨ψ) is j itself, but j does not meet condition ∀l(M |=l (φ∨ψ) → l ≻ j) since |=k (φ∨ψ) yet
j ≻ k.

22Recall BMPφ
def= PEφ & BMφ. Since |= BMP*φ → BMφ, we need only note that |=iPEφ

holds in the model for Proposition 3.5 (obvious) and that |=iBM(φ ∨ ψ) fails in the model for the
reasons just noted for the first corollary. So |=iIMψ & BMPφ holds, but not so for |=iPE(φ ∨
ψ) & BM(φ ∨ ψ).

23DWE’s BCPφ
def= PEφ & MIP¬φ. But in the model for Proposition 3.5, the truth-conditions

for PE(φ ∨ ψ) and MIP¬(φ ∨ ψ) are satisfied (by i and j respectively), but not so for BM(φ ∨ ψ),
as noted for the first corollary.
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Observation 3.1. Neither BM, BMP, nor BMP* fall prey to the disjunctive su-
pererogation problem.

BMφ, BMPφ and BMP*φ each require that to be beyond the permissible min-
imum at all, φ must guarantee the realization of more good than the permissible
minimum does, with BMPφ entailing that φ can be permissibly realized, and with
BMP*φ guaranteeing that φ can only be permissibly realized. All three operators
fit McNamara’s frequent gloss on going beyond the call as “doing more good than
the permissible minimum”, although he assumed it must be permissible to do so as
well, which BMP and BMP* entail, unlike BMφ. Let’s verify the latter claim—that
we can model impermissibly going beyond the permissible minimum—next.

Proposition 3.9. ̸|= BMφ → PEφ

Proof. Let W = {i, j}, Ai = {j}; i ≻i j and let φ be true at i only. ThenM |=iBMφ,
since (1) ∃jM |=j φ, namely i, and (2) j satisfies ∃j(Aij &∀k[(j ≿i k & Aik) →
[M |=k ¬φ & ∀l[M |=l φ → l ≻i j]), for Aij, and only j itself satisfies the condition
on k that j ≿i k & Aik and it also satisfies M |=k ¬φ; lastly, the only φ-world is i
and i ≻i j. Nonetheless M ̸|=iPEφ, since ¬∃j(Aij & M |=j φ) for only j satisfies
Aij but M ̸|=j φ.

Corollary 3.10. ̸|= BMφ → BMP*φ.24

Corollary 3.11. ̸|= BMφ → BMPφ.25

We have thus made conceptual space for impermissibly doing more good than
the permissible minimum.

Observation 3.2. The permissibility-entailing supererogation operators are ordered
via proper entailment from left to right as BMP*, BMP, BCP. If we include the
permissibility-neutral BMφ, the new beyond the permissible minimum operators are
ordered in strength left to right as: BMP*φ, BMPφ, BMφ, that is,

|= BMP*φ → BMPφ; ̸|= BMPφ → BMP*φ;26 |= BMPφ → BCPφ; and ̸|=
BCPφ → BMPφ; |= BMPφ → BMφ; ̸|= BMφ → BMPφ.

Lastly, for BCPφ and BMφ, neither entails the other. Proofs for these claims are
straightforward.

24The first conjunct of the truth condition for BMP*φ is just the truth-condition for PEφ.
25By definition, |= BMPφ → PEφ.
26We prove ̸|= BMPφ → BMP*φ directly and discuss it below (Proposition 3.5)
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The next invalidity pair shows that our two maximizing operators are indepen-
dent; it also illustrates how we can model the tension between classical deontological
views and classical optimizing consequentialist views.

Proposition 3.12. a) ̸|= MA′φ → MAPφ and b) ̸|= MAPφ → MA′φ.

Proof. Let W = {i, j}, Ai = {i}, j ≻ i, M |=i ¬φ, and M |=j φ. Then
a) M |=iMA′φ, for j satisfies ∃j∀k(k ≿i j → M |=k φ), but M ̸|=iMAPφ, that is,
¬∃j(Aij & ∀k[(k ≿i j & Aik) → M |=k φ]), since the only i-acceptable world is i
itself and it is ranked as high as itself yet M ̸|=i φ.
b) Same model except now M |=i φ and M |=j ¬φ. Then M |=iMAPφ, for i
satisfies ∃j(Aij & ∀k[(k ≿i j & Aik) → M |=k φ]), since Aii holds and so does
∀k[(k ≿i i & Aik) → M |=k φ] since only i satisfies the conjunctive antecedent
of the quantified conditional and M |=i φ; but M ̸|=iMA′φ, since neither i nor j
satisfy the condition on j in ∃j∀k(k ≿i j → M |=k φ): i doesn’t since j ≿i i, but
M ̸|=j φ, and j doesn’t since j ≿i j but M ̸|=j φ.

Corollary 3.13. ̸|= MA′φ → PEφ.

Note that the first invalidating instance for formula a) in Proposition 3.12 fits
with a classic case where you, a surgeon, can save five lives by distributing the
organs of one healthy person (sacrificing “the donor”) to five others who will die
if they don’t get them.27 Here, as above, the classical deontologist can claim that
although worlds where five are saved are better than those where none of them are,
it is nonetheless impermissible for the agent to access any of those worlds. Fig 5
pictures the model.

Note also that the fact that MAP and MA′ come apart raises questions about
“ought.” Should “ought” be associated with the best per se, or the permissible bests?
Do we say that the surgeon ought to perform the surgery since the result will be best
even though she must not since impermissible or do we say that the agent ought to
do the best of the permissibles and so she both must not and ought not distribute
the organs? It seems that the latter must be said if we think that MAP and MA′

can diverge.28 We can define such classical deontological dilemmas in DWE(≥) as
follows:

27See [21], p.206; but there are multiple cases of this sort such as Trolley cases ( [2, 22]) and
framing the innocent cases [11] to name two others. The cases all circle around the classical
Deontologist’s central claim: that there are harms “that cannot be justified by the production of a
greater good, or the avoidance of a greater harm, for others” ([8], p.464).

28A reviewer objects that “this example requires that the deontologist be willing to rank worlds
on consequentialist grounds, which would of course be a violation of deontological principles”. In
the subsequent examples (supererogatory holes and the all or nothing case) we will see that these
examples make no sense unless something better than the permissible minimum can be done that is
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Figure 5: Organ Harvesting Deontological Model

Definition 3.14. A set of formulas encodes a classical deontological dilemma in a
DWE(≥) Model M at a world i def= there is a formula φ such that:
|=iMA′φ & IMPφ.29

Let’s next model a minor adaptation of a key case of Wessels’ for supererogatory
holes using this interpretation of three simple formulae:

φ = I donate exactly $50 (US dollars) and save exactly one life;
ψ = I donate exactly $5000 and I save exactly 100 lives.
χ = I donate exactly $5000 + $50 and save exactly 200 lives

For χ, we might imagine a dystopian future with an online fundraiser for which
reaching a $5050 threshold triggers another 100 lives saved. Add that $50 is the per-
missible minimum and $50 is of modest utility for me, $5000 is a very big sacrifice,
but $50 more is just a very slightly bigger sacrifice. Assume as suggested that φ, ψ,
χ are mutually exclusive. Let model M be such that:

itself impermissible to do. Thus, we set aside the question of how a deontologist might alternatively
rank outcomes (e. g, worlds) so as to be able to later deny that any outcome involving impermissible
actions can be better than one with only permissible actions, as in this case. Indeed, section 4
models ruling out such cases as that above, but it also rules out supererogatory holes (and so all
or nothing cases) where a better option is impermissible. The goal of this paper is to find an open
space for allowing such cases and for seeing what might disallow them structurally, and what the
consequences might be.

29Note that |=iMA′φ ↔ (φ > ¬φ) by definition, and |=iIMφ → (¬φ >P φ). but not the
converse. We might define a generalized deontological dilemma via this more general condition on
models: there is a formula φ such that for all ψ such that |=iPEψ, |=i φ > ψ . Here φ need not be
best, just better than anything permissible (and so itself not permissible).
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W = {i, j, k}; Ai = {i, k}; M |=i φ, M |=j ψ, M |=k χ, and k ≻i j ≻i i.

What follows? |=iMIPφ & BMψ & BMP*χ & (ψ > φ), yet |=iIMψ. Here al-
though we imagine that ψ outranks the minimum, φ, the fact that a very marginally
greater donation (adding $50) than that of ψ provides such a large return in saved
lives that it makes ψ impermissible even though ψ is (much) better than the permis-
sible minimum, φ. The “hole” is said to stem from the existence of the still higher
ranked accessible alternative χ; χ is supererogatory and it “removes ψ” from the
ranking of the permissible options—it bumps it into the impermissibles bucket, but
does not change its relative ranking. This is illustrated in Fig 6.

Figure 6: Wessels’ Donation Case

Wessels deems ψ to be not supererogatory since not permissible, but she cer-
tainly thinks that ψ involves impermissibly doing more good than the permissible
minimum. DWE(≥) seems to model features of Wessels’ case well.30

We can also use the same model for the all or nothing problem scenario, since
that scenario is just a special (and especially vivid) case where the marginal sacrifice
is the limit of minimal: none. Here we let:

φ = I call for help and perform no rescue;
ψ = I rescue exactly one and lose one arm;
χ = I rescue both and lose one arm.

The intuition of many about this case, as modeled above, is that the minimum
involves φ, χ is permissibly beyond the permissible minimum, and ψ yields more
good than the permissible minimum but ψ is nonetheless impermissible since it is
ruled out by the marginal difference in cost of χ (none) given the large gain. In
the framework of DWE(≥), once again, |=iMIPφ & BMψ & BMP*χ & ψ > φ, yet

30Since we set aside conditionals here, we do not discuss her argument via conditional operators.
See the references in the next note.
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|=iIMψ, just as in the Wessells’ case.31

Within our system, we can define supererogatory holes:

Definition 3.15. A set of formulas encodes a supererogatory hole in a DWE( ≥ )
Model M at a world i def= there are formulas φ, ψ, χ meeting these conditions:
|=i ¬[(φ & ψ) ∨ (φ & χ) ∨ (ψ & χ)] and |=iMIPφ & BMψ & BMP*χ & IMψ.32

In Proposition 3.3 we showed that |= BMP*φ → BMPφ, but we now show that
even though these two new operators are permission-entailing and each also entails
the conditions for the BM operator, they are nonetheless distinct.

Proposition 3.16. ̸|= BMPφ → BMP*φ.

Proof. Let W = {i, j, k}; Ai = {i, j}; M |=i ¬φ & ¬ψ, M |=j φ & ¬ψ, M |=k φ & ψ,
and k ≻i j ≻i i. Clearly M |=iPEφ, so in particular ∃j′M |=j′ φ. But the second
clause for M |=iBMφ, ∃j[Aij & ∀k((j ≿i k & Aik) → [M |=k ¬φ & ∀l[(M |=l

φ) → l ≻ j)])], is also satisfied; i satisfies the condition on j, for Aii holds and only
i satisfies the antecedent of the universally quantified clause [i/j, i/k] and M |=i ¬φ;
also ∀l[(M |=l φ) → l ≻ i)] holds, since all φ-worlds outrank i. So M |=iBMφ.
But M ̸|=iBMP*φ. For its second clause, ∃j′(Aij′ & ∀k[(j′ ≿i k & Aik) → [M |=k

¬φ & ∀l(M |=l φ → (l ≻ j′ & Ail))]]), fails since the only acceptable ¬φ-world is
i but ∀l(M |=l φ → (l ≻ i & Ail) fails since k is a φ-world yet Aik fails.

Here, although PEφ holds and φ guarantees more good than the permissible
minimum, there are better worlds where φ and ψ co-occur but IMψ, so that not all
cases of φ are unalterably permissible as BMP*φ requires. For ψ here, suppose it
involves gains procured by framing the innocent, another prop for a deontological
objection to utilitarianism ([11]). Suppose also that I have no special obligation
to do anything reducing the terror in the community (e.g. intensely practicing a
persuasive speech all week to reduce the angst to some mild effect). My doing
anything to calm the nerves (φ) will do more good than the permissible minimum
for me; but if I see to φ by framing an innocent outcast (ψ), thereby reducing the
terror completely, I still do more good than doing the permissible minimum. The
classical deontologists would say it is nonetheless sometimes just out of bounds-to
do the thing with the best outcome.33

31We are abstracting from details by not modeling agent cost and collective or altruistic gain.
See [23, 24] for Wessel’s attempt to do just that and see [17] for brief critical exposition.

32Note that |= (BMP*χ & IMψ) → (χ >P ψ) since |= (PEχ & IMψ) → (χ >P ψ) and
|= BMP*χ → PEχ.

33Indeed, this model also shows that MA′φ does not guarantee MAPφ or even PEφ.

208



Extensions and Variations of the DWE Framework with Applications

In closing this section, let me just note that the above perhaps reflects one advan-
tage of BMP over BMP*. Consider again the cases of supererogatory holes and the
all or nothing cases. Let’s focus on Wessels’ example and now let’s add ψ′ to the case:

ψ′ = I donate at least $5000 and I save at least 100 lives.

Donating $5050 (χ) and donating exactly 5000 (ψ) each entail ψ′. What is the
status of ψ′? Of course we still have |=iMIPφ & BMP*χ & BMψ, yet |=iIMψ, but
checking the prior model for the original example, you will see that the following
holds:

Both BMψ′ & BMPψ′ hold, but BMP*ψ′ fails.

For since |= χ → ψ′ and |=i PEχ, we get |=i PEψ′, and then BMPψ′ from BMψ′,
but for the reasons stated regarding the countermodel for Proposition 3.5, we can say
of ψ′ that not all cases of ψ′ are permissible, since ψ isn’t. That way of achieving ψ′ is
ruled out by the strong conditions for BMP*, since BMP*ψ′ requires that all worlds
where ψ′ is realized are acceptable. But one might think that donating at least $5000
and saving at least one hundred lives is unproblematically and permissibly beyond
the call. For that much of what is done was beyond the call, even if something else
stronger, ψ, is impermissibly beyond the call. BMP is a bit more like DWE’s BCP

operator (ψ′ is permissible but excluded by doing the minimum), while adding value
in that BM also makes realizing φ guarantee exceeding the minimum. We might say
of the person who we think wrongfully acts in realizing ψ, “you went permissibly
beyond the call in realizing ψ′—that was commendable, but not so for realizing ψ.
Similar remarks would apply to the all or nothing case and the status of rescuing at
least one of the two: realizing that was permissibly beyond the call, but not so for
rescuing exactly one—that was impermissibly beyond the call. It is good to have
each of BMP and BMP* on the books as well as BM, and like BCP, they are all
ripe for the picking from the deceptively rich DWE(≥) Frames.

4 DWE(≥)G Framework: The Impact of the GOO Con-
straint

Let’s define a special subset of DWE(≥) Frames:

Definition 4.1. F = ⟨W,A,≿⟩, is a DWE(≥)G Frame def= F is a DWE(≥) Frame
such that: (k ≿i j & Aij) → Aik [“GOO” for “Good as OK is OK”]
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Here we merely highlight GOO’s significance with a selection of contrasting in-
validities and validities. In doing so, “|=” stands for validity in DWE(≥) frames,
“G|=” for validity in DWE(≥)G frames (similarly for invalidity and “̸|=” and “G ̸|=”).
A selection of proofs is in the Appendix.

Proposition 4.2. ̸|= [PEφ & (¬φ ≥ φ)] → PE¬φ.

Corollary 4.3. ̸|= [PEφ & (ψ ≥ φ)] → PEψ. (GPP: Good as Permissible is
Permissible).

Proposition 4.4. G|= [PEφ & (ψ ≥ φ)] → PEψ (GPP: Good as Permissible is
Permissible).

Proposition 4.5. a) ̸|= [PEφ & PEψ & (φ > ψ)] → (φ ≥P ψ);
b) ̸|= PEψ → [(φ ≥P ψ → (φ ≥ ψ)].

Corollary 4.6. ̸|= [φ ≥P ψ)] → (φ ≥ ψ).

Proposition 4.7. G|= PEψ → [(φ ≥ ψ) ↔ (φ ≥P ψ)].

Corollary 4.8. G|= (φ ≥P ψ) → (φ ≥ ψ).34

Corollary 4.9. G|= (φ ≥P ¬φ) → (φ ≥ ¬φ).

So given GOO, φ ranks as high as ψ among the permissibles only if it ranks as high
as ψ, period. What of our maximality operators?

Proposition 4.10. a) ̸|= MA′φ → MAPφ; b) ̸|= MAPφ → MA′φ.35

Proposition 4.11. G|= MA′φ ↔ MAPφ.

Without GOO, MA′φ and MAPφ are independent; with GOO, a permissible best
is just a best per se—what I ought to do is the best either way.

Note next an asymmetry in that the minimality operators remain independent,
but this is to be expected on reflection:

Proposition 4.12. a) G ̸|= MI′φ → MIPφ; b) G ̸|= MIPφ → MI′φ.

Corollary 4.13. a) ̸|= MI′φ → MIPφ; b) ̸|= MIPφ → MI′φ.
34The converse is invalid with or without GOO, since φ and ψ might both be impermissible.
35We proved this in Section 3.2 as Proposition 3.12 there.
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What of the operators for exceeding the permissible minimum? Consider these
contrasts:

Proposition 4.14. a) ̸|= BMφ → BMPφ; b) ̸|= BMPφ → BMP*φ.36

Proposition 4.15. G|= BMφ → BMP*φ.

Corollary 4.16. G|= BMφ → PEφ.37

Corollary 4.17. G|= BMφ ↔ BMPφ.38

Corollary 4.18. G|= BMφ ↔ BMP*φ.39

Corollary 4.19. G|= BMPφ ↔ BMP*φ.

So, among other reductions, our three new beyond-the-minimum operators are
equivalent given GOO, and the conceptually permission-neutral BM operator is now
permissibility entailing. To go beyond the call at all is to do so unalterably in a
permissible manner that guarantees more good than the minimum. Unsurprisingly,
BCP from DWE remains distinct from these three.

Proposition 4.20. G ̸|= BCPφ → BMφ.40

Corollary 4.21. G ̸|= BCPφ → BMPφ.

Corollary 4.22. G ̸|= BCPφ → BMP*φ.41

Given GOO, even the conceptually permission-neutral BM operator is now stronger
than BCP:

Proposition 4.23. G|= BMφ → BCPφ.

What about the indifference notions?

Proposition 4.24. ̸|= VIφ → INPφ.

Corollary 4.25. ̸|= VIφ → CIPφ.

36See proofs of Corollary 3.11 (corollary to Propositions 3.9) and of Proposition 3.16 respectively.
37Recall Corollary 3.4 in Section 3.2 that |= BMP*φ → PEφ.
38Recall BMPφ

def= BMφ & PEφ.
39Recall Proposition 3.3 that |= BMP*φ → (BMPφ & BMφ).
40This was shown as Corollary 3.8.
414.21 and 4.22 are Corollaries of 4.20 because of Proposition 3.3.
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Proposition 4.26. G|= VIφ → INPφ.

Corollary 4.27. G|= CIφ ↔ VIφ (Recall CIφ def= VIφ & INPφ).

Finally, we have:

Observation 4.1. Given GOO, there are no deontological dilemmas per Definition
3.14 nor supererogatory holes per Definition 3.15.

All these results reflect the fact that given GOO, the ordered worlds per i (along
with a subset selection, Ai) are just the ordered i-acceptables stacked on top of the
ordered i-unaceptables, as in Fig 7.

Figure 7: Impact of GOO Constraint

We have established that GOO is a very significant principle for deontic logic, as
is its analogue for ethics, GPP.42 It is plainly very reductive and results in substantial
theoretical simplifications.

5 Brief Concluding Remarks
Space limitation constrained us from exploring other semantic features for DWE(≥)
and DWE(≥)G as well as exploring other operators we might have defined (e.g.
universal necessity/possibility, and especially conditionalized versions of some of the
operators).43 There is also a way to generate the framework above for DWE(≥)G

from a more fundamental framework in a substantively plausible way via a hybrid
deontological cum consequentialist framework (see [1] for general background on

42What is as good as permissible is permissible.
43[18] has made a start in this direction.
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hybrids). Recasting things in a less classical framework would be worthwhile as
well. For example, the semantic ordering relation needn’t be connected. We leave
these and other changes for the future.

I hope we’ve made clear that deontological dilemmas are cousin to the problem
of supererogatory holes: for they both hinge on a longstanding but growing divide
in normative ethics over whether something as good as something permissible must
be permissible.44 We also saw that the all or nothing case is a special case of Wes-
sels’ vividly named supererogatory holes. The expanded DWE framework allows
us to inherit some of the advantages of the original when it comes to reconsidering
supererogatory holes and the frequent takes on all or nothing cases. First, focusing
on the latter case, even if we deny the permissibility of saving just one (ψ), we can
still get the result that saving at least one (ψ′) was permissibly beyond the call (i.e.
BMPψ′) even if de facto done impermissibly by saving exactly one (BMψ & IMψ).
This is a byproduct of solving DWE’s Problem of Disjunctive Supererogation. Sec-
ondly, suppose we embrace GOO and so deny the possibility of impermissibly going
beyond the call? The resources we have naturally allow us to still say unequivocally
that Jane ought to not rescue just one (MAP¬ψ) and that certainly seems to take
some of the sting out of just saying it is ok for Jane to save just one and leave it
at that. We can say she shouldn’t do that, even if it is not the case that she must
not (¬OB¬ψ). It is important to clearly distinguish must from the weaker ought.45

For it seems all should agree that morality recommends against rescuing none, and
many, like us, agree it recommends against rescuing just one, but it hardly follows
that morality forbids rescuing just one. If we do say morality forbids rescuing just
one, then mustn’t we say of Jane who rescues just one, losing an arm in the process
while most of us would opt to run the other way: “The least Jane could have done
was just call for help” (and not rescue anyone). This sounds unpalatable. It seems
to fit better with the case that rescuing just one is both better (way better) than
the least she can do and permissible to do even though something she should not
do, just as doing the least in this case is something that she should not do. One
could, I guess, get rid of the supererogatory hole by saying that in not saving the
other person when it could be done with no more cost than saving just one that
that it is not only impermissible but outright worse than just going for help (saving
none), but I find that hard to swallow. It seems more plausible to say that (morally
speaking) Jane should not go for help, and she should not rescue just one (even
though doing so is permissibly beyond the call of duty); what she (and all of us)
ought to do is even better than that: rescue both.

44Hansson’s impressive [5] is a noteworthy prior case in deontic logic where the GPP principle
is put to important use. GOO was also put to more restricted use in [18].

45As argued for in detail in [13], where the first model theoretic account is offered of the difference.
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APPENDIX

A Sample Justifications for Streamlined Truth Condi-
tions for Defined Operators

We give two sample proofs illustrating that the shorter truth-conditions we listed
for quite a few defined operators are justifiably equivalent to those that would derive
directly from the truth conditions for their definiens via the primitive operators.

Proposition A.1. The truth condition for OBφ per [OB] (its semantic clause) is
equivalent to that for OBφ’s definiens, ¬(¬φ ≥P ¬φ), per [≥P].

Proof. ⇐: Assume M |=i ¬(¬φ ≥P ¬φ), that is, ¬(∃j(M |=j ¬φ & Aij) &
∀k[(M |=k ¬φ & Aik) → ∃l(M |=l ¬φ & Ail & l ≿i k)]) per [≥]. So either a)
¬∃j(M |=j ¬φ& Aij) or b) ¬∀k[(M |=k ¬φ& Aik) → ∃l(M |=l ¬φ& Ail & l ≿i k)].
Suppose a). Then ∀j(M |=j ¬φ → ¬Aij), that is, ∀j(Aij → M |=j φ), so
M |=iOBφ. Suppose b). Then ∃k[(M |=k ¬φ & Aik) & ¬∃l(M |=l ¬φ & Ail & l ≿i

k)]. Fixing k, M |=k ¬φ & Aik & ¬∃l(M |=l ¬φ & Ail & l ≿i k)], and so in
particular, ¬∃l(M |=l ¬φ & Ail), that is, ∀j(Aij → M |=j φ) i.e. M |=iOBφ.
⇒: Assume M |=iOBφ, that is, ∀j(Aij → M |=j φ) by [OB]. So ¬∃j(M |=j

¬φ & Aij), which is the first disjunct of the truth condition for M |=i ¬(¬φ ≥P ¬φ),
that is, a) or b) above.

Proposition A.2. The truth condition for φ >P ψ per [>P] is equivalent to that
for (φ >P ψ)’s definiens per [≥P]. That is, a) ∃j[M |=j φ & Aij & ∀k((M |=k

ψ & Aik) → j ≻i k)] is equivalent to b) M |=i (φ ≥P ψ) &¬(ψ ≥P φ)), the
truth-conditions for the definiens of φ >P ψ.

Proof. ⇐: Assume: b1) ∃j(M |=j φ & Aij) & ∀k[(M |=k ψ & Aik) → ∃l(M |=l

φ & Ail & l ≿i k)] and b2) ¬[∃j(M |=j ψ & Aij) & ∀k[(M |=k φ & Aik) →
∃l(M |=l ψ & Ail & l ≿i k)], that is, either b2′) ¬∃j(M |=j ψ & Aij) or b2′′)
¬∀k[(M |=k φ & Aik) → ∃l(M |=l ψ & Ail & l ≿i k)]. To show: a) ∃j[M |=j

φ & Aij & ∀k((M |=k ψ & Aik) → j ≻i k)]. From b1) fixing j, 1) M |=j φ & Aij
and 2) ∀k[(M |=k ψ & Aik) → ∃l(M |=l φ & Ail & l ≿i k)]. First suppose b2′).
Then vacuously, 3) ∀k((M |=k ψ & Aik) → j ≻i k), and so from 1), we then get 4)
M |=j φ & Aij & ∀k((M |=k ψ & Aik) → j ≻i k), and generalizing on j, we have a).
Suppose instead b2′′). Then 5) ∃k[(M |=k φ & Aik) & ∀l[(M |=l ψ & Ail) → ¬(l ≿i

k))]]. So from this and Connectivity of ≿i, we get 6) M |=k φ & Aik & ∀l[(M |=l

ψ & Ail) → k ≻i l] and then generalizing and swapping j/k and k/l, we have a). ⇐:
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Assume a) ∃j[M |=j φ & Aij & ∀k((M |=k ψ & Aik) → j ≻i k)]. To show: both b1)
∃j(M |=j φ & Aij) & ∀k[(M |=k ψ & Aik) → ∃l(M |=l φ & Ail & l ≿i k)] and either
b2′) ¬∃j(M |=j ψ & Aij) or b2′′) ¬∀k[(M |=k φ & Aik) → ∃l(M |=l ψ & Ail & l ≿i

k)]. From a), 1) M |=j φ & Aij and 2) ∀k((M |=k ψ & Aik) → j ≻i k). First,
we show b1): Suppose for arbitrary k, 3) M |=k ψ & Aik. Then from 2), we
get 4) j ≻i k, and so 5) j ≿i k. Conjoining 1) and 5) and generalizing with
l/j, we get 6) ∃l(M |=l φ & Ail & l ≿i k). Since k was arbitrary, we have 7)
∀k[(M |=k ψ & Aik) → ∃l(M |=l φ & Ail & l ≿i k)]; then conjoining 7) to 1) and
generalizing, we have b1). Next, we show b2: Case 1: If b2′) holds, we are done. Case
2: Suppose b2′) is false. So, assume for some j, 8) M |=j ψ & Aij. We will show b2′′)
must hold. For supposing not, 9) ∀k[(M |=k φ & Aik) → ∃l(M |=l ψ & Ail &l ≿i k).
From a) [k/j, l/k], we get: 10) M |=k φ & Aik and 11) ∀l((M |=l ψ & Ail) → k ≻i l).
From 10) and 9), we get 12) ∃l(M |=l ψ & Ail & l ≿i k). Instantiating, we get 12)
M |=l ψ & Ail & l ≿i k, but from this and 11), we end up with both l ≿i k and
k ≻i l, and so ⊥. Thus, in either case, b2 holds.

B Proofs for a Selection of Propositions from Section 4
on the DWE(≥)G frames.

Proposition 4.2. ̸|= [PEφ & (¬φ ≥ φ)] → PE¬φ.

Proof. Let M be such that W = {i, j}, Ai = {i} and j ≻ i and M |=i φ and
M |=j ¬φ. Then Aii & M |=i φ, so M |=i PEφ; ∀j[M |=j φ → ∃k(k ≿i j & M |=k

¬φ)] holds since only i satisfies the quantified antecedent, and j then satisfies the
consequent, so M |=i (¬φ ≥ φ). Nonetheless, M ̸|=i PE¬φ as ¬∃j(Aij & M |=j

¬φ).

Corollary 4.3. ̸|= [PEφ & (ψ ≥ φ)] → PEψ. (GPP: Good as Permissible is
Permissible).

Proof. The invalid formula in 4.2 is a special case of this one.

Proposition 4.4. G|= [PEφ & (ψ ≥ φ)] → PEψ (GPP: Good as Permissible is
Permissible).

Proof. Assume M G |=i PEφ & (ψ ≥ φ), that is (1) ∃j(M G |=j φ & Aij) and (2)
∀j[M G |=j φ → ∃k(k ≿i j & M G |=k ψ)]. Fixing j in (1), we get (3a) M G |=j φ
and (3b) Aij. From (3a) and (2) we get (4) ∃k(k ≿i j & M G|=k φ). Fixing k, we
get (5a) k ≿i j and (5b) M G |=k ψ. From (5a) and (3b) we get (6) Aik by GOO,
and with (5b), we get ∃k(M G|=k ψ & Aik), that is, M G|=i PEψ.

215



McNamara

Proposition 4.7. G|= PEψ → [(φ ≥ ψ) ↔ (φ ≥P ψ)].

Proof. ⇒: Assume M G |=i PEψ & [(φ ≥ ψ)], that is, (1) ∃j(Aij & M G |=j ψ)
& (2) ∀j[M G |=j ψ → ∃k(k ≿i j & M G |=k φ)]. Fixing j in (1), we get (3)
Aij & M G|=j ψ. From (2) we then get (5) ∃k(k ≿i j & M G|=k φ). Fixing k, we
get (6) k ≿i j & M G |=k φ. From the initial conjuncts of (3), (6) and GOO yield
M G |=k φ & Aik, so (7) ∃j(Aij & M G |=j φ). Next, for arbitrary k′, suppose (8)
M G |=k′ ψ & Aik′. Then from (2) we get (9) ∃k(k ≿i k

′ & M G |=k φ). Fixing
k as l, we get (10) l ≿i k

′ & M G |=l φ. But then given GOO and (8) we get
M G |=l φ & Ail & l ≿i k

′, and so (11) ∃l(M G |=l φ & Ail & l ≿i k
′). But k′ was

arbitrary in (8), so we have ∀k[(M G|=k ψ & Aik) → ∃l(M G|=l φ & Ail & l ≿i k),
which conjoined with (7) is the condition for M G|=i φ ≥P ψ.

⇐: Assume M G|=i PEψ & [(φ ≥P ψ)], that is (1) ∃j(M G|=j ψ & Aij) & (2)
∃j(M G |=j φ & Aij) & (3) ∀k[(M G |=k ψ & Aik) → ∃l(M G |=l φ & Ail & l ≿i

k)]. For arbitrary j, suppose (4) M G |=j ψ, but for reductio, suppose that (5)
¬∃k(k ≿i j & M G |=k φ), that is, (5′) ∀k(k ≿i j → M G |=k ¬φ). Fixing j in (2)
we get (6) M G |=j′ φ & Aij′. So, from (5′) it follows that ¬(j′ ≿i j), and so by
connectivity of ≿, (7) j ≿i j

′. But then from (4), (6) and GOO, it follows that (8)
M G |=j ψ & Aij, and then from (3) we get ∃l(M G |=l φ & Ail & l ≿i j), so in
particular, (9) ∃l(l ≿i j & M G |=l φ), and hence ⊥ given assumption (5). So, we
have (10) ∃k(k ≿i j & M G |=k φ); but j was arbitrary in (4), so ∀j[M G |=j ψ →
∃k(k ≿i j & M G|=k φ)], that is, M G|=i (φ ≥ ψ).

Proposition 4.11. G|= MA′φ ↔ MAPφ.

Proof. ⇒: Assume M G|=i MA′φ, that is, ∃j∀k(k ≿i j → M G|=k φ). Fixing j, we
have (1) ∀k(k ≿i j → M G|=k φ). By seriality, (2) Aij′, for some j′. By connectivity
of ≿, either A) j′ ≿i j or B) j ≿i j

′. Suppose A) j′ ≿i j. For arbitrary k, suppose
(3) k ≿i j

′ & Aik. Then by transitivity of ≿, k ≿i j, and so by (1), we get (4)
M G|=k φ; but k was arbitrary in (3), so we have ∀k[(k ≿i j

′ & Aik) → M G|=k φ]),
and with (2), we get ∃j(Aij & ∀k[(k ≿i j & Aik) → M G |=k φ]), that is, M G |=i

MAP. Suppose B) j ≿i j
′. From (2) and GOO, it follows that (5) Aij , but it

then follows from this and GOO that ∀k[k ≿i j ↔ (k ≿i j &Aik)], and so from
(1) we get (6) ∀k[(k ≿i j &Aik) → M G |=k φ]. But then conjoined to (5), we
again get ∃j(Aij & ∀k[(k ≿i j & Aik) → M G |=k φ], that is, M G |=i MAP.
⇐: Assume M G |=i MAP, that is ∃j(Aij & ∀k[(k ≿i j & Aik) → M G |=k φ]).
Fixing j, we get (1) Aij & (2) ∀k[(k ≿i j &Aik) → M G |=k φ]). But from (1)
and GOO it follows that ∀k[k ≿i j ↔ (k ≿i j & Aik)], and so from (2), we get (2′)
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∀k(k ≿i j → M G |=k φ), and hence ∃j∀k(k ≿i j → M G |=k φ), that is M G |=i

MA′φ.

Proposition 4.15. G|= BMφ → BMP*φ.

Proof. Assume M G|=i BMφ, that is, (1) ∃j(M G|=j φ), and (2) ∃j(Aij & ∀k[(j ≿i

k & Aik) → [M G |=k ¬φ & ∀l(M G |=l φ) → l ≻ j)]]). Fixing j in (1), we
get (3) M G |=j φ. Fixing j in (2), we get (4) Aij′ and (5) ∀k[(j′ ≿i k&Aik) →
[M G |=k ¬φ & ∀l(M G |=l φ → l ≻ j′)]). By reflexivity of ≿, (4) and (5) yield
(6) M G |=j′ ¬φ and (7) ∀l(M G |=l φ → l ≻ j′). From (3) and (7), we get
j ≻ j′, and so (8) j ≿ j′. Then from this, (4), and GOO, we have (9) Aij. From
this and (3) we get (10) ∃j(Aij & M G |=j φ). Now for arbitrary k, suppose
(11) j′ ≿i k & Aik. Then from (5), we get (12) M G |=k ¬φ & (13) ∀l(M G |=l

φ → l ≻ j′). But with (4), GOO implies ∀l(l ≻ j′ ↔ (l ≻ j′ & Ail)), so (13)
implies (13′) ∀l[M G |=l φ → (l ≻ j′ & Ail)] , which conjoined with (12) yields
(14) M G |=k ¬φ & ∀l(M G |=l φ → (l ≻ j′ & Ail)). But k was arbitrary in
(10), so we have (15) ∀k[(j′ ≿i k & Aik) → [M G |=k ¬φ & ∀l(M G |=l φ → (l ≻
j′ & Ail))], which conjoined with (4) yields (16) ∃j′(Aij′ & ∀k[(j′ ≿i k & Aik) →
[M G |=k ¬φ & ∀l(M G |=l φ → (l ≻ j′ & Ail))]]. (16) conjoined with (10) yields
∃j(Aij & M G|=j φ) & ∃j′(Aij′ & ∀k[(j′ ≿i k & Aik) → [M G|=k ¬φ & ∀l(M G|=l

φ → (l ≻ j′ & Ail))]]), that is, M G|=i BMP*φ.

Corollary 4.16. G|= BMφ → PEφ.

Proof. Follows from Corollary 3.4 in Section 3.2 that |= BMP∗φ → PEφ.

Proposition 4.23. G|= BMφ → BCPφ.

Proof. Recall that BCP def= PEφ & MIP¬φ. Corollary 4.16 gives us PEφ from BMφ
given GOO; and the truth condition for BMφ, ∃j′M |=j′ φ & ∃j[Aij&∀k((j ≿i

k & Aik) → [M |=k ¬φ & ∀l(M |=l φ → l ≻i j)])] clearly entails that for MIP¬φ,
namely, ∃j(Aij & ∀k[(j ≿i k & Aik) → M |=k ¬φ]), even without the GOO
constraint.

Proposition 4.24. ̸|= VIφ → INPφ.

Proof. Let M be such that W = {i, j}, M |=i φ & M |=j ¬φ, i ≈i j, but Aii &
¬Aij. Obviously, M |=i VIφ & OB¬φ, so M ̸|=i INPφ.

Proposition 4.26. G|= VIφ → INPφ.
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Proof. Assume M G|=i VIφ but M G ̸|=i INPφ, that is (1) ∀j[∃k(k ≈i j & M G|=k

φ) & ∃k(k ≈i j & M G |=k ¬φ) and (2) ¬∀j[Aij → ∃k(k ≈i j & Aik & M G |=k

φ) & ∃k(k ≈i j & Aik & M G |=k ¬φ)]. (2) yields: (2′) ∃j(Aij & [∀k((k ≈i

j & Aik) → M G|=k ¬φ) ∨ ∀k((k ≈i j & Aik) → M G|=k φ)]). Fixing j, we get (3)
Aij and either (4a) ∀k((k ≈i j & Aik) → M G|=k ¬φ) or (4b) ∀k((k ≈i j & Aik) →
M G|=k φ)]). From (1), we get (5) ∃k(k ≈i j & M G|=k φ) & ∃k(k ≈i j & M G|=k

¬φ). Fixing k in each, we get (6) k ≈i j & M G|=k φ and (7) k′ ≈i j & M G|=k′ ¬φ.
Given GOO and (3), (6) and (7) yield: (8) k ≈i j & Aik & M G |=k φ and (9)
k′ ≈i j & Aik′ & M G |=k′ ¬φ. But (8) contradicts (4a), (9) contradicts (4b), so
together we get M G|=i ⊥. So, G |= VIφ → INPφ.

Observation 4.1. Given GOO, there are no deontological dilemmas per Definition
3.14 nor supererogatory holes per Definition 3.15.

Proof. a) A deontological dilemma requires a model where MA′φ & IMPφ, but GOO
makes this impossible since G |= MA′φ → MAPφ (by Proposition 4.11), so it is
enough to show that |= MAPφ → PEφ holds (i.e. even without GOO). Suppose |=i

MAPφ¸ that is, ∃j(Aij & ∀k[(k ≿i j & Aik) → M |=k φ]). It follows by reflexivity of
≿i that there is a j such that Aij & M |=j φ, that is, |=i PEφ. b) A supererogatory
hole per Definition 3.4 requires a case where |=i ¬[(φ&ψ) ∨ (φ&χ) ∨ (ψ&χ)] and
|=i MIPφ & BMψ & BMP*χ & IMψ. But given GOO, the latter conjunction is
impossible since the second conjunction rules out the fourth (by Corollary 4.16)
proved above.
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Abstract

Different meanings of the “right to know” can be distinguished based on
the theory of normative positions. In this paper, we focus on one of them: the
power to know. Intuitively, in a sender-receiver setting, the receiver’s power
to know whether φ is the case means that the sender is obliged to (truthfully)
announce the answer if the receiver asks the question φ?. Therefore, we de-
velop a logic called LRK for reasoning about the power to know, the obligatory
announcements, and the dynamics of questions and public announcements.

1 Introduction
The aim of this paper is to provide a logical framework to reason about the notion
of the right to know and its interaction with other related notions. As a theoretical-
conceptual background, we rely on the theory of normative positions [22] based
on the theory of Hohfeld [12, 19]. The American legal theorist Wesley Newcomb
Hohfeld, after finding that the word “right” is overused in the law for meaning
actually differing legal concepts, published a—later becoming very influential—paper
about what the possible atomic positions are what lawyers (and lay people) tend to
refer to as a right and what are the corresponding “duty positions” meaning each a
legally (and logically) different concept:
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Figure 1: The Hohfeldian atomic types of rights, and their correlatives

The positions in the left square are often referred to as deontic concepts. A
claim-right means the right-holder’s position when the corresponding agent has a
directed obligation, that is, duty, towards her. For example, a lender has a claim-
right that requires the debtor to repay the borrowed money on time. The Hohfeldian
privilege to φ is actually a directed version of what is referred to as weak permission
in deontic logic: it means that the corresponding agent has no claim-right against us
to ¬φ. The positions in the right-hand square are usually referred to as capacitive (or
capacitative) concepts: a power(-right) means a position in which the power-holder
agent can change the corresponding—in Hohfeldian terms—liable agent’s normative
positions, like imposing a duty on him (with executing an action, see details in [19]).
An immunity hence means the position when the corresponding agent lacks such a
capacity as being disabled to execute such an action resulting in a change in the
right-holder agent’s normative positions.

Using this analysis, we can differentiate between four different meanings of the
right to know: the privilege/claim-right/power/immunity to know. The difference
between the four meanings of the right to know can be illustrated by the following
example [27]: suppose that an agent i has been tested for some disease by his doctor.
It is usually mentioned in the healthcare acts of the different legal systems that i has
the right to know the test result. However, this can be interpreted in four different
ways. First, i has a privilege-right to know the result, which means that i has no
duty not to know them. Second, i has a claim-right to know the result, meaning
that his doctor has a duty to inform him about the result. Third, i has a power-right
to know the result, meaning that his doctor has a duty to inform them if i requests
it. Last, i has an immunity-right to know the results, which protects him from his
doctor taking away or altering his claim-right to know the results.

In the logical literature to date, only the privilege- and claim-right to know have
received explicit attention, see, e.g., [20]. In this paper, we will investigate the right
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to know as a power. Power is characterized in [19] as a potential: the agent having
the power is able to execute an action resulting in the counterparty’s normative
positions changing, e.g. a duty arising. Thus in this case: the patient’s asking
about the test results creates the doctor’s duty to tell.

The notion of the power to know can also be found extensively in database the-
ory under the name of “the right/permission to access” (see, e.g., [7]). The logical
characterization of “the right/permission to access” is crucial for practical problems
like maintaining security in databases. The point of the problem is that the database
has to answer the users’ queries while complying with certain security policies (e.g.,
privacy policies). Many factors affecting the solutions to the problem have been
identified in the literature, e.g., the representation of the database, the expressive-
ness of the query language, the space of admissible responses, the initial knowledge
of the user, etc [5]. However, the expressiveness of the language for specifying secu-
rity policies has somehow been overlooked. To the best of our knowledge, all existing
works on the topic consider the permitted, forbidden, and obligatory knowledge/be-
lief of users as the only components of a security policy, see, e.g., [5, 7, 1]. However,
as a counter-example, it is stated in the General Data Protection Regulation of Eu-
rope (GDPR) that “A data subject should have the right of access to personal data
which have been collected concerning him or her”.

In this paper, we develop a Logic of the Right to Know, LRK, to reason about
the power-type of right to know whether something is the case (we often will refer
to it as a “power to know” in what follows). As suggested by the previous examples,
the notion of the power to know is closely intertwined with other notions such as
the obligation to inform, public announcements, and the dynamics of questions.
Therefore, LRK is devised such that these notions can also be expressed.

This paper is an extension to [16]. The main improvement is a sound and com-
plete axiomatization of LRK. The paper is structured as follows. In the next section,
we introduce the language and semantics of LRK. Section 3 and Section 4 are devoted
to some semantic results and the expressive power of fragments of LRK, respectively.
We propose an axiomatization of LRK in Section 5 and show its completeness in
Section 6. We discuss related literature in Section 7 and conclude with Section 8.

2 Language and Semantics

In this section, we introduce the language and semantics of LRK and illustrate them
with some examples. The scenarios that LRK is intended to characterize are com-
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munications between two agents1 where the information can only be transmitted
from one agent (the sender/speaker, indicated by s) to the other (the receiver/ad-
dressee, indicated by r). The sender is further subject to some security policies such
as privacy policies. These scenarios are common in our lives, e.g., communications
between a database and its users, conversations between a doctor and their patients,
etc. We fix the role of the sender making only one of the agents able to make an-
nouncements. The restriction may seem to be unnatural. But, for simplicity, we
will only consider the restricted scenarios. We also assume that the sender can only
make truthful announcements. The following will serve as the running example of
this paper:

Example 1. Two patients a and b have been tested for some diseases by the same
doctor. The policy consists of the following three clauses: (1) The doctor is obliged
to inform the patient a about his test result; (2) It is forbidden that patient a know
the test result of patient b; (3) The patient a has the power to know whether the
cheaper medicine is as good as the expensive one. Suppose that the results for both
a and b are positive and the cheaper medicine is as effective as the expensive one.
Let the sender be the doctor and the receiver the patient a. The doctor needs to
decide which information should be informed.

Let prop be a countable infinite set of propositional variables (or atoms).

Definition 2. The language L is given by the following BNF grammar:

φ ::= p | ¬φ | (φ → φ) | Uφ | Qφ | Krφ | Osφ | [φ?]φ | [φ!]φ

where p ∈ prop. Other boolean connectives are defined as usual. In particular,
φ ↔ ψ := ¬((φ → ψ) → ¬(ψ → φ)). We also define the following abbreviations:
Rrφ := U(Qφ∨Q¬φ), [r :φ?]ψ := (¬Rrφ∧ψ)∨ (Rrφ∧ [φ?]ψ), and [s :φ!]ψ := (φ →
[φ!]ψ). Let PL be the language of propositional logic.

Throughout the paper, the following conventions are adopted. We use φ,ψ, χ, . . .
for arbitrary formulas (in L), and π, π′, π1, π2, . . . for propositional formulas. p, q, . . .
range over prop. ↓, ↓1, ↓2, . . . will denote either the symbol ! or the symbol ?. Given
a finite set of formulas Γ ⊂ L, ∧ Γ is the conjunction of all formulas in Γ and likewise

1It is crucial that in the formalism to-be-introduced we have exactly two agents. As visible from
the introduction and often emphasized (e.g. [18]), the Hohfeldian notions are inherently relational.
This relationality is tacitly “enforced” in our setting where we have exactly two agents engaging in
communicative actions (that might result in the change of the other agent’s normative position). We
leave the considerations of how the logic should be changed in order to accommodate a generalized,
multi-agent setting to future research.
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for ∨ Γ. We note that ∧
∅ := ⊤ and ∨

∅ := ⊥. Finally, for all formulas φ, prop(φ)
is the set of all atoms occurring in φ. Given some A ⊆ prop, L(A) is the sublanguage
of L that is restricted to atoms in A.

In our language, Uφ is the familiar universal modality expressing that “φ is true
in all worlds”, while Qφ is a technical modality which has been introduced in [25]
(see Section 7). The core notion that “The receiver has the power to know the
answer to the question φ?” is expressed by the formula Rrφ := U(Qφ∨Q¬φ). Krφ
reads “The receiver knows φ” and Osφ “The sender is obliged to announce φ”. The
notion that “After the receiver asked the question φ?, it holds that ψ” is expressed
by the formula [r :φ?]ψ := (¬Rrφ∧ψ) ∨ (Rrφ∧ [φ?]ψ). Finally, to express the usual
notion of truthful announcements, we use [s :φ!]ψ := (φ → [φ!]ψ), i.e., “After the
sender (truthfully) announced φ, it holds that ψ”.2

Below we define the notion of “degree” of formulas, which will be used later.

Definition 3. For all formulas φ, the degree of φ, notation d(φ), is a positive
integer inductively defined as follows: (1) d(p) = 1. (2) d(¬φ) = d(Krφ) = d(Uφ) =
d(Qφ) = 1 + d(φ). (3) d(φ → ψ) = 1 + max(d(φ), d(ψ)). (4) d(Osφ) = 6 + d(φ). (5)
d([φ!]ψ) = d([φ?]ψ) = 6 + d(φ) + d(ψ).

Proposition 4. The following holds for all formulas φ,ψ and atoms p:

(1) d(ψ) < d(φ) if ψ is a subformula of φ and ψ ̸= φ.
(2) d(U(p ↔ φ)) < d(Osφ).
(3) d(U(p ↔ ψ)) < d([ψ↓]φ).

Next, we introduce the models for LRK. Our models are essentially the combina-
tion of the “neighbourhood epistemic models” introduced in [15] and the “epistemic
issue models” in [25], see Section 7.

Definition 5. A model is a tuple M = (W,∼,≈, N, V) where:

• W is a non-empty set of possible worlds or states;
• ∼ and ≈ are two equivalence relations on W ;3

• N : W → ℘(℘(W )) is such that w ∈ X for all w ∈ W and X ∈ N(w);
• V : prop → ℘(W ) is a valuation.

2These notions are introduced as complex formulas rather than primitive operators because it
simplifies the completeness proof.

3In what follows, ≈ will also denote the partition generated by the equivalence classes of ≈.
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A pointed model is a pair M,w such that w is a state of M . For every state w ∈ W ,
∼ (w) denotes the set {v ∈ W | w ∼ v}, and similarly for ≈ (w).

In the above definition, ∼ is the familiar epistemic indistinguishability relation
(of the receiver). The partition ≈ is intended to encode the set of questions to
which the receiver has the power to know the answers. The set of questions may be
stipulated by some information security policies such as privacy policies. The idea
to represent a set of questions by a partition can be found in, e.g., [10], [6], and [25].
Finally, each subset X ∈ N(w) is an ideal epistemic state for the receiver at w, i.e.,
the epistemic state X is compliant with the given information security policies (for
the receiver and specified in the situation w). Let us illustrate the definition of the
models by the running example:

Example 6. Let pa, pb, and g be the propositions that “The result for a is positive”,
“The result for b is positive”, and “The cheaper medicine is as good as the expensive
one”, respectively. The case in Example 1 can be characterized by the model M =
(W,∼,≈, N, V ) illustrated in Figure 2.

111 101 001 011

110 100 000 010

Figure 2: The model M = (W,∼,≈, N, V ). States are binary numbers 000, 001, ...
and the actual state is 111. For each state xyz, x = 1 (y = 1, z = 1, respectively)
iff xyz ∈ V (pa) (xyz ∈ V (pb), xyz ∈ V (g), respectively). The indistinguishability
relation ∼ is indicated by the straight line (with the reflexive and transitive arrows
omitted). ≈ is the equivalence relation (or partition) indicated by the rectangles
with rounded corners (this captures the patient’s power to know whether g). Finally,
for every xyz ∈ W , N(xyz) consists of the subsets such that: (1) it contains xyz
itself; (2) it is contained in one of the shaded areas (this corresponds to the doctor’s
obligation to inform about pa); (3) it is not contained in one of the dashed rectangles
(the patient is prohibited to know pb).

The next step is to provide the semantics for L, especially for the formulas Rrφ
and [r :φ?]ψ. The semantics for Rrφ is relatively straightforward: the receiver has
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111 101 001 011

110 100 000 010

Figure 3: The updated model Mg?. The same convention is adopted as in Figure 2.

the power to know the answer to φ? iff the question φ? is “settled” by the partition
≈, in the sense that every cell in the partition ≈ is either a subset of the truth set
of φ, or a subset of the truth set of ¬φ. Interpreting Qφ as a normal modality
corresponding to the accessibility relation ≈, this intuition is exactly captured by
the formula U(Qφ ∨Q¬φ).

[r :φ?]ψ is intended to express that “after the receiver asked the question φ?, it
holds that ψ”. If the receiver has no power to know the answer to φ?, then nothing
will change after the action [r :φ?]. On the contrary, if the receiver indeed has the
power, the sender is then forced to answer the question φ?. This is captured by
the model updating Mφ? such that, in the updated model Mφ?, all epistemic states
not answering the question φ? become no longer ideal. The dynamic operator [φ?]ψ
describes what holds after this kind of model update. Thus, the notion “after the
receiver asked the question φ?, it holds that ψ” can be expressed by the complex
formula [r :φ?]ψ = (¬Rrφ ∧ ψ) ∨ (Rrφ ∧ [φ?]ψ).

Definition 7. Given a model M = (W,∼,≈, N, V), for all w ∈ W and φ ∈ L, the
satisfaction relation M,w |= φ is inductively defined as follows:

M,w |= p iff w ∈ V (p)
M,w |= ¬φ iff M,w ̸|= φ

M,w |= (φ → ψ) iff M,w ̸|= φ or M,w |= ψ
M,w |= Uφ iff for all v ∈ W , M, v |= φ
M,w |= Qφ iff for all v ∈ W , w ≈ v implies M,v |= φ
M,w |= Krφ iff for all v ∈ W , w ∼ v implies M,v |= φ
M,w |= Osφ iff for all X ∈ N(w), X ⊆∼ (w) implies X ⊆ [[φ]]M
M,w |= [φ?]ψ iff Mφ?, w |= ψ
M,w |= [φ!]ψ iff Mφ!, w |= ψ

where [[φ]]M = {x ∈ W | M,x |= φ} and Mφ? and Mφ! are defined as follows:
Mφ? = (Wφ?,∼φ?,≈φ?, Nφ?, Vφ?) where:
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• Wφ? = W , ∼φ?=∼, ≈φ?=≈, Vφ? = V ,
• Nφ?(x) = {X ∈ N(x) | X ⊆ [[φ]]M or X ⊆ [[¬φ]]M } for all x ∈ W .

Mφ! = (Wφ!,∼φ!,≈φ!, Nφ!, Vφ!) where:

• Wφ! = W , ≈φ!=≈, Nφ! = N , Vφ! = V ,
• ∼φ!= {(u, v) ∈ ∼ | M,u |= φ iff M,v |= φ}.

The notion of validity is defined as usual.

The semantics for Krφ and [s :φ!]ψ is standard, except that we choose to delete
the links between the φ-states and ¬φ-states in the definition of Mφ!, instead of
removing all ¬φ-states from the model. Those ¬φ-states are reserved for further
reference.4 This kind of model updating can be found in, e.g., [24, 25]. As for Osφ,
it reflects the intuition that the sender is obliged to announce φ if φ is “known” in all
ideal epistemic states (for the receiver) that are achievable by further announcements
(i.e., φ is a piece of necessary information for achieving ideality).

Let us illustrate the semantics with some examples:

Example 8. In the model M , we have, e.g., M, 111 |= Ospa, M, 111 |= Rrg, and
M, 111 ̸|= Ospb. After the receiver (the patient a) asked “Is the cheaper medicine
as good as the expensive one?” (g?), the updated pointed model Mg? is depicted in
Figure 3. We have, e.g., Mg?, 111 |= Ospa, Mg?, 111 |= Rrg, and Mg?, 111 |= Osg.

Example 9 ([1]). Suppose the sender is communicating classified information to
the receiver. Since the receiver is permitted to know some information p, the only
constraint for the sender is that it is forbidden for the receiver to know p while
not knowing that it is classified (c). Furthermore, suppose that the receiver cur-
rently knows (is informed about) p, but she does not know c. The scenario can be
represented by the following model M = (W,∼,≈, N, V ) where:

• W = {w, u, v, x};
• ∼ (w) =∼ (u) = {w, u}, ∼ (v) = {v}, and ∼ (x) = {x};
• ≈= W ×W ;
• N(w) = {Y ⊆ W | w ∈ Y and Y ̸= {w, u}} and N(u) = N(v) = N(x) = ∅;5

• V (p) = {w, u} and V (c) = {w, v}.
4This deviates from the classical public announcement logic. But, in our case, deleting all

¬φ-states may change the truth value of formulas like Rrφ, which is unreasonable.
5Actually, N(u), N(v), and N(x) can be defined arbitrarily as we only intend to model the

sender’s obligatory announcements at the current world w.
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Intuitively, we will agree that it is obligatory for the sender to announce c. This is
consistent with our semantics since M,w |= Osc.

Remark 1. A question may arise regarding the semantics for Osφ: why do we just
consider ideal epistemic states achievable by further announcements instead of all?
Technically, one may propose the following alternative semantic definition for Osφ:

M,w |= Osφ iff for all X ∈ N(w), X ⊆ [[φ]]M . (†)

However, in situations like Example 9, (†) does not work, since it predicts that the
sender is not obliged to announce c. The reason is that there are also ideal epistemic
states (for the receiver) at w in which the receiver knows neither p nor c. However,
these ideal epistemic states are not achievable by further announcements.

3 Semantic Results
In this section, we list some (in)validities of LRK. The first group of validities is
about the notion of the power to know.

Proposition 10. The following hold for all formulas φ and ψ:

(1) |= Rr⊤.

(2) |= Rrφ ∧Rrψ → Rr(φ ∧ ψ).

(3) |= Rrφ → Rr¬φ.

(4) |= Rrφ ↔ URrφ

The proofs are omitted because they are all straightforward. From (1) – (3), we
can see that the fragment of LRK on the notion of the power to know is nothing but
the answer entailment relation between questions. That is to say, if the answer to a
question φ? can be derived from that of a set of questions to which the receiver has
the power to know the answers, then the receiver also has the power to know the
answer to φ?. 6 The last one states that the notion of the power to know in LRK
is global (i.e., its truth does not depend on the evaluating states).7

6One may argue that the notion of the power to know characterized in LRK is rather weak.
For example, in most scenarios, the receiver has only the power to know what they are permitted
to know (otherwise there would be conflict in the security policy). To model these scenarios, we
can impose extra constraints on the models, e.g., for all w ∈ W , there is X ∈ N(w) such that
≈ (w) ⊆ X. Since the focus of this paper is to provide a general framework formalizing the power
to know, we leave this for future work.

7It also makes sense to generalize our models to account for cases where, for example, the
receiver is not aware of their rights to know. We leave that for future work.
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Proposition 11. The following hold for all formulas φ and ψ:

(1) |= Os(φ → ψ) → (Osφ → Osψ).

(2) |= Uφ → Osφ.

(3) |= ¬Os⊥ → (Osφ → φ).

(4) |= Kr(φ → ψ) → (Osφ → Osψ).

(5) |= Krφ → Osφ.

The proofs are again omitted for the same reason. A few remarks can be made
on the above logical rules governing the behavior of the operator Os. The first
and the second indicate that Osφ is a normal modality. The third says that the
sender is not obliged to lie unless they are obliged to announce the contradiction
(i.e., they face a deontic dilemma). The fourth can be understood as follows: it says
that if φ is more informative than ψ for the receiver and the sender is obliged to
inform the receiver about φ,8 then the sender is also obliged to inform the receiver
about ψ. But we have problems with interpreting the last validity. Literally, it
states that the sender is obliged to announce whatever the receiver knows. This
seems counterintuitive. To understand (5), note that, if φ is known by the receiver,
the announcement of φ is actually less informative than any announcement for the
receiver. Thus, from the informational point of view, the announcement of φ is
“implied” by any announcement. In this sense, the announcement of φ is inevitable
or necessary in our system since we assume that the sender can only make truthful
announcements. So, the obligatory announcement of φ simply follows from that the
announcement of φ is necessary. 9

The previous two propositions are about the properties of “the power to know”
and “obligatory announcements” separately. However, it is natural to expect that
there would be some interaction between them. One candidate is the formula Rrφ →
(φ → [r :φ?]Osφ), expressing that if the receiver has the power to know whether φ
and φ is the case, then the sender is obliged to announce φ once the receiver has
asked the question φ?. It is not hard to show the validity of the formula when φ
is propositional. But the next proposition shows that this needs not to be the case
when φ is a general formula:

Proposition 12. ̸|= Rrφ → (φ → [r :φ?]Osφ) for some formulas φ.
8We follow [1, Definition 9] for the definition of “informativeness” of formulas.
9For readers still against (5), we may define another operator for obligatory announcements in

LRK: O∗
sφ := ¬Krφ ∧ Osφ. After all, if φ is known (or informed), the sender does not have the

obligation to inform it again.
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Proof. We show that ̸|= Rr(p∧¬Osp) → ((p∧¬Osp) → [r : (p∧¬Osp)?]Os(p∧¬Osp)).
Let the model M = (W,∼,≈, N, V ) be as follows:

• W = {w, v}, ∼= W ×W , ≈= {{v}, {w}}, V (p) = {w},
• N(w) = {{w}, {v, w}} and N(v) = {{v}}.

We show that M,w ̸|= Rr(p∧¬Osp) → ((p∧¬Osp) → [r : (p∧¬Osp)?]Os(p∧¬Osp)).
First, it is not hard to see that M,w |= p∧¬Osp (1) and M, v ̸|= p∧¬Osp. Therefore
M,w |= Rr(p∧¬Osp) (2). In the updated model M(p∧¬Osp)?, the only change is that
N(p∧¬Osp)?(w) = {{w}}. It follows that M(p∧¬Osp)?, w |= Osp. Thus M(p∧¬Osp)?, w ̸|=
Os(p∧ ¬Osp). Therefore M,w ̸|= [r : (p∧ ¬Osp)?]Os(p∧ ¬Osp) (3). By (1), (2), and
(3), M,w ̸|= Rr(p ∧ ¬Osp) → ((p ∧ ¬Osp) → [r : (p ∧ ¬Osp)?]Os(p ∧ ¬Osp)).

In the above, the formula p ∧ ¬Osp is used to show the invalidity of the given
schema. The formula has the same structure as the Moore sentence [21], i.e., p is
true but I do not believe p. It is well known, in dynamic epistemic logic [26], that the
Moore sentence (p ∧ ¬Kp) is an unsuccessful formula, in the sense that the Moore
sentence may become false after the announcement of itself. Here we see a similar
situation: after the receiver asked the question p ∧ ¬Osp?, it becomes obligatory
for the sender to announce p. Thus the formula p ∧ ¬Osp becomes false. However,
the operator Os satisfies a weak form of the axiom (T): ¬Os⊥ → (Osφ → φ)
(Proposition 11(3)). Hence, in the updated model, Os(p ∧ ¬Osp) does not hold.

At first glance, the invalidity of the axiom schema in Proposition 12 may seem
to be counterintuitive. How could it be that the receiver has the power to know
something while the sender has no obligation to inform even if the receiver requests
it? We will, nevertheless, argue that the phenomenon can be explained if we make
explicit the time involved in the axiom schema. The operator Osφ in LRK expresses
veritable obligations ([11], i.e., obligations specific to a particular situation) instead
of normative rules. This means that the truth of formulas like Osφ may flip after the
receiver asks some questions because the situation changes. Consider the formula
Rr(p ∧ ¬Osp) → ((p ∧ ¬Osp) → [r : (p ∧ ¬Osp)?]Os(p ∧ ¬Osp)). The first three
occurrences of the operator Os really refer to the obligation of the sender before
the question (p ∧ ¬Osp)?, whereas the last two occurrences express the sender’s
obligation after the question. Thus, the antecedent Rr(p ∧ ¬Osp) just asserts that
the receiver has the power to know the sender’s deontic status before the question.
However, in LRK, there is no way to express the sender’s previous obligation in
the scope of the dynamic operator [r :p ∧ ¬Osp?]. This suggests that LRK may be
equipped with temporal operators like “Yesterday”.

Proposition 13. The following holds for all formulas φ,ψ and ↓∈ {!, ?}:
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(1) |= [φ↓]p ↔ p. (↓ Atom)
(2) |= [φ↓]¬ψ ↔ ¬[φ↓]ψ. (↓ Neg)
(3) |= [φ↓](ψ → χ) ↔ ([φ↓]ψ → [φ↓]χ). (↓ Imp)
(4) |= [φ↓]Uψ ↔ U [φ↓]ψ. (↓ U)
(5) |= [φ↓]Qψ ↔ Q[φ↓]ψ. (↓ Q)
(6) |= [φ?]Krψ ↔ Kr[φ?]ψ. (?K)
(7) |= [φ!]Krψ ↔ (φ ∧Kr(φ → [φ!]ψ)) ∨ (¬φ ∧Kr(¬φ → [φ!]ψ)). (!K)

4 Expressivity
In this section, we investigate the expressive power of some fragments of L. It
is well known that adding the public announcement operator to the language of
epistemic logic (without common knowledge) does not increase expressive power.
In Proposition 13, we have seen a series of reduction axioms for the two dynamic
operators [φ!] and [φ?], but not for formulas of the form [φ!]Osψ and [φ?]Osψ. Thus
it is interesting to know whether the same holds for LRK. To answer this question,
let L0, L1, and L2 be the sublanguages of L defined as follows:

φ ::= p | ¬φ | (φ → φ) | Uφ | Qφ | Krφ | Osφ (L0)
φ ::= p | ¬φ | (φ → φ) | Uφ | Qφ | Krφ | Osφ | [φ!]φ (L1)
φ ::= p | ¬φ | (φ → φ) | Uφ | Qφ | Krφ | Osφ | [φ?]φ (L2)

The next theorem shows that adding any of the two operators [φ!]ψ and [φ?]ψ to the
static language L0 does increase the expressive power. This is in contrast with the
situation in public announcement logic. It also follows that no DEL-style reduction
axiomatization exists for LRK.

Theorem 1. Both L1 and L2 are strictly more expressive than L0.

Proof. We first show that L1 is strictly more expressive than L0. It is clear that L1
is at least as expressive as L0 since L0 is a sublanguage of L1. We show that L0 is
not at least as expressive as L1. This is done by showing that there is no ψ ∈ L0
such that [p!]Os⊥ ≡ ψ (i.e., they are satisfied at exactly the same pointed models).
Consider two models M1 = (W,∼,≈, N1, V ) and M2 = (W,∼,≈, N2, V ) where:

• W = {w, u}, ∼= W ×W , ≈= {{w}, {u}}, V (p) = {w};
• N1(w) = {{w, u}}, N2(w) = {{w}, {w, u}}, N1(u) = N2(u) = {{w, u}}.
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It is not hard to see that M1, w |= [p!]Os⊥ and M2, w ̸|= [p!]Os⊥. However, by an
induction on the structure of ψ, we can show that M1, y |= ψ iff M2, y |= ψ for all
ψ ∈ L0 and y ∈ W . Here we show only the inductive step for Osχ. The case for
y = u follows directly from that N1(u) = N2(u) and the IH. For y = w, we have:

M1, w |= Osχ
iff ∀X ∈ N1(w), X ⊆∼ (w) implies X ⊆ [[χ]]M1 (semantics)
iff ∀X ∈ N1(w), X ⊆ [[χ]]M1 (def. of N1(w) and ∼)
iff ∀X ∈ N1(w), X ⊆ [[χ]]M2 (IH)
iff ∀X ∈ N2(w), X ⊆ [[χ]]M2 (⋃N1(w) = ⋃

N2(w))
iff ∀X ∈ N2(w), X ⊆∼ (w) implies X ⊆ [[χ]]M2 (def. of N2(w) and ∼)
iff M2, w |= Osχ (semantics)

Finally, to show that L2 is more expressive than L0, we replace the formula
[p!]Os⊥ in the proof by [p?]Os⊥.

5 Axiomatization
In this section, we give an axiomatization for LRK and show its soundness. To
axiomatize LRK, we employ the notion of “necessity forms” which was originally
proposed in [9] and adapted to axiomatize arbitrary public announcement logic [3].

Definition 14 (Necessity forms). Let ♯ be a special symbol not occurring in L. The
set of necessity forms is inductively defined as follows:

ξ(♯) ::= ♯ | (φ → ξ(♯)) | Krξ(♯) | Uξ(♯) | Qξ(♯) | [φ!]ξ(♯) | [φ?]ξ(♯)

where φ ∈ L. Given a necessity form ξ(♯) and a formula φ ∈ L, ξ(φ) will denote the
result of replacing the unique occurrence of ♯ in ξ(♯) by φ.

Next, we present the axiomatization. We recall, from Section 2, that π, π′, π1, . . .
represents any propositional formulas.

Definition 15 (Axiomatization). The axiomatization LRK for L consists of, in
addition to all the axiom schemas in Proposition 13, the following axiom schemas
and inference rules. Let the set of LRK-theorems be the least set of formulas that
contains all instances of the axiom schemas and is closed under the inference rules.
If φ is an LRK-theorem, we write ⊢ φ.

(PL) All propositional tautologies
(S5) S5 axioms for U , Q, and Kr
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(U) Uφ → Qφ ∧Krφ

(K-O) Krφ → Osφ

(O) ¬Os⊥ → (Osφ → φ)
(Dist) Os(φ → ψ) → (Osφ → Osψ)

(U↓) U(φ ↔ ψ) ∨ U(φ ↔ ¬ψ) → ([φ↓]χ ↔ [ψ ↓]χ)
(Trans) [π1?]Osπ2 → ([π3?]Osπ1 → [π3?]Osπ2)

(!?) [π1 ↓1] · · · [πn ↓n]Osπ ↔ ∨
P ⊆{π1,...,πn}

(∧
P ∧ ¬ ∨

P̄ ∧ [(∧P ∧ ¬ ∨
P̄ )?]Osπ

)
,

where n ≥ 0 and P̄ = {π1, . . . , πn} \ P
(MP) from φ and φ → ψ, infer ψ
(Nec) from ψ, infer Uψ and [φ↓]ψ
(RU ) from ξ(¬U(p ↔ φ)), infer ξ(φ ∧ ¬φ), where p /∈ prop(ξ(φ))

We list some theorems of LRK, which will be used in the completeness proof.

Proposition 16. The following hold:

(1) ⊢ [φ↓]π ↔ π.
(2) ⊢ [φ↓]ψ ↔ [¬φ↓]ψ.
(3) ⊢ [π!]Osπ

′ ↔ [π?]Osπ
′.

(4) ⊢ Osπ → [π′?]Osπ.
(5) ⊢ π → [π?]Osπ.

Proof. See Appendix A.

In the remainder of this section, we show that LRK is sound with respect to
the semantics. We need to show that all the axioms in LRK are valid and all the
inference rules preserve validity. Here we focus on the axioms (Trans), (!?), and the
rule (RU ), as the validity of other axioms and rules is straightforward or has been
shown in the last section.

Proposition 17. The axiom (Trans) is valid.

Proof. See Appendix A.

Lemma 18. The following holds:

(1) |= π1 ∧ π2 → ([π1 ↓][π2?]Osπ ↔ [π1 ∧ π2?]Osπ).
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(2) |= ¬π1 ∧ π2 → ([π1 ↓][π2?]Osπ ↔ [¬π1 ∧ π2?]Osπ).

Proof. See Appendix A.

Proposition 19. The axiom (!?) is valid.

Proof. See Appendix A.

Given a model M and p ∈ prop, a p-variant of M is a model M ′ such that
M = M ′ or they differ only in the valuation of p.

Lemma 20. For all models M,M ′ and atoms p, if M ′ is a p-variant of M then for
all formula φ ∈ L(prop \ {p}) and w ∈ M , M,w |= φ iff M ′, w |= φ.

Proof. An easy induction on the structure of ψ.

Lemma 21. For any necessity form ξ(♯), formula φ ∈ L and atom p /∈ prop(ξ(φ)),
if M,w ̸|= ξ(φ ∧ ¬φ), then there is a p-variant of M , M ′, such that M ′, w ̸|=
ξ(¬U(p ↔ φ)).

Proof. Induction on the structure of ξ(♯). Here we show only the base. Suppose
M = (W,∼,≈, N, V) and M,w ̸|= φ ∧ ¬φ. Let M ′ be the p-variant of M such that
V ′(p) = [[φ]]M . Since [[φ]]M ′ = [[φ]]M by Lemma 20, M ′, w |= U(p ↔ φ).

Given Lemma 21, the next proposition follows immediately.

Proposition 22. The inference rule (RU ) preserves validity.

Theorem 2 (Soundness). For all formulas φ ∈ L, if ⊢ φ then |= φ.

6 Completeness
In this section, we prove that the axiomatization LRK is weakly complete with
respect to the semantics. This is done by making a detour. Let LRKω be the
axiomatization obtained by replacing the rule (RU ) in LRK by (Rω

U ):

(Rω
U ) from ξ(¬U(p ↔ φ)) for all p ∈ prop, infer ξ(φ ∧ ¬φ).

It is clear that (Rω
U ) is an admissible rule in LRK, i.e., the set of LRKω-theorems

is a subset of the set of LRK-theorems.10 Thus the soundness of LRKω follows
from that of LRK. Conversely, the (weak-)completeness of LRK follows from that
of LRKω. In the following, we will focus on the completeness of LRKω.

10This is because every application of the infinitary rule (Rω
U ) in a derivation in LRKω can be

replaced by the finitary rule (RU ). For details, see [3, Proposition 4.10]. However, since we prefer
to have a finitary axiomatization, we adopt the inference rule (RU ) in LRK instead of (Rω

U ).
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Definition 23 (Theory). A set x ⊆ L is called a theory iff it satisfies:

• x contains all LRKω-theorems.
• x is closed under the inference rules (MP) and (Rω

U ).

A set of formulas x ⊆ L is consistent iff there are no φ1, . . . , φn ∈ x such that
⊢LRKω φ1 ∧· · ·∧φn → ⊥. A set x ⊆ L is maximal iff for all φ ∈ L, φ ∈ x or ¬φ ∈ x.
The set of all maximal consistent theories will be denoted by MCT.

It is clear that the smallest theory is the set of all LRKω-theorems. If x is a
theory, then x is consistent iff ⊥ /∈ x.

Definition 24. Let x ⊆ L. For all formulas φ, χ and 2 ∈ {Kr, U,Q,Os}, let

• x+ φ = {ψ | φ → ψ ∈ x};
• 2x = {ψ | 2ψ ∈ x};
• [χ!]x = {ψ | [χ!]ψ ∈ x};
• [χ?]x = {ψ | [χ?]ψ ∈ x}.

Lemma 25. The following holds for all theories x:

(1) for all formulas φ, x+ φ is a theory containing x and φ.
(2) for all 2 ∈ {Kr, U,Q}, 2x is a theory.

Proof. See Appendix A.

Lemma 26. The following holds for all theories x and formulas φ:

(1) x+ φ is consistent iff ¬φ /∈ x.
(2) if x is a consistent theory, then x+ φ is consistent or x+ ¬φ is consistent.

Lemma 27 (Lindenbaum). For all consistent sets of formulas x, there is y ∈ MCT
such that x ⊆ y.

Proof. Let ψ0, ψ1, . . . be an enumeration of all formulas such that i > j whenever
ψi ∈ x and ψj /∈ x. We inductively define a sequence y0, y1, . . . of consistent theories
as follows. First, let y0 be the set of all LRKω-theorems. Note that y0 is a consistent
theory. Second, suppose that, for some n ≥ 0, yn is a consistent theory that has
been already defined. By Lemma 26(2), either yn + ψn is consistent or yn + ¬ψn

is consistent. If yn + ψn is consistent, then we define yn+1 = yn + ψn. Otherwise,
¬ψn ∈ yn (Lemma 26(1)) and we consider the following two cases.
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(1) If ψn is not a conclusion of (Rω
U ), we define yn+1 = yn.

(2) Otherwise, ψn is a conclusion of (Rω
U ). Let ξ1(χ1 ∧ ¬χ1), . . . , ξk(χk ∧ ¬χk) be

all the representations of ψn as a conclusion of (Rω
U ). We define the sequence

y0
n, . . . , y

k
n of consistent theories as follows. First, let y0

n = yn. Second, suppose
that, for some i < k, yi

n is a consistent theory containing yn that has been
already defined. Then, it contains ¬ξi(χ1 ∧ ¬χi). Since yi

n is closed under
(Rω

U ), then there is p ∈ prop such that ξi(¬U(p ↔ φ)) /∈ yi
n. In this case,

define yi+1
n = yi

n + ¬ξi(¬U(p ↔ φ)). We put yn+1 = yk
n.

Let y = ⋃
n≥0 yn. It can be verified that y is a maximal consistent theory. It remains

to show that x ⊆ y. We show the following stronger claim:

For all i ≥ 0, if ψi ∈ x then yi+1 = yi + ψi.

We prove the claim by induction on the value of i. If i = 0, it suffices to show that
y0 +ψ0 is consistent. Suppose not, then ⊥ ∈ y0 +ψ0. Hence ψ0 → ⊥ ∈ y0. Therefore
⊢LRKω ψ0 → ⊥, contradicting the consistency of x. Suppose the claim holds for all
i ≤ n. Let i = n + 1 and ψn+1 ∈ x. Then ψj ∈ x for all j ≤ n + 1. To show that
yn+2 = yn+1 + ψn+1, it suffices to show that yn+1 + ψn+1 is consistent. Suppose
not. Note that, by the IH, yn+1 = ((y0 + ψ0) + · · · ) + ψn. Since yn+1 + ψn+1 is
inconsistent, ⊥ ∈ yn+1 + ψn+1. Thus ψ0 → (ψ1 → · · · → (ψn+1 → ⊥)) ∈ y0. Hence
⊢LRKω ψ0 → (ψ1 → · · · → (ψn+1 → ⊥)), contradicting the consistency of x.

Since Krφ,Uφ and Qφ are S5-modalities, the next Lemma is standard [4].

Lemma 28. The following hold for all x, y, z ∈ MCT and 2 ∈ {Kr, U,Q},

(1) 2x ⊆ x.
(2) if 2x ⊆ y and 2y ⊆ z, then 2x ⊆ z.
(3) if 2x ⊆ y, then 2y ⊆ x.

Definition 29. For all propositional π, Rπ is a binary relation over MCT such that
xRπy if Os[π?]x ∩ PL ⊆ y.

Lemma 30. For all propositional π and x ∈ MCT , if [π?]¬Os⊥ ∈ x then xRπx.

Proof. Suppose [π?]¬Os⊥ ∈ x. Note that ⊢LRKω [π?]¬Os⊥ → ([π?]Osπ
′ → [π?]π′)

by the axiom (O) and that [π?] is a normal modality. Hence [π?]Osπ
′ → [π?]π′ ∈ x

for all propositional π′. Note also that ⊢LRKω [π?]π′ ↔ π′ by Proposition 16(1).
Therefore [π?]Osπ

′ → π′ ∈ x for all propositional π′. Hence xRπx.

In the remainder of this section, we fix an x ∈ MCT .
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Definition 31 (Canonical model). The canonical model for x is a structure M(x) =
(W,∼,≈, N, V ) where:

• W = {y ∈ MCT | Ux ⊆ y}.
• for all w, v ∈ W , w ∼ v if Krw ⊆ v.
• for all w, v ∈ W , w ≈ v if Qw ⊆ v.
• for all w ∈ W , N(w) = {Rπ(w) ∩W | π ∈ PL & [π?]¬Os⊥ ∈ w}.
• for all p ∈ prop, V (p) = {y ∈ W | p ∈ y}.

Given Lemma 28 and Lemma 30, it is straightforward to verify that M(x) is
a model. In the following, for all formulas φ, let ||φ|| = {w ∈ W | φ ∈ w} and
[[φ]] = [[φ]]M(x). We recall, from Section 2, the following conventions: π, π′, π1, π2, . . .
are matavariables for propositional formulas and ↓, ↓1, ↓2, . . . denote either ! or ?.

Lemma 32. ||π|| = [[π]] for all propositional formulas π.

Proof. Simple induction on the structure of π.

In what follows, we will use Lemma 32 implicitly.

Lemma 33. For all φ ∈ L, w ∈ W and finite sequences π⃗ = π1 ↓1, . . . , πk ↓k (k ≥ 0):

[π1 ↓1] · · · [πk ↓k]Qφ ∈ w iff for all v ∈≈π⃗ (w), [π1 ↓1] · · · [πk ↓k]φ ∈ v.

Proof. We consider two cases. (1) k = 0. The direction from left to right follows
directly from the definition of ≈. From right to left: Suppose Qφ /∈ w, then φ /∈ Qw.
By Lemma 25, Qw is a theory, so ¬¬φ /∈ Qw. Thus Qw+ ¬φ is a consistent theory
containing Qw and ¬φ (Lemma 25 and 26(1)). Applying the Lindenbaum lemma,
there is a maximal consistent theory v extending Qw + ¬φ. Since Qw ⊆ v, by the
axiom (U), it follows that Uw ⊆ v. Since Ux ⊆ w and Uw ⊆ v, Ux ⊆ v by Lemma
28. That is, v ∈ W . Therefore w ≈ v.

(2) k ̸= 0. We have:

[π1 ↓1] · · · [πk ↓k]Qφ ∈ w

iff Q[π1 ↓1] · · · [πk ↓k]φ ∈ w (by the axioms (↓Q) and (↓Imp) and the rule (Nec))
iff for all v ∈≈ (w), [π1 ↓1] · · · [πk ↓k]φ ∈ v (from the case k = 0)
iff for all v ∈≈π⃗ (w), [π1 ↓1] · · · [πk ↓k]φ ∈ v (≈=≈π⃗)

The next lemma can be shown in the same way as the above.

Lemma 34. For all φ ∈ L, w ∈ W and finite sequences π⃗ = π1 ↓1, . . . , πk ↓k (k ≥ 0):
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[π1 ↓1] · · · [πk ↓k]Uφ ∈ w iff for all v ∈ W , [π1 ↓1] · · · [πk ↓k]φ ∈ v.

Lemma 35. For all φ ∈ L, w ∈ W and finite sequences π⃗ = π1 ↓1, . . . , πk ↓k (k ≥ 0):
if [π1 ↓1] · · · [πk ↓k]Krφ ∈ w then for all v ∈∼π⃗ (w), [π1 ↓1] · · · [πk ↓k]φ ∈ v.

Proof. Induction on k. The base follows directly from the definition of ∼. Suppose
k = n+ 1, [π1 ↓1] · · · [πn+1 ↓n+1]Krφ ∈ w, and v ∈∼π⃗ (w). We consider two cases:
(1) ↓n+1=!. It follows from the axiom (!K) that
[π1 ↓1] · · · [πn ↓n]

(
(πn+1 ∧Kr(πn+1 → [πn+1!]φ)) ∨ (¬πn+1 ∧Kr(¬πn+1 → [πn+1!]φ))

)
∈ w.

Then [π1 ↓1] · · · [πn ↓n](πn+1∧Kr(πn+1 → [πn+1!]φ)) ∈ w or [π1 ↓1] · · · [πn ↓n](¬πn+1∧
Kr(¬πn+1 → [πn+1!]φ)) ∈ w. We again consider two sub-cases:

(a) πn+1 ∈ w. Then [π1 ↓1] · · · [πn ↓n]¬πn+1 /∈ w by Proposition 16(1). Thus [π1 ↓1
] · · · [πn ↓n](¬πn+1 ∧ Kr(¬πn+1 → [πn+1!]φ)) /∈ w. Therefore [π1 ↓1] · · · [πn ↓n

](πn+1 ∧ Kr(πn+1 → [πn+1!]φ)) ∈ w. Hence [π1 ↓1] · · · [πn ↓n]Kr(πn+1 →
[πn+1!]φ) ∈ w. Since we assume that v ∈∼π⃗ (w), v ∈∼π1↓1,...,πn↓n (w). Using
the IH, [π1 ↓1] · · · [πn ↓n](πn+1 → [πn+1!]φ) ∈ v. Note that, since v ∈∼π⃗ (w)
and w ∈ [[πn+1]], v ∈ [[πn+1]] = ||πn+1||. Therefore [π1 ↓1] · · · [πn ↓n]πn+1 ∈ v by
Proposition 16(1). Hence [π1 ↓1] · · · [πn ↓n][πn+1!]φ ∈ v.

(b) πn+1 /∈ w. Similarly to the above, it holds that [π1 ↓1] · · · [πn ↓n][πn+1!]φ ∈ v.

(2) ↓n+1=?. It follows from the axiom (?K) that [π1 ↓1] · · · [πn ↓n]Kr[πn+1?]φ ∈ w.
Since v ∈∼π⃗ (w) and ∼π⃗=∼π1↓1,...,πn↓n , v ∈∼π1↓1,...,πn↓n (w). Applying the IH, we
have [π1 ↓1] · · · [πn ↓n][πn+1?]φ ∈ w.

Lemma 36. For all φ ∈ L, w ∈ W and finite sequences π⃗ = π1 ↓1, . . . , πk ↓k (k ≥ 0):
if [π1 ↓1] · · · [πk ↓k]Krφ /∈ w then there is v ∈∼π⃗ (w) such that [π1 ↓1] · · · [πk ↓k]φ /∈ v.

Proof. Induction on k. The base can be shown as in the proof of Lemma 33. Suppose
k = n+ 1. Suppose [π1 ↓1] · · · [πn+1 ↓n+1]Krφ /∈ w. We split into two cases:
(1) ↓n+1=!. It follows from the axiom (!K) that
[π1 ↓1] · · · [πn ↓n]

(
(πn+1 ∧Kr(πn+1 → [πn+1!]φ)) ∨ (¬πn+1 ∧Kr(¬πn+1 → [πn+1!]φ))

)
/∈ w.

Thus [π1 ↓1] · · · [πn ↓n](πn+1 ∧ Kr(πn+1 → [πn+1!]φ)) /∈ w and [π1 ↓1] · · · [πn ↓n

](¬πn+1 ∧Kr(¬πn+1 → [πn+1!]φ)) /∈ w. We consider two sub-cases:

(a) πn+1 ∈ w. Then [π1 ↓1] · · · [πn ↓n]Kr(πn+1 → [πn+1!]φ) /∈ w. Using the IH,
there is v ∈∼π1↓1,...,πn↓n (w) such that [π1 ↓1] · · · [πn ↓n](πn+1 → [πn+1!]φ) /∈ v.
Hence πn+1 ∈ v and [π1 ↓1] · · · [πn ↓n][πn+1!]φ /∈ v. Note that from the former
it follows that w ∼π⃗ v since ||πn+1|| = [[πn+1]].
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(b) πn+1 /∈ w. Similar to the above.

(2) ↓n+1=?. It follows that [π1 ↓1] · · · [πn ↓n]Kr[πn+1?]φ /∈ w by the axiom (?K).
Using the IH, there is v ∈∼π1↓1,...,πn↓n (w) such that [π1 ↓1] · · · [πn ↓n][πn+1?]φ /∈ v.
Since ∼π1↓1,...,πn↓n=∼π1↓1,...,πn↓n,πn+1?, we have v ∈∼π1↓1,...,πn↓n,πn+1? (w).

Lemma 37. For all propositional formulas π and π′ and w ∈ W , if Rπ′(w) ∩W ⊆
||π|| then [π′?]Osπ ∈ w.

Proof. Suppose [π′?]Osπ /∈ w. We show that there is y ∈ Rπ′(w) ∩W and y /∈ ||π||.
We first show that Uw ∪ {¬π} ∪ (Os[π′?]w ∩ PL) is consistent. Suppose, toward to
a contradiction, that Uw∪ {¬π} ∪ (Os[π′?]w∩ PL) is inconsistent. Then there must
be π1, . . . , πn ∈ Os[π′?]w ∩ PL and ψ1, . . . , ψm ∈ Uw such that

⊢LRKω ψ1 ∧ · · ·ψm → (π1 ∧ · · · ∧ πn → π)

Since, for each ψi, Uψi ∈ w and U is a normal modality, U(π1 ∧ · · · ∧ πn → π) ∈
w. Hence Os(π1 ∧ · · · ∧ πn → π) ∈ w by the axioms (U) and (K-O). Therefore
[π′?]Os(π1 ∧ · · · ∧ πn → π) ∈ w by Proposition 16(4). Note that [π′?]Osπj ∈ w for
all 1 ≤ j ≤ n and both Os and [π′?] are normal modalities. Thus [π′?]Osπ ∈ w,
contradicting our assumption. Hence Uw ∪ {¬π} ∪ (Os[π′?]w ∩ PL) is consistent.

By the Lindenbaum lemma, there is y ∈ MCT such that Uw∪{¬π}∪(Os[π′?]w∩
PL) ⊆ y. Since w ∈ W , by Lemma 28 it follows that y ∈ W . By the definition of
Rπ′ , we also have y ∈ Rπ′(w).

Lemma 38. For all w ∈ W , if [π↓]Osp ∈ w then M(x), w |= [π↓]Osp.

Proof. Note that [π!]Osp ↔ [π?]Osp is an LRKω-theorem (by Proposition 16(3))
and a validity (by Theorem 2). Therefore, it suffices to show that [π?]Osp ∈ w
implies M(x), w |= [π?]Osp. Suppose [π?]Osp ∈ w, we need to show that for all
X ∈ Nπ?(w), X ⊆∼ (w) implies X ⊆ V (p). We consider two cases:

(1) π ∈ w. Since X ∈ Nπ?(w), X ∈ N(w) and X ⊆ [[π]] = ||π||. From the former
it follow that there is π′ with X = Rπ′(w) ∩W . Thus, by Lemma 37, [π′?]Osπ ∈ w.
Since we assume that [π?]Osp ∈ w, by the axiom (Trans) it follows that [π′?]Osp ∈ w.
Thus X = Rπ′(w) ∩W ⊆ V (p).

(2) π /∈ w. Since X ∈ Nπ?(w), X ∈ N(w) and X ⊆ [[¬π]] = ||¬π||. From
the former it follow that there is π′ with X = Rπ′(w) ∩ W . Thus, by Lemma 37,
[π′?]Os¬π ∈ w. Since we assume that [π?]Osp ∈ w, [¬π?]Osp ∈ w by Proposition
16(2). From the axiom (Trans) it then follows that [π′?]Osp ∈ w. Thus X =
Rπ′(w) ∩W ⊆ V (p).

Lemma 39. For all w ∈ W , if [π↓]Osp /∈ w then M(x), w ̸|= [π↓]Osp.
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Proof. Since [π!]Osp ↔ [π?]Osp is an LRKω-theorem (by Proposition 16(3)) and a
validity (by Theorem 2), it suffices to show that [π?]Osp /∈ w implies M(x), w ̸|=
[π?]Osp. Suppose [π?]Osp /∈ w and π ∈ w (the case π /∈ w can be shown similarly).
It suffices to show Rπ(w) ∩W is the desired X. That is to show:

(1) Rπ(w) ∩W ∈ Nπ?(w),
(2) Rπ(w) ∩W ⊆∼ (w), and
(3) Rπ(w) ∩W ̸⊆ V (p).

For (1), it suffices to show that Rπ(w)∩W ∈ N(w) and Rπ(w)∩W ⊆ [[π]] = ||π||.
For the latter, note that, for all v ∈ Rπ(w), Os[π?]w ∩ PL ⊆ v. Because we
assume π ∈ w, [π?]Osπ ∈ w by Proposition 16(5). Thus π ∈ v. For the former,
we show that [π?]¬Os⊥ ∈ w. Since [π?]Osp /∈ w, we have [π?]Os⊥ /∈ w because
⊢LRKω [π?]Os⊥ → [π?]Osp. Thus ¬[π?]Os⊥ ∈ w. It follows from the axiom (↓Neg)
that [π?]¬Os⊥ ∈ w.

For (2), it suffices to show that w ∼ v for all v ∈ Rπ(w) ∩W . Suppose Krφ ∈ w.
Then Osφ ∈ w by (K-O). Since w is closed under (Rω

U ), there must be q such that
U(q ↔ φ) ∈ w. Hence Osq ∈ w. By Proposition 16(4), [π?]Osq ∈ w. Thus q ∈ v.
Besides, since v ∈ W , Uw ⊆ v by Lemma 28. Hence q ↔ φ ∈ v. Thus φ ∈ v.

Finally, (3) follows directly from Lemma 37.

Lemma 40. For all w ∈ W and all finite sequences π⃗ = π1 ↓1, . . . , πk ↓k (k ≥ 0):

[π1 ↓1] · · · [πk ↓k]Osp ∈ w iff M(x), w |= [π1 ↓1] · · · [πk ↓k]Osp.

Proof. Let P be the set of propositional formulas, among π1 to πk, that are contained
in w and P̄ = {π1, . . . , πk} \P . Then ∧

P ∧ ¬ ∨
P̄ ∈ w and M(x), w |= ∧

P ∧ ¬ ∨
P̄ .

[π1 ↓1] · · · [πk ↓k]Osp ∈ w

iff [(∧P ∧ ¬ ∨
P̄ )?]Osp ∈ w (by the axiom (!?))

iff M(x), w |= [(∧P ∧ ¬ ∨
P̄ )?]Osp (Lemma 38 and 39)

iff M(x), w |= [π1 ↓1] · · · [πk ↓k]Osp (by the validity of the axiom (!?))

Lemma 41 (Truth). Let φ ∈ L. For all w ∈ W and for all finite sequences
π⃗ = π1 ↓1, . . . , πk ↓k (k ≥ 0):

[π1 ↓1] · · · [πk ↓k]φ ∈ w iff M(x)π⃗, w |= φ.

Proof. Induction on d(φ). The 8 cases below cover the base and the inductive step.
Cases p, ¬φ, and φ → ψ. Trivial.
Case Krφ. This follows from Lemmas 35 and 36 and the IH.
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Case Uφ. This follows from Lemma 34 and the IH.
Case Qφ. This follows from Lemma 33 and the IH.
Case Osφ. We first note the following facts:

(1) [π1 ↓1] · · · [πk ↓k]U(p ↔ φ) → ([π1 ↓1] · · · [πk ↓k]Osp ↔ [π1 ↓1] · · · [πk ↓k]Osφ) is
an LRKω-theorem and a validity.

(2) For all formulas φ, since [π1 ↓1] · · · [πk ↓k](φ ∧ ¬φ) /∈ w by the consistency of
w, there must be an atom p such that [π1 ↓1] · · · [πk ↓k](¬U(p ↔ φ)) /∈ w as w
is closed under the rule (Rω

U ). That is, [π1 ↓1] · · · [πk ↓k](U(p ↔ φ)) ∈ w.

Then we have:

[π1 ↓1] · · · [πk ↓k]Osφ ∈ w

iff for all p, if [π1 ↓1] · · · [πk ↓k]U(p ↔ φ) ∈ w then [π1 ↓1] · · · [πk ↓k]Osp ∈ w
(down by (1) and up by (2) and (1))

iff for all p, if M(x)π⃗, w |= U(p ↔ φ) then [π1 ↓1] · · · [πk ↓k]Osp ∈ w
(Proposition 4(2) and IH)

iff for all p, if M(x)π⃗, w |= U(p ↔ φ) then M(x)π⃗, w |= Osp (Lemma 40)
iff M(x)π⃗, w |= Osφ (up by (1), down by (2), IH, and (1))

Case [ψ ↓]φ. We first note the following fact:

(3) [π1 ↓1] · · · [πk ↓k]U(p ↔ ψ) → ([π1 ↓1] · · · [πk ↓k][p↓]φ ↔ [π1 ↓1] · · · [πk ↓k][ψ ↓]φ)
is an LRKω-theorem and a validity.

Then we have:

[π1 ↓1] · · · [πk ↓k][ψ ↓]φ ∈ w

iff for all p, if [π1 ↓1] · · · [πk ↓k]U(p ↔ ψ) ∈ w then [π1 ↓1] · · · [πk ↓k][p ↓]φ ∈ w
(down by (3), up by (2) and (3))

iff for all p, if M(x)π⃗, w |= U(p ↔ ψ) then M(x)π⃗,p↓, w |= φ
(Proposition 4(3) and IH)

iff M(x)π⃗, w |= [ψ ↓]φ (up by (3), down by (2), IH, and (3))

Theorem 3 (Completeness). The axiomatization LRKω is weakly complete with
respect to the semantics. Thus, the axiomatization LRK is also weakly complete
with respect to the semantics.

Proof. Suppose ̸⊢LRKω φ. Then {¬φ} is consistent. By the Lindenbaum lemma,
there is a maximal consistent theory x containing ¬φ. By the Truth lemma, we have
M(x), x |= ¬φ. Hence ̸|= φ.
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7 Related Work

Deontic logic for epistemic actions. In general, LRK is a deontic logic for actions
in the epistemic context. Several attempts at developing deontic logic for epistemic
actions can be found in the literature, e.g., [2], [1], and [15].

A logic of permitted announcements is developed in [15]. The logic is based on
the idea that a piece of information φ is permitted to be announced (Pφ) if the epis-
temic state after the announcement is ideal. The notion of epistemic state can be
understood either syntactically or semantically. Syntactically, an epistemic state is
just a set of epistemic formulas representing the knowledge of an agent. In contrast,
from the semantic perspective, an epistemic state is a set of indistinguishable possi-
ble worlds by an agent. In [15], two semantic definitions of permitted announcements
have been proposed based on the two understandings of epistemic states. Interest-
ingly, the two definitions are shown to be equivalent, in the sense that they give
the same set of logical validities. In this paper, we consider epistemic states as a
semantic notion and apply the “neighbourhood epistemic model” introduced in [15].
Formally, a neighbourhood epistemic model is a structure M = (W,∼, N, V ) where
W , ∼, and V are the same as in the standard epistemic models (S5 models) and
N : W → ℘(℘(W )) is a neighbourhood function assigning a set of ideal epistemic
states to each possible world. Note that the public announcement of a proposition
φ may restrict the current epistemic state to only those possible worlds satisfying φ.
Hence, in [15], the formula Pφ is interpreted such that it is true at a possible world
w iff the epistemic state after the announcement of φ is contained in N(w). In this
paper, we employ a similar idea to provide semantics for obligatory announcements.

In [2], two binary operators P (ψ,φ) and O(ψ,φ) are introduced to express the
notions that “after announcing ψ, it is permitted/obligatory to announce φ”. It
is clear that our operator Osφ can be expressed in their framework as O(⊤, φ).
Conversely, the operator O(ψ,φ) can be expressed as [ψ!]Osφ in LRK. In [2], a
ternary relation P ⊆ S × ℘(S) × ℘(S) is used to provide the semantics for O(ψ,φ)
in such a way that M, s |= O(ψ,φ) iff for all (s, [[ψ]]M , S′′) ∈ P, S′′ ⊆ [[⟨ψ⟩φ]]M ,
where S is the domain of the model. The major difference between the semantics
for Osφ and O(ψ,φ) is that our operator Osφ is specific to the receiver’s knowledge.
This is reflected in the fact that the formula Kr(φ → ψ) → (Osφ → Osψ) is valid
in LRK whereas not in the logic of [2]. We think that LRK is more suitable for
reasoning about obligatory announcements in the context of, e.g., database security
because the receiver’s initial knowledge is crucial for the sender’s decision on which
information should be disclosed, as suggested by Example 9.

An alternative definition of obligatory announcements has also been proposed
in [1, Definition 10]. Aucher et al. [1] define the obligatory message of a security
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monitor as the minimal informative message such that, by sending it, the privacy
policy compliance is restored. Clearly, the notion of “obligatory message” is different
from the notion of obligatory announcements in our paper and [2]. However, a
detailed conceptual analysis of the difference is beyond the scope of the paper.
Logic of questions. The semantics of questions or interrogatives has received much
attention in logic, see [10]. The basic idea is that the meaning of a question is what
counts as an answer to that question. For example, the question “Is it raining in
Guangzhou?” has two possible answers: “It is raining in Guangzhou” and “It is not
raining in Guangzhou”. Observe that they are both propositions and, furthermore,
they logically exclude each other and are jointly exhaustive. Hence, some logicians
propose that questions can be represented semantically as a partition over the set of
all possible worlds (or the logical space), e.g., [10], [6], and [25]. The semantics for
questions proposed in [10], [6], and [25] are different from each other. In this paper,
we follow the approach in [25], because it is a conservative extension of the standard
epistemic logic and we want to focus on formalizing the power to know.

In [25], the so-called epistemic issue models are used to provide the semantics for
questions. Formally, they are structures M = (W,∼,≈, V ) where only the equiva-
lence relation ≈ on W (or, equivalently, a partition of W ) is novel. In addition to the
modality Kφ for knowledge, there are two new modalities Uφ and Qφ in [25] with
the same interpretations as in our paper. The notion that “the question whether φ
is one of the current issues” is then expressed as the formula U(Qφ ∨Q¬φ).

As mentioned above, the idea behind the logic of question in [25] is that a set
of questions can be represented as a partition over the logical space. But the logic
remains neutral about where the partition or the set of questions is induced. For
example, it can be induced either by a conversation, or by a game, or even by a
research program [25]. In this paper, we assume that the partition is induced by
the part of a normative system, such as a privacy policy, stipulating the questions
to which the receiver has the power to know the answers.

Our work is closely related to [25] as the fragment of LRK without the operators
Osφ, [φ?]φ and [φ!]φ is roughly a reinterpretation of the static logic ELQ in [25].
However, there is also an important difference between our paper and [25]. In [25],
there is also a dynamic operator [φ?]ψ expressing that ψ holds after asking the
question whether φ. But the effect of [φ?] is to add the question φ? to the set of
current issues. In contrast, the operator [r :φ?]ψ in LRK captures the deontic aspect
of asking questions. It seems more appropriate to interpret the operator [r :φ?] in
LRK as the action that commands the sender to inform whether φ.
Logic of legal rights. The right to know or epistemic rights is a form of right.
Works on the logical analysis of legal rights include, e.g., [14, 17, 18, 13]. Recent
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works on the topic investigating explicitly the power type of right include [19, 23, 8].
Given that these works are on general (power-)rights, one may wonder why there
is a need to develop a separate logic for epistemic rights. One reason is that there
are some valid reasoning patterns for epistemic rights that do not hold for general
rights. For example, the formula Rrp → Rr¬p is valid in LRK. However, it would be
counterintuitive if we interpret the operator Rrp as general power-rights: a registrar
has the power to declare a marriage, but the registrar has no power to declare a
divorce.

In our paper, we treat the power to know as an independent notion (from oblig-
atory announcements). As pointed out by [8], there exist two different approaches
formalizing legal power: an earlier tradition reduces power to (a combination of) obli-
gations, permissions, and actions ([14, 17]); whereas the other (e.g.[18, 13]) holds
that power is not reducible to static normative positions, which follows the original
separation of Hohfeld (see [19]). Thus, our work adopts the second approach.

8 Conclusion and Future Work

In this paper, a logic LRK was introduced for reasoning about the power to know,
the obligatory announcements, and the dynamics of questions and public announce-
ments. We explored some (in)validities of LRK, where the interaction between the
power to know and the obligatory announcements has been highlighted. We showed
that the incorporation of the two dynamic operators in LRK increases the expres-
sive power, thus no DEL-style reduction axiomatization exists for LRK. Our main
technical contribution is a sound and complete axiomatization for LRK.

There are many directions for future research. A natural task is to investigate
the computational complexity of LRK. We can also consider extensions to LRK.
E.g., it is interesting to reason about the ability of the receiver in LRK since the
receiver may use their power to know by asking (a sequence of) questions. Other
extensions to LRK include “the power not to know” [20], the actions of adding or
removing the receiver’s power to know, and extensions to the multi-agent case.
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A Technical Appendices (Proofs)
Proof of Proposition 16.

(1) Simple induction on the structure of π.
(2) Since φ ↔ ¬¬φ is a propositional tautology, by the rule (Nec) it follows that

⊢ U(φ ↔ ¬¬φ). Hence, by (U↓) and propositional logic, ⊢ [φ↓]ψ ↔ [¬φ↓]ψ.
(3) As an instance of the axiom (!?), we have:

⊢ [π!]Osπ
′ ↔ (⊤ ∧ ¬π ∧ [(⊤ ∧ ¬π)?]Osπ

′) ∨ (π ∧ ⊤ ∧ [(π ∧ ⊤)?]Osπ
′).

Since ⊢ [π?]Osπ
′ ↔ [(π∧⊤)?]Osπ

′ and ⊢ [π?]Osπ
′ ↔ [(⊤∧¬π)?]Osπ

′ (by the axiom
(U↓)), from propositional logic it follows that ⊢ [π!]Osπ

′ ↔ [π?]Osπ
′.

(4) As an instance of the axiom (Trans), we have ⊢ [⊤?]Osπ → ([π′?]Os⊤ →
[π′?]Osπ). Note that, as an instance of the axiom (!?), we have ⊢ Osπ ↔ [⊤?]Osπ.
Hence ⊢ Osπ → ([π′?]Os⊤ → [π′?]Osπ). Note also that ⊢ [π′?]Os⊤ since both [π′?]
and Os are normal modalities . Therefore, ⊢ Osπ → [π′?]Osπ.
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(5) By (1), ⊢ π → [π!]π and thus ⊢ Kr(π → [π!]π) by (Nec) and (U). By the
axiom (!K) and propositional logic, we have ⊢ π → ([π!]Krπ ↔ Kr(π → [π!]π)).
Therefore, ⊢ π → [π!]Krπ. Note that ⊢ Krπ → Osπ by the axiom (K-O). Hence
⊢ [π!]Krπ → [π!]Osπ since [π!] is a normal modality. Hence ⊢ π → [π!]Osπ. By item
(3), it follows that ⊢ π → [π?]Osπ.

Proof of Proposition 17.
Let M = (W,∼,≈, N, V) be an arbitrary model and w a state of M . Suppose

M,w |= [π1?]Osπ2 and M,w |= [π3?]Osπ1. We consider two cases: (1) M,w ̸|= π1.
Then Mπ3?, w ̸|= π1 since π1 is propositional. Since Mπ3?, w |= Osπ1, it follows that
there is no X ∈ Nπ3?(w) with X ⊆∼π3? (w). Therefore Mπ3?, w |= Osπ2. Namely
M,w |= [π3?]Osπ2. (2) M,w |= π1. Since M,w |= [π1?]Osπ2, it follows that for all
X ⊆ Nπ1?(w), X ⊆∼π1? (w) implies that X ⊆ [[π2]]M . Since M,w |= π1, we have

for all X ∈ N(w), X ⊆ [[π1]]M and X ⊆∼ (w) implies that X ⊆ [[π2]]M (A.1)

Since we also assume that M,w |= [π3?]Osπ1, we have

for all X ⊆ Nπ3?(w), X ⊆∼ (w) implies that X ⊆ [[π1]]M (A.2)

Thus, by (A.1) and (A.2), we have

for all X ⊆ Nπ3?(w), X ⊆∼ (w) implies that X ⊆ [[π2]]M (A.3)

Hence M,w |= [π3?]Osπ2.

Proof of Lemma 18.
We show only (1). Let M = (W,∼,≈, N, V) be an arbitrary model and w a state

of M . SupposeM,w |= π1∧π2, we show that M,w |= [π1 ↓][π2?]Osπ ↔ [π1∧π2?]Osπ.
If ↓=?, we have:

M,w |= [π1?][π2?]Osπ

iff (Mπ1?)π2?, w |= Osπ

iff ∀X ∈ (Nπ1?)π2?(w), X ⊆∼ (w) implies X ⊆ [[π]](Mπ1?)π2? = [[π]]M
iff ∀X ∈ N(w) with X ⊆ [[π1 ∧ π2]]M , X ⊆∼ (w) implies X ⊆ [[π]]M

(π1 and π2 are propositional and they are true at M,w)
iff Mπ1∧π2?, w |= Osπ

iff M,w |= [π1 ∧ π2?]Osπ
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Otherwise ↓=!, we have:

M,w |= [π1!][π2?]Osπ

iff (Mπ1!)π2?, w |= Osπ

iff ∀X ∈ Nπ2?(w), X ⊆∼π1! (w) implies X ⊆ [[π]](Mπ1?)π2? = [[π]]M
iff ∀X ∈ N(w) with X ⊆ [[π2]]M , if X ⊆∼ (w) and X ⊆ [[π1]]M , then X ⊆ [[π]]M
iff ∀X ∈ N(w) with X ⊆ [[π1 ∧ π2]]M , X ⊆∼ (w) implies X ⊆ [[π]]M

(π1 and π2 are propositional)
iff Mπ1∧π2?, w |= Osπ

iff M,w |= [π1 ∧ π2?]Osπ

Proof of Proposition 19.
Induction on the value of n. The base is to show that |= Osπ ↔ [⊤?]Osπ,

which is obvious as M⊤? = M for all models M . Suppose that (!?) is valid when
n = k. We show that it also holds when n = k + 1. Let M = (W,∼,≈, N, V) be
an arbitrary model and w a state of M . Let P be the set of propositional formulas,
among π1, . . . , πk+1, that are true at w. It suffices to show that

M,w |= [π1 ↓1] · · · [πk+1 ↓k+1]Osπ ↔ [(
∧
P ∧ ¬

∨
({π1, . . . , πk+1} \ P ))?]Osπ (A.4)

We have the following equivalent statements:

M,w |= [π1 ↓1][π2 ↓2] · · · [πk+1 ↓k+1]Osπ

iff Mπ1↓1 , w |= [π2 ↓2] · · · [πk+1 ↓k+1]Osπ

iff Mπ1↓1 , w |= [
( ∧({π2, . . . , πk+1} ∩ P ) ∧ ¬ ∨({π2, . . . , πk+1} \ P )

)
?]Osπ

(IH and Mπ1↓1 , w |= ∧({π2, . . . , πk+1} ∩ P ) ∧ ¬ ∨({π2, . . . , πk+1} \ P ))
iff M,w |= [π1 ↓1][

( ∧({π2, . . . , πk+1} ∩ P ) ∧ ¬ ∨({π2, . . . , πk+1} \ P )
)
?]Osπ

Note that M,w |=
∧

({π2, . . . , πk+1} ∩ P ) ∧ ¬
∨

({π2, . . . , πk+1} \ P ). If π1 ∈ P
(namely, M,w |= π1), by Lemma 18 it follows that

M,w |= [π1 ↓1][
( ∧

({π2, . . . , πk+1} ∩ P ) ∧ ¬
∨

({π2, . . . , πk+1} \ P )
)
?]Osπ ↔

[(
∧
P ∧ ¬

∨
({π1, . . . , πk+1} \ P ))?]Osπ (A.5)

If π1 /∈ P , by Lemma 18 it also holds that (A.5). Therefore (A.4) holds.
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Proof of Lemma 25.
We show only (2): We first show that 2x contains all LRKω-theorems. Let

⊢LRKω ψ. Then ⊢LRKω 2ψ by the rules (Nec) and the axiom (U). Since x contains
all LRKω-theorems, 2ψ ∈ x. Thus ψ ∈ 2x. We then show that 2x is closed under
the rule (MP). Suppose ψ,ψ → χ ∈ 2x. It follows that 2ψ,2(ψ → χ) ∈ x. Note
that ⊢LRKω 2(ψ → χ) → (2ψ → 2χ) by the axiom (S5). Thus 2(ψ → χ) →
(2ψ → 2χ) ∈ x since x is a theory. It then follows that 2χ ∈ x since x is closed
under (MP). Hence χ ∈ 2x. To show that 2x is also closed under (Rω

U ), suppose
ξ(¬U(p ↔ φ)) ∈ 2x for all p ∈ prop. Then 2ξ(¬U(p ↔ φ)) ∈ x for all p ∈ prop.
Note that 2ξ(♯) is a necessity form. Thus 2ξ(φ ∧ ¬φ) ∈ x since x is closed under
(Rω

U ). Therefore ξ(φ ∧ ¬φ) ∈ 2x.
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