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COMPLETE LATTICES
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Abstract

In recent work, the concept of overlap and grouping functions on complete
lattices has been introduced and their related basic algebraic properties have
been investigated as well. The present paper can be seen as a continued work
along with this research line. More precisely, we show that the set of all overlap
functions on the complete lattice forms a lattice under some certain condition,
and provide a construction method of pseudo overlap functions on complete lat-
tices by 0p, 1-aggregation functions. Additionally, we provide some extension
methods of overlap functions on complete lattices via extended pseudo overlap
functions and (pseudo) automorphisms.
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GAO AND Hul

1 Introduction

The concept of overlap and grouping functions was introduced in [4] and has been
widely investigated in the literature [1, 5, 10]. This concept arise from some problems
in image processing [3], decision making and classification [12] for t-norms and t-
conorms are usually considered [11] but the associativity property is not strongly
required in reality. In view of algebraic point, overlap and grouping functions are
particular case of bivariate continuous aggregation functions [2] and actually given by
increasing continuous commutative bivariate functions defined over the unit square
and with appropriate boundary conditions. As a generalization and extension of
overlap functions, which measure the degree of overlapping (intersection for non-
crisp sets) of n-different classes for computing degree in a classification problem, De
Miguel et al. introduced the notion of general overlap functions that considers the
sufficient boundary conditions in [6] and studied some constructive methods of these
functions.

Lattice approach is useful for decision making ambit in which experts face prob-
lems to assign exact numerical values to their preferences producing several different
generalizations for the same decision making method [7, 8, 13], which can be unified
by a more general framework as L-fuzzy sets. In view of this point, Paiva et al. intro-
duced the concept of lattice-valued overlap and quasi-overlap functions, and showed
the migrativity, homogeneity and other properties of these functions [15]. Here it is
worth noticing in [15] that, the authors introduce the notion of overlap and grouping
functions on complete lattices and the continuity is considered by means of limits,
remarking that any other formal can be considered. Subsequently, Qiao [16] gave
the concrete form of the continuity of overlap and grouping function on complete
lattices by using meet-preserving and join-preserving properties, and introduced a
more convenient definition for overlap and grouping functions on complete lattices.
Inspired by this, Paiva et al. have continue considered the research topic in [17] and
focused on a generalization, called general overlap functions on bounded lattices,
and provided some methods of constructing these functions. More recently, Wang
et al. [18] creatively introduced the concept of meet and join generator of general
overlap functions on complete lattices, providing some more interesting construc-
tive methods of these functions via lattice operations meet and join, fundamentally
expanding the boundaries and applicability of the existing theoretical framework.
Another key point to emphasize is that Wang [19] integrated overlap functions into
the framework of multi-valued logical algebras, applying the notion of overlap func-
tions from bounded lattices to MV-algebras, which are the algebraic semantics of
FLukasiewicz logics, and also proposed the notion of additive and multiplicative gen-
erators of these functions to construct them, and yielded a number of interesting
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NEw RESULTS OF OVERLAP FUNCTIONS ON COMPLETE LATTICES

and significant conclusions.

In this paper, we continue to focus on overlap functions on complete lattices,
aiming to expand their construction theory. We systematically explore how to uti-
lize the powerful tool of pseudo-automorphisms to generate new overlap functions.
Specifically, we prove several key properties and, based on these, establish a gen-
eral constructive framework for deriving new overlap functions from given ones and
their pseudo-automorphisms. This method not only enriches the types of overlap
functions on complete lattices but also provides a richer set of theoretical tools for
their applications in areas such as uncertain reasoning. Our core contribution lies in
revealing the intrinsic connection between pseudo-automorphisms and the construc-
tion of overlap functions, thereby injecting new momentum into the development of
this field.

The rest of the paper is structured as follows: in order to make the paper as
self-contained as possible, we recapitulate in Section 2 the fundamental concepts
related to the theory of lattices that will be used in the paper. In Section 3 we show
that the set of all overlap functions on the complete lattice form a lattice under
some certain condition and give a construction method of pseudo overlap functions
on complete lattices by Or, 17-aggregation functions. In Section 4 we provide some
extension methods of overlap functions on complete lattices via extended pseudo
overlap functions and (pseudo) automorphisms. Section 5 is the Conclusion, with
final considerations, and pointing to future work and further potential applications.

2 Preliminaries

In this section, we review some basic definitions of complete lattices, which will
be used in the sequel. In the following, the symbol A always denote a nonempty
index set.

A poset is a nonempty set L equipped with a partial order <. If neither z <y
nor y < x, then we say that x and y are incomparable, in this case, we use the
notation x||y.

Definition 2.1 ([14]). Let (L, <) be a poset and X C L. An element a is an upper
bound of X if v < a for all x € X. A lower bound is defined as dually. The set
of all upper bounds of X is denoted by X" and the set of all lower bounds by X'.
If X¥ has a least element, we call this element the sup of X and write it as \/ X.
Equivalently, a is the sup of X if a € X* N X", Dually, a parallel terminology is
applied to the inf of X.

Definition 2.2 ([14]). A lattice is a poset (L, <) such that any two elements have a
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GAO AND Hul

sup and inf. A lattice (L, <) is called bounded if it has a top element 1 and a bottom
element 0. A lattice (L, <) is called complete if every subset of L has a sup and inf.

In the sequel, we use the notation L to denote a complete lattice.

Definition 2.3 ([14]). A complete lattice L is said to be a (dual) frame if it satisfies
the infinite distributive law:

eAVY=\{zrylyeY} @vA\Y=NzvylyeY},
forallx € L and allY C L.

The following definitions are motivated by the result, namely, an increasing unary
function on the real unit interval is continuous if and only if it both preserves sup
and inf.

Definition 2.4 ([9]). Let f: L — L be a function on a complete lattice L. Then f
is called
(1) a left-continuous function if and only if it satisfies

f (\/ wz) =V flw),

€A [ISHN

(2) a right-continuous function if and only if it satisfies

f (/\ wz) = A flzi),

LIS LISHN

(8) a continuous function if and only if it both satisfies (1) and (2).

3 Some further results of overlap functions on complete
lattice

Definition 3.1 ([16]). A binary operator O : L x L — L is said to be an overlap
function on the complete lattice L if for any x,y,z € L and any {x;|i € A}, {y;|i €
A} C L, the following conditions hold:

(01) O(z,y) = O(y, z),

(02) O(x,y) =0 if and only if x =0 ory =0,

(08) O(x,y) =1 if and only if x =1 ory =1,

(04) If y < z, then O(z,y) < O(z, 2),

(05) O(x,Viep i) = Viea O(z,9i),

(06) O(z, Nicp ¥i) = Niea O(@, yi)-
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NEw RESULTS OF OVERLAP FUNCTIONS ON COMPLETE LATTICES

Remark 3.2. (1) It follows from (O5) or (O6) to verified that every overlap function
on a complete lattice is increasing, which shows that (04) is redundant.
(2) (05) and (06) are equivalent to (0O5)” and (06)’ respectively, where

(05) ’ O(\/iEA L, \/jeA yj) = VieA VjeA O(ﬂfia yj)y
(06)” O(Njen i, /\jeA Yi) = Niea /\jeA O(zi,y5)-

Proof. We only need to prove (O5) and (O5)’ are equivalent.
(05):> (05)’ Taking t = /\jEA Yj, we have

O(/\ Ty, /\ yj) = O(/\ iL‘i,t)
iEA JEA €A

= /\ O(:L’i,t)

€A

= N\ O, A\ yj)

ieA jEA

= A A\ Ozi,y))

i€A jEA

(05)” = (05) Taking x; = x and y; = x in (O5)’, respectively.
The equivalence of (O6) and (O6)’ can be proved in the similar way. O

The binary operator Opin : L X L — L defined by

Omin(xa Z/) =AYy

is an overlap function on the unite closed interval. However, that is not an overlap
function on the complete lattice in general.

Example 3.3. Let L = {0,a,b,1} be the four-element Boolean lattice. Then the
binary operator Opin is not an overlap function on L. In fact the condition (O2)
does not hold in general,

Omin(a,b) =a Ab =0, but a,b# 0.

The following results can provide some certain conditions, under which Oy, is
an overlap function on the complete lattice.

Proposition 3.4. Let L be a frame. Then the following statements are equivalent:
(1) Omin @s an overlap function on L,
(2) 0r, is a prime element of L,
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Proof. (1) = (2) If x Ay < 0, then it follows from (O2) that x = 0 or y = 0p,
which implies that 0y, is prime.

(2) = (1) (01),(03) and (O6) of Definition 2.1 obviously.

(02) can be proved follows from 0y, is prime.

(O5) can be proved follows from L is a frame. O

Remark 3.5. Proposition 3.4 give us a method to check that whether O, s an
overlap function on the complete lattice. As an application of Proposition 8.4, it
is easy to check that Example 3.1(2),(6),(7) in [16] are overlap functions on the
corresponding complete lattice, respectively.

In the sequel, we denote the set of all overlap functions on the complete lattice
by O[L], and focus on the lattice structure of O[L].

Proposition 3.6. Let L be an infinitively join distributive complete lattice with Of,
be a prime of L. Then (O[L], C) is a meet semilattice, where for any O1,02 € O[L],
and x,y € L,

(01 N 02)($7y) = Ol(x7y> A OQ(-T,Z/),
01 C Oy if and only if O1(z,y) < Oz(z,y).

Proof. In order to show that (O[L], C) is a meet semilattice, we need prove O1NO09 €
O[L] for any O1,02 € O[L]. First, we will show that O; N Oz satisfies the conditions
(O1)-(04) of Definition 3.1.

(O1): For any x,y € L, since O, is a prime element of L, we have

(01ﬂ02)($7?/) = Ol(xvy)/\OQ(I’y):oL
< Oi(x,y) =0p or Oz(z,y) =0
& x=0p or y=0g,

which implies (O1 N O2)(z,y) = 0, if and only if x =0, or y =0p.
(02): For any z,y € L, we have

(01N O9)(z,y) = O1(x,y) NO2(z,y) =1L
< O1(x,y) =1p and Oy(z,y)=1g
& =1 and y=1g,

which implies (O1 N O3)(z,y) = 11 if and only if z =17, and y = 1j.
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NEw RESULTS OF OVERLAP FUNCTIONS ON COMPLETE LATTICES

(O3) Since L is an infinitively join distributive complete lattice, we have

(01U02)(\ zivy) = O1( N\ wiry) vV O2 \ wiry)
ieA ieA €A

= /\ 01(%,9) \ /\ OQ(xlvy)
i€A i€

= /\ /\ 01 l‘l, \/02(xzv ))
€N €A

= /\ /\ 01 SL‘Z, \/02(xzv ))
iENIEA

= /\(01(1:1,1/) V 02(1‘253/))
€A

= /\(01002)(3:2’ )7
€A

which implies (O1 U O2)(Ajea i, y¥) = Niea(O1 N O2)(z4,y). Analogously, we can

prove the (O1 U O2)(Ajen @, ¥i) = Niea(O1 N O2) (2, y;).
(O4) For any = € L, and any {y;|i € A}, we have

(01N 0) (A ziy) = O 2i,9) A O\ 2ir)
i€A i€A i€A
= A Oi(ziy) A N\ Oa(zi,y)
ieA i€A
= N (Ou(zi,y) A Oa(zi,y))
iEA
= /\(OlﬁOQ)(-:UZv )7

€A

which implies (O1 N O2)(Ajep i, ¥) = Niea(O1 N O2)(z4,y). Analogously, we can
prove the (O1 N O2)(z, Niea Yi) = Niea(O1 N O2) (2, y;). O

Proposition 3.7. Let L be an infinitively meet distributive complete lattice with 1,
be a co-prime of L. Then (O[L], Q) is a join semilattice, where for any O1,0y €
O[L], and z,y € L,

(01 U 02)($7y) = Ol(x7y) \ OQ(-T,Z/),
01 C Oy if and only if O1(x,y) < Oz(z,y).

Proof. The proof is similar to that of Proposition 3.6. O
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Corollary 3.8. Let L be an infinitively meet and join distributive complete lattice
with Or, and 11, be prime and co-prime of L, respectively. Then (O[L], C) is a lattice,
where for any O1,02 € O[L].

Proof. Tt follows from Propositions 3.6 and 3.7. O

Remark 3.9. The (O[L], Q) is not a complete lattice, more precisely, it is an un-
bounded lattice in general. if taking L = ([0, 1], min, max), then (O[L], C) is a lattice.
Howewver, if O is an overlap function, then the function O1,02 : L x L — L given by

Ol(m7y) = O(x2792>;
OQ(SUay) = O(ﬁ? \/@)

are overlap functions such that
01 <0 O <o 0Os.

Then (O[L], Q) is an unbounded lattice (with neither bottom nor top element). In
particular, the infimum O™ and the supremum O are the functions:

1, xzy=1 0, zy=0

Oz, y) = { O (x,y) = {

0, otherwise’ 1, otherwise

are not overlap functions.

Then we introduce two kinds of overlap functions on complete lattices and con-
struct overlap functions by using them in the next section.

Definition 3.10. Let O : L x L — L be a binary operator on the complete lattice
L. Then O is said to be

(1) pseudo if it satisfies the conditions (02),(03),(05) and (06).

(2) extended if it satisfies the conditions (01),(02),(03),(04) and

(0O7) Viea Viea O@i, yi) = Viea O, yi),
(08) Niea Niea O(xi, yi) = Niea O(i, yi)-

Example 3.11. Let L = [0,00]? be the the extended interval of all non-negative
real numbers with the opposite ordering as real numbers. Then the binary operator
P, : L x L — L defined by

Pi(z,y) =2 +y
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NEw RESULTS OF OVERLAP FUNCTIONS ON COMPLETE LATTICES

is a pseudo overlap function on the complete lattice L, where + is the usual addition
on real numbers extended to cope with infinity such that x + oo = oo for any x € L,
x? is the usual power function on real numbers extended to cope with infinity such

that 0o? = co. However Py is not an overlap function on L, since
P(1,2)=3#5=P(2,1).

Example 3.12. Let L = [1,00]? be the extended interval of all real numbers begin-
ning from 1 with the opposite ordering as real numbers. For any p,v > 0, p # v,
the binary operator P, : L x L — L defined by

P,ul/(x7y) =zt Xy

is a pseudo overlap function on the complete lattice L, where x and x* (resp. y*)
are the usual multiplication and power function on real numbers extended to cope
with infinity such that x x co = oo for every x € L, and oot = oo, respectively.
However, P, is not an overlap function on L, since, taking p =y =1,v =x = 2,

Pu(1,2) =5 #3 = P, (2,1).

Qiao introduced the notion of 0y, 17-aggregation functions and gave a method
to construct overlap functions on complete lattices by using them.

Definition 3.13 ([16]). Let A : Lx L — L be a binary operator on a complete lattice
L. Then A is said to be a 0p, 11 -aggregation function if it satisfies the following
conditions:

(A]) If:L’l S T2, Y1 S Y2, then A(ﬂ?l,y1) S A(.Tg,yg),

(A2) A(z,y) =0 if and only if =0 ory =0,

(A3) A(z,y) =1 if and only if =1 and y = 1.
Moreover, 0p, 11,-aggregation function A is said to be continuous if

(A4) ANV iea @i Viea ¥i) = Viea A(@i, vi),

(A5) A(Nien Tis Niea ¥i) = Niea A(@i, 4i).

Remark 3.14. (1) If we take x = x; ory =y; in (A4) and (A5), respectively , then

(A4) ’ A(l’, viEA yi) = ViEA A(x, yi)/ A(\/iEA Li, y) = \/iEA A(‘Tzﬂ y),
(A5)" A(x, Nicn Vi) = Nien A@ Yi), A(Niea i y) = Niea AT, y),

which are respectively equivalent to

(A4)” A(\/iGA L, VjeA yj) = Viea VjeA Az, yj);
(A5)” A(/\iEA Ly, /\jeA yj) = Niea /\jeA Az, yj)-
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(2) (A1) is redundant in any continuous 0r, 11, -aggregation functions.

(3) The 0r, 11-aggregation function on the complete lattice is not the natural
generalization of that on the unit closed interval. Indeed, if L = [0,1], then A(0,x) =
0, which does not hold in any aggregation function in general.

Theorem 3.15. Let L be a complete lattice and O be a quasi pseudo overlap function
on L. Then the following statements are equivalent:

(1) O is an extended pseudo overlap function,

(2) O is a continuous O, 11,-aggregation function.

Proof. (1) = (2) For any {z;]i € A}, {y;]i € A} C L, by (03) and (O7), we have
O(\/ Li, \/ yi) = \/ O(\/ i, Yi)
LIS LIS €A (IS

= \/ \/ O(z;,y:)

€N €A

= \/ O(zi, yi)

€A
Analogously, we can prove the
ieh Q€A ieAieA
follows from (O4) and (O8).
(2) = (1) If we take x = x; and y = y; in (A4) and (A5), respectively , then
O(':Ua \/iEA yl) = \/iEA O(.%', yl)’ O(\/iEA L, y) = \/iEA O(xh y)a
O, Niea i) = Niea O(@,9i); O(Niea @i y) = Niea O(wi,y),
which imply that (O3) and (O4) hold. Then further by (O3) and (A4), we have
\/ \/ O(-%yi) = O(\/ T, \/ yi) = \/ O(fﬁi,yi)-
€N IEA €A IS IS
Analogously, we can prove the
A N\ Ozi,ui) = O(N @i, \ wi) = N\ Ozi, i)
ieAieA ieh  ieA i€
follows from (O4) and (A4). O
Theorem 3.16. Let L be a complete lattice and O, be a pseudo overlap function on

L. Then Oy is a continuous O, 11,-aggregation functions if and only if it satisfies
the conditions

342



NEw RESULTS OF OVERLAP FUNCTIONS ON COMPLETE LATTICES

(Op5) Viea Viea Op(i, yi) = Viea Op(4, yi),
(O:DG) /\ieA /\ieA Op<mi7 yi) = /\ieA Op(xia yi)-

Proof. The proof is obvious, and hence we omit them. O

Corollary 3.17. (1) Continuous 0r, 11, -aggregation functions are equivalent to ex-
tend pseudo overlap functions.

(2) Symmetry continuous 0r,, 11 -aggregation functions are equivalent to extended
overlap functions.

4 Constructions of overlap functions via automorphism
on complete lattices

In this section, we introduce the notions of (pseudo) automorphism and show
three methods to obtain overlap functions on complete lattices by using (pseudo)
automorphism.

Let us recall the concept of (pseudo) automorphism on the real unit interval.

Definition 4.1. A function p : [0,1] — [0,1] is said to be a pseudo-automorphism
if the following conditions hold:

(1) p(x) =1 if and only if x =1,

(2) p(x) =0 if and only if x =0,

(3) p is continuous,

(4) p is increasing.
An automorphism « : [0,1] — [0, 1] is a strictly increasing pseudo-automorphism.

The real unit interval 0,1] as a special complete lattice, we have the following
statement hold, which is related to lattice theory.

Proposition 4.2. Let f : [0,1] — [0,1] be a function. Then f is increasing and
continuous if and only if f preserves infinite meet and join.

Proof. The proof is similar to that of Lemma 2.14 in Wang [18]. O

Proposition 4.3. A mapping p : [0,1] — [0,1] is a pseudo-automorphism if and
only if satisfies the following conditions:

(1’) p(x) =1 if and only if z =1,

(2°) p(x) =0 if and only if x =0,

(3°) p preserves infinite meet and join.

Then we give the definition of pseudo-automorphism on complete lattices.
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Definition 4.4. A function p: L — L is said to be a pseudo-automorphism on the
complete lattice L if the following conditions hold:

(P1) p(z) = 1g, if and only if x = 1p,

(P2) p(x) =0, if and only if x = 0p,

(P3) p(Vicp i) = Vien p(xi),

(P4) p(Niea i) = Niea p(@i)-

An automorphism « : L — L is a strictly increasing pseudo-automorphism.

Remark 4.5. It is easy to check that every pseudo-automorphism on the complete
lattice is the natural generalization of that on the unit closed interval.

Proof. Tt follows from Proposition 4.2 and 4.3. O

Example 4.6. Let L, = {0,1,2,--- ,n} be a complete lattice with the ordering as
natural numbers. Then the unary operator p; : L, — L, given by

0, z=0
pi(x) =<n, z=n
i, otherwise
s a family of pseudo-automorphisms on the complete lattice Ly,.

Proposition 4.7. Let p: L — L be a pseudo-automorphism. Then for every positive
and continuous t-norm T : L x L — L, the function O, : L x L — L given by

Opr(z,y) = p(T(2,y))
is an overlap function.
Proof. (O1) For any z,y € L, by the commutativity of 7', we have
Op,T(x7 y) = p(T(SL’, y)) = p(T(ya LE)) = Op,T(ya :L‘)
(O2) For any z,y € L, since T is positive, we have
Opr(z,y) =0 & p(T(z,y)) =0
& =0 or y=0.

(O3) For any z,y € L, we have

Op,T(x’y) =1 < p(T(CE,y)) =1
& T(r,y)=1
& =1 and y=1.

(05),(06) It follows from that p and T are continuous. O

344



NEw RESULTS OF OVERLAP FUNCTIONS ON COMPLETE LATTICES

Remark 4.8. O, 1 is called the overlap function obtained by the distortion of the
continuous t-norm T by the pseudo-automorphism of p, or the overlap function
obtained by a (p,T)-distortion.

Proposition 4.9. Let o : L — L be an automorphism and T : L x L — L be a
t-norm. Then the function On1 : L x L — L defined by

Oar(z,y) = (T (z,y))
is an overlap function if and only if T is positive and continuous.
Proof. If Oq, 7 is an overlap function, then by (02), we have
Oar(x,y) =0if and only if z =0 or y = 0.
Moreover, since « is an automorphism, we have
T(z,y)=0 < o(T(z,y))=0
& Our(z,y) =0
& =0 or y=0,

which shows that T is positive. Also, by (O5), we have Oy 7 (z,y) = o(T(z,y)) is

continuous, and hence we have that o™t o O, r(z,y) = T(x,y) is also continuous.
Conversely, the proof is similar to that of Proposition 4.4, since every automor-

phism is a pseudo-automorphism. ]

Remark 4.10. O, 1 is called the overlap function obtained by the distortion of the
continuous t-norm T by the automorphism of «, or the overlap function obtained by
a (o, T)-distortion.

Proposition 4.11. Let O, 1 be the overlap function obtained by the distortion of a
t-norm T : L x L — L by a (pseudo) automorphism «: L — L. Then

a(:c) = Oa,T(xv 1)
Proof. For any « € L, we have O r(z,1) = (T (2, 1)) = (). O

Proposition 4.12. FEvery overlap function O : L x L — L that cannot be obtained
by a (p,T)-distortion is non-associative.

Proof. If O is associative, then O is a positive continuous t-norm !. Indeed, we have
to show only that 1 is the neutral element of O. By the continuity of O and the fact
that

LA binary operator T : L x L — L is a t-norm if it is commutative, associative, increasing and
1 is the neutral element. In addition, T is said to be continuous if it is left and right continuous at
the same time and positive if T'(zy) = 0, either z =0 or y = 0.
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0(0,1) =0, O(1,1) =1,

we have for any x € L,z # 0, 1, there exists y € L,y # 0,1 such that x = O(y, 1),
and hence

O(z,1) =0(0(y,1),1) = o(y,0(1,1)) = O(y, 1) = x.

The proof of O(1,z) = z can be in the similar way. Thus, O is obtained by a
(idr,, O)-distortion. O

Theorem 4.13. Let O : L x L — L be an overlap function and o : L — L be an
automorphism. Then O is obtained by a (o, T)-distortion if and only if T = a0 O
with a(x) = O(x,1) is associative.

Proof. It follows from Proposition 4.6 that there exist a positive and continuous
t-norm 7' and an automorphism « such that

O(z,y) = Oar(x,y) = aT(x,y).

Then further by Proposition 4.8 that 7 = a~! o O with a(z) = O(z,1) that T is
associative.

Conversely, consider the function T = a~! o O with a(z) = O(x,1) which is
associative.
Then we prove that T is a positive continuous t-norm.

(1) Since a~! is increasing and O is non-decreasing, T is increasing.

(2) Since O is commutative, T is also commutative.

(3) For any = € L, we have that

T(x,1) = a YO(z,9)) = a ta(z) = z.

(4) If O and « are continuous, then 7' is continuous.
(5) If v is an automorphism, then

T(z,y) =a '(O(z,y)) =0 & O(z,y) =0
& =0 or y=0,

which implies that T is positive.
Therefore, O = a o T is an overlap function obtained by a (a, T')-distortion. O

Then we show the extension methods of overlap functions on complete lattices
via extended pseudo overlap functions and automorphisms.
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Proposition 4.14. Let 01,02 : L x L — L be two overlap functions and P be an
extended pseudo overlap function, and p1, p2 : L — L be two pseudo-automorphisms
on the complete lattice L. Then the binary operator 0113,02 , 03 ,Ojlg :LxL — L
defined, for any x,y € L, by

Op(z,y) = P(O1(p1(), p1(y)), O2(p2(x), p2(y))).
O3 (z,y) = P(O1(p2(x), p2(y)), O2(p1(x), p1(y))),
0% (z,y) = P(O2(p2(x), p2(y)), O1(p1(x), p1())),
O (z,y) = P(Oa2(p1(x), p1(y)), O1(pa2(x), p2(y)))-

are overlap functions on the complete lattice L, respectively.

Proof. First, it is easy to check that O}, 0%, 0%, O}é are well defined. Since it can
be proven in a similar way that 0113, 0%,03% ,Ojlg are overlap function on L, we only
prove that O} satisfies the conditions (01)-(03),(05)-(06) of Definition 3.1.

(O1) For any z,y € L, by the commutativity of O1, Oz, we have

Op(z,y) = P(O1(p1(x), p1(y)), Oa2(p2(x), p2(y)))
= P(O1(p1(y), p1(x)), O2(p2(y), p2(x)))

(O2) For any z,y € L, by (P2) of Definition 4.4 and (A2) of Definition 3.9, we
have

Op(z,y) =0 & P(O1(p1(x), p1(y)); Oa(p2(), p2(y))) = 0

O1(p1(z), p1(y)) =0 or Oz(p2(x), p2(y)
() =0 or piy) =0 or pa(a) =0 or pa(y) =0
zr=0 or y=0,

¢ 0
s

i3

which implies O} (z,y) = 0 if and only if z =0 or y = 0.
(03) For any z,y € L, by (P1) of Definition 4.4 and (A3) of Definition 3.9, we
have

Op(z,y) =1 & P(O1(pi(x), p1(y)), O2(p2(), p2(y))) = 1
O1(p1(z), p1(y)) =1 and Oz(p2(x), p2(y) =1
pi(z) =1 and pi(y) =1 and pz(z) =1 and pa(y) =1
r=1 and y=1,

Tt o ¢

which impies O} (z,y) = 1 if and only if z = 1 and y = 1.
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(O5) For any z,{y;} C L, by (P3) of Definition 4.4, and (A4)’ of Definition 3.9,

we have

Op(z, \/ Yi)

which implies

€A

Ob(2, Viea ¥i)

P(O1(pr(x), pr(\/ i)
1€EA
P(O1(p1(2), \/ p1(i))
1€EA
P(\/ O1(p1(), p1(y:))
ieA
V V POi(pi(x
iehieA

), O2(p2(x), p2(\/ %i))
€A
), O2(p2(x), \/ p2(vi))
€A
),V Oa(p2()), p2(ui)))
€A

) P1(Yi)); O2(p2(), p2(vi)))

\/ P(O1(p1(x), p1(4:)), O2(p2(x), p2(4:)))

€A
\/ 0113(15‘7 yl)a

€A

= Viea Op(z,us),

(06) For any z,{y;} C L, by (P4) of Definition 4.4, and (A5)’ of Definition 3.9,

we have

(:C’ /\ yl)

which implies Ollg(x, Niea Yi)

iEA

P(O1(pr(x), pr( /\ wi))
€A
P(O1(p1(x), \ p1(yi))
€A
P\ O1(pi(x), p1(v:))
€A

), O2(pa()), p2( N\ vi))
iEA
), O2(p2(x)), N\ p2(yi))
iEA
, N\ Oa2(pa()), p2(vi))))
iEA

A P(O1(p1(z), pr(y:)), O2(pa(x)), p2(1i))))

€A
/\ 0113('1'7 yl)a

iEA

= /\iEA Ollj(x) yl)

O]

Remark 4.15. (1) Proposition 4.11 gives four kinds of approaches to construct
overlap functions on complete lattices by two overlap functions O1,02, extended
pseudo overlap function P and two pseudo-automorphisms p1, p2.

(2) If the extended pseudo overlap function P becomes the extended overlap func-
tion in Proposition 4.14, then

OL =03, 0% =05%.
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(3) If the two pseudo-automorphisms py = pa = idy, then this construction is
similar to that of Proposition 3.4 in [16].

Let L be a complete lattice and «, 8 : L — L be two unary operator on L. We
denote the notation o4 g: L x L — L and og : L X L — L by, for any z € L,

ga,p(2) = (a(2),8(z))  0p.a(x) = (B(z),a(z)).

Proposition 4.16. Let O1,05 : L x L — L be two idempotent overlap functions
and P be an extended pseudo overlap function, and p1,ps : L — L be two pseudo-

automorphisms on the complete lattice L. Then the following statements are equiv-
alent:

(1) O% is idempotent,
(2) O% is idempotent,
(3) Po Op1,p2 = idp,.

Proof. (1) < (3) For any = € L, by O1, Oz are idempotent, we have

Op(z,z) =z & P(O1(p1(x), p1(x)), O2(pa(2), pa())) = =
& P(pi(z), pa()) =z
& (Pooy p)(w) =idr.

(2) & (3) For any = € L, by O1, Oz are idempotent, we have

Op(z,z) =z & P(O2(p1(x), p1(2)), O1(pa(x), pa())) = =
& P(pi(z), p2(z)) = 2
< (Poo-Pl,PQ)(x) =df.

Then (1) < (2) are equivalent. O

Proposition 4.17. Let 01,05 : L x L — L be two idempotent overlap functions
and P be an extended pseudo overlap function, and p1,ps : L — L be two pseudo-
automorphisms on the complete lattice L. Then the following statements are equiv-
alent:

(1) O% is idempotent,
(2) O3, is idempotent,
(3) Pooy, = idy.

Proof. The proof is similar to that of Proposition 4.12. O
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Corollary 4.18. Let 01,05 : L x L — L be two idempotent overlap functions and
P be an extended overlap function, and p1, ps : L — L be two pseudo-automorphisms
on the complete lattice L. Then the following statements are equivalent:

(1) O} is idempotent,

(2) O} is idempotent,

(3) O% is idempotent,

(4) O3 is idempotent,

(5) Poop, p, =idy.

Let L* # {0r,1.} be a complete lattice and 71,72 : L* x L* — L* be two
projection mappings defined by, for any x,y € L*,

7r1(:c,y) =7z, 7T2($7y) =Y.

Proposition 4.19. Let O1,05 : L* x L* — L* be two overlap functions and P be an
extended pseudo overlap function, and p1, p2 : L — L be two pseudo-automorphisms
on the complete lattice L*. Then the overlap function Ok : L* x L* — L* satisfies
Archimedean property if one of the following conditions holds:

(1) Oy satisfies Archimedean property and (p1 o P)(z,y) <rp~ m(z,y) for any
T,y € L*\{OL*, 1L*},

(2) Og satisfies Archimedean property and (p2 o P)(z,y) <+ ma(z,y) for any
T,y S L*\{OL*, 1L*}

Proof. (1) For any x,y € L*\{0p«,1z+}, by Definition 4.1 that pq(x),
p) € L'\{0p+,11+}. Also, since O; satisfies Archimedean property, there exists
no € N\{0} such that

(p1(2)E, Z1+ p1(y)-
Moreover, by induction, for any n € N\{0}, we can prove that
(p1(2))81 21+ pr(ayy)-
First, for n = 1, we have
(p1(x))b, = pr(x) = p1(xfy ).
L]

Proposition 4.20. Let O : L x L — L be an overlap function and p1, p2 be two
pseudo-automorphisms on the complete lattice L. Then the binary operator Oy, ,, :
L x L — L defined, for any x,y € L, by
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Op1po(,y) = p1(O(p1(x), p2(y)))

is an overlap function on the complete lattice L.

Proof. 1t is obvious that O,, ,, is well defined. Then we prove that O, ,, satisfies
the conditions (01)-(03),(05),(06) of Definition 3.1.

(O1) For any z,y € L, we have

Opr.po () = pr(O(p1(2), p2(y))) = p1(O(p2(y), p1(2))) = Opy s (4, @)
(O2) For any x,y € L, by Definition 4.4(P1), we have

Opy o (7,y) =0 p1(O(p1(z), p2(y))) =0
(p1(z), p2(y)) =0
p1(z) =0 or pa(y) =0

)
z=0 ory=0.

t o0
S

(O3) For any z,y € L, by Definition 4.4(P2), we have

Oprpo(,9) =1 = p1(O(p1(x), p2(y))) =
O(p1(2), p2(y)) =1
pi(z) =1 and py(y) =
1 and y=1.

t o0

xTr =
(O5) For any = € L,{y;} C L, by Definition 4.4(P3), we have

p1,p2 \/ Z/z = pl(O(pl(x)7 \/ pQ(yl)))

1€EA €A

= p(\ Olp1(2), p2(i)))

€A

= \/ p1(O(p1(2), p2(11)))

€A

= \/ Opl,p2 (337 yl)

€A
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(06) For any = € L,{y;} C L, by Definition 4.4(P4), we have

p1,p2 /\ yz = pl(O(pl(fL’), /\ pQ(yi)))

€A €A

= pi(\ O(pr(2), p2(vi))

1EA

= N p1(O(p1(2), p2(¥i)))

€A

= /\ Om,pz (2, yi).

€A

Theorem 4.21. Let p1, p2 be two pseudo-automorphisms on the complete lattice L.
Then for any overlap function O : L x L — L, there exists a overlap function O, ,,,
which is defined in Proposition 4.10, such that O, ,, is an extension of O, that is
the following diagrams commute.

Proof. First, we only need to prove that

p100 =0y, p;, 0 (p2 X p2) and O o (p2 X p2) = p20 Op, p,;

which implies that diagrams in (1) are commutative. First, for any =,y € L, we
have

(OPI:PQ o (,01,02))(%9) = OPI:pQ((p 302)(l’,y))

z)

(z ))7/)2(/)1( )
p1(0(( 10 p2))(x), (p1 0 p2))(y))
), idr(y)))
p1(O(z,y))
= (pr1oO0)(z,y),

which implies (Op, p, © (p1, p2))(2,y) = (p1 © O)(z, ).
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Then for any z,y € L, we have

(Oo(p2 % p2))(x,y) = O(p2 X p2)(z,y)
O(p2(z), p2(y))
idr(O(p2(z), p2(v)))

(p2 0 p1)(O(p2(x), p2(v)))
p2(p1(O(p2(x), p1(y))))
P2(O0py 05 (7,9))

= (p200p, p)(7,y).

which implies (O o (p2 X p2))(z,y) = (p2 0 Ophpz)(xv Y). O

5 Conclusions

This paper establishes fundamental contributions to the theory of overlap func-
tions on complete lattices. Our first main result demonstrates that, under a specific
and naturally satisfiable pointwise order condition, the set of all overlap functions
on a given complete lattice itself constitutes a complete lattice. This finding is not
merely a structural curiosity; it provides a powerful framework for understanding
the global ordering and extremal principles within this family of functions, allowing
for the definition of new overlap functions as infima or suprema of arbitrary subsets.

Our second major contribution involves the development of novel construction
methods. We present a technique for generating pseudo-overlap functions by utiliz-
ing 0p,1r-aggregation functions as foundational building blocks. Subsequently, we
introduce more advanced extension principles. These methods enable the creation of
new overlap functions from existing ones through two primary mechanisms: firstly,
by employing extended pseudo-overlap functions to handle inputs from product lat-
tices or other extended domains, and secondly, by leveraging the action of (pseudo-
Jautomorphisms to systematically distort the function’s behavior while preserving
its essential aggregation properties. These approaches significantly enrich the avail-
able toolbox for designing custom aggregation operators in applications ranging from
multi-criteria decision support to fuzzy rule-based systems.

A compelling direction for future work lies in exploring the functional complete-
ness and basis problems for the lattice of overlap functions. Given that this set
forms a lattice, a fundamental question arises: what is the smallest set of prim-
itive overlap functions from which any other overlap function on the lattice can
be derived through the application of the lattice operations (meet and join) and
the action of (pseudo-)automorphisms? Identifying such a “basis” or proving the
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functional completeness of specific subsets would be analogous to classic results in
logic, but in an order-theoretic context. This line of inquiry would not only deepen
our understanding of the generative capacity and inherent dependencies within the
space of overlap functions but could also lead to more efficient parameterizations
and implementations of these operators in practical computational models.
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Abstract

The purpose of the present paper is to investigate the lattice structure of
state monadic filters in a state monadic BL-algebra. The notion of relative
state monadic co-annihilators in a state monadic BL-algebra is proposed and
some related properties of them are obtained. Prime state monadic filter theo-
rems for state monadic BL-algebras are established and some characterizations
of minimal prime state monadic filters are obtained by means of relative state
monadic co-annihilators. Hyperarchimedean state monadic B L-algebras are in-
troduced and some conditions are derived for a state monadic BL-algebra to
be hyperarchimedean.

Keywords: State monadic BL-algebra, Relative state monadic co-annihilator,
Prime state monadic filter theorem, Hyperarchimedean state monadic BL-algebra

1 Introduction

Many scholars have extensively studied some well-known fuzzy logical algebras with
quantifiers [1, 7-9, 11, 13, 15, 18, 19, 24, 26, 28] since Halmos [12] introduced and
deeply studied monadic Boolean algebras from algebraic and topological perspec-
tives. Among these monadic logical algebras, monadic BL-algebras have attracted
the attention of several scholars because the axiomatisation of monadic BL-algebras
was actually the subject of a decade-long dispute. Two different definitions of
monadic B L-algebras were already proposed by Grigolia [11] and by Dragulici [8,9] in
the literature, respectively. The two varieties mentioned above are the first attempt
at algebraizing the monadic fragment of Basic Logic. It is pointed out by Castano
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62473300,12401603).
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et al. [1] that they are not strict enough to be the equivalent algebraic semantics
of this logic. Therefore, Castafo et al. [1] chose new axioms to redefine monadic
BL-algebras as the equivalent algebraic counterpart of Hajek’s monadic fuzzy logic
and then introduced a more simplified monadic Basic Logic called S5’ (BL).

Capturing the average truth value of propositions in Lukasiewicz logic, states on
MYV -algebras were initially proposed by Mundici [17], which are generalizations of
probability measures on Boolean algebras. States can be explained as the probability
of fuzzy events. Since then, the theory of states on more general fuzzy structures has
been developed by many researchers and has achieved a large number of interesting
results. However, logical algebras with states are not universal algebras. To deal
with states in the universal algebraic framework and present a unified approach to
states and probabilistic many valued logic in logical and algebraic context, state
MYV -algebras were originally introduced by Flaminio and Montagna [10], where
they added a unary operation to the language of MV -algebras as an internal state
fulfilling some usual properties of states. In order to describe probabilistic features on
monadic logical algebras, state monadic BL-algebras were first presented by Zahiri
et al. [29], which can be interpreted as BL-algebras combining state operators [2]
with monadic operators [1]. Subsequently, state monadic residuated lattices and
state monadic MV-algebras were introduced and studied by Wang et al. [27] and
He et al. [13], respectively. Although prime state monadic filters in state monadic
BL-algebras and residuated lattices were investigated, prime state monadic filter
theorems have not been established. One of our motivations is to set up prime state
monadic filter theorems for state monadic B L-algebras and residuated lattices.

Relative annihilators play a crucial role in the study of algebraic structures. Rel-
ative annihilators in a distributive lattice with zero have been extensively studied
by some lattice theorists [5,6,16,23]. The study of state co-annihilators in fuzzy
structures with internal states has been intensively investigated by several schol-
ars [3,20,30]. The notion of monadic co-annihilators in monadic BL-algebras was
presented by Wang and Wang [25] and it was proved that the lattice of all monadic
filters in a monadic BL-algebra is a complete Heyting algebra. Moreover, it is indi-
cated that the monadic co-annihilator of one monadic filter with respect to another
monadic filter in a monadic BL-algebra is exactly the relative pseudocomplement
of the monadic filter in the complete Heyting algebra of monadic filters. Both
state co-annihilators and monadic co-annihilators can be seen as natural generaliza-
tions of co-annihilators introduced by Turunen [22] in BL-algebras. Inspired by the
aforementioned works, our other motivation is to introduce relative state monadic
co-annihilators and investigate the lattice structure of state monadic filters by means
of relative state monadic co-annihilators in a state monadic BL-algebra.
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2 Preliminaries

In this section, we recollect some definitions and basic results regarding monadic
BL-algebras and state monadic BL-algebras, which will be used in the following
sections.

In a BL-algebra (L, A, V,®, —,0,1), for any x € L, we define 2* = 2 — 0, 20 = 1
and 2" = 2"~ ! ® x for all n > 1. The following three properties always hold in a
residuated lattice or a BL-algebra.

(r) 20 (yVz)=(@xoy V(o z);
(ro) ™V y" > (zVy)™, for some m,n € N;
(r3) eVy=11impliesz Ay =20 y.

Definition 2.1. ( [1]) A monadic BL-algebra is an algebra L = (L,\,V,®,—
,V,3,0,1) of type (2,2,2,2,1,1,0,0) such that (L,A,V,®,—,0,1) is a BL-algebra
and the following identities hold for all x,y € L:

In a monadic BL-algebra £ = (L,V,3d). A nonempty subset F' of L is called a
monadic filter if the following are satisfied for all x,y € L: (F}) xz,y € F implies
r@y € F; (Fy) ze€ Fandz<yimply y € F; (F3) x € F implies Vx € F. The set
of all monadic filters of (L,V,3) is denoted by Fy(L).

Proposition 2.2. ( [1]) Let £L = (L,V,3) be a monadic BL-algebra. Then the
following hold for all x,y € L:

(1) Vi=1,Ve=11iffz=1;
(2) = <y implies Vx < Vy;
(3) V(Vx VVy) =V(x VVy) =VrVVy;
(4)

4) Ve ©Vy <V(z ®y) and hence (Vx)" <V(a"), forn > 1;
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(5) Y(Vx © Vy) =V O Vy.

Definition 2.3. ( [29]) Let £L = (L,¥,3) be a monadic BL-algebra. A function
o : L — L such that the following conditions are satisfied for all x,y € L:
(SM1) o(0) =0;

(SM2) o(z - y) =0(x) = oz Ny);
(SM3) o(z0y) =0(z) Oo(x =z OyY);
(SM4) o(o(z) ©o(y)) =0o(z) ©o(y);
(SM5) o(o(z) = o(y)) = o(z) = o(y);
ESMG) o(Vz) =Vo(z);

SMT) o(3z) = Jo(x).
is called a state operator on L and L = (L,0,¥,3) is called a state monadic BL-
algebra, or a monadic BL-algebra with internal state.

In what follows, a state monadic BL-algebra £ = (L,o,V,3) is simply denoted
by (L,o,V,3).

Proposition 2.4. ( [29]) Let (L,0,V,3) be a state monadic BL-algebra. Then the
following properties hold for all x,y € L:

(1) 0(1) =1 and O'(m*) — O'(ZL’)*,'
2) x <y implies o(z) < o(y) and hence o(Vx) < o(Vy);

)
3) o(x) ®o(y) <o(x@y) and o(Vz) ® o(Vy) < o(Vz © Vy);
4) o%(z) = o(z) and o* (V) = o(Vx);

)

(
(
(
(5) o((Vz © o(Vz))") > (0(V2))* > (Vo © o(Vx))?", for n > 1.

5

Although the following lemma is an immediate consequence of Proposition 2.4,
it will be very useful and convenient for proving a characterization of minimal prime
state monadic filters in a state monadic BL-algebra.

Lemma 2.5. Let (L,0,V,3) be a state monadic BL-algebra. Set u = (Vzx©®o(Vx))V
(Vy ® o(Vy)), for all z,y € L. Then Yu = u and consequently o(u) > u* and
u®o(u) > ud.

Proof. Set u = (Vx ©® o(Vz)) V (Vy ©® 0(Vy)), for all z,y € L. From Proposition
2.2(3) and (5) it follows that Vu = V((Vz © o(Vz))V Vy © 0 (Vy))) = (Vx ©® o(Vx)) V
(Vy ® 0(Vy)) = u. By Proposition 2.4((2),(3) and (4)) and (r2), we obtain that
o(u) > o(Vx ® o(Vz)) V o(Vy © o(Vy)) > o(Vz)? V o(Vy)? > (o(Vz) V o(Vy))?
(Vo ® o(Vz)) vV (Vy © o(Vy)))* = u?, so o(u) > u*. This yields that u ® o(u) > u®.
O
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Definition 2.6. ( [29]) Let (L,0,V,3) be a state monadic BL-algebra. A monadic
filter of (L,V,3) is called a state monadic filter of (L,o,¥,3) if © € F implies
o(Vx) € F. A monadic filter F' is proper if F' # L.

We will denote by F,v(L) the set of all state monadic filters of a state monadic
BL-algebra (L,o,V,3). It is obvious that Fyy(L) C Fy(L) C F(L), where F(L) is
the lattice of all filters of the BL-algebra L. Moreover, both {1} and L are always
state monadic filters. The state monadic filter generated by a subset A of L is
denoted by (A),y. Particularly, the state monadic filter generated by any element
a € L is called a principal state monadic filter and is denoted by (a),y. Let F and G
be two state monadic filters of (L, o,V,3). By F'VG we denote (FUG),y. Moreover,
by (F,a),y we mean (F U {a})yy, for a ¢ F. Some basic and useful properties of
generated state monadic filters will be enumerated in the following proposition.

Proposition 2.7. ( [29]) Let (L,0,V,3) be a state monadic BL-algebra and F,G be
state monadic filters of (L,o,¥,3). Then:

(1) Ay = {z € L | 2 > (Vay ® o(Va1))™ & (Vaz ® o(Va))™2 - - - @(Vam ®
o (Vam))"™, a; € A,1 <i <m,m > 1}, for all AC L;

(2) FVG={zxe€eL|xz>fog, for some f € F and g € G};
3) (F,a)\oy ={z € L |z > f© (Ya®a(Va))", for some f € Fyn>1};
(4) (a)gy = (Va ® o(Va))oy = {z € L | 2 > (Ya ® o(Va))", for some n > 1};
(5) a < b implics (Boy C (a)ov;
(6) (a)ov N (b)ov = ((Va © o(Va)) V (Vb © o (D))o
(7) {a)ow V (b)ov = (a ©®

( (

(

8

b)ov = ((Va ® o(Va)) ® (Vb ® a(V))))sv;
(@)ov V (b)ov = (a Ab)ov = ((Va © o(Va)) A (Vb © o(VD)))ov;

9) if {Fi | i€ I} is a family of state monadic filters of (L,0,V,3), then \/;c; F; =
{frellz>a;,® - 0a,, for somea;; € F;;,1 <j<n}.

)
)
)
)
)
)
)
)

It is well-known that the lattice of all filters (or deductive systems) in a fuzzy
structure always forms a complete Heyting algebra (or a frame). Condition (2) of
Proposition 2.7 indicates the join of two state monadic filters F' and G in the set
Fyv(L) is the same as that of them in the lattice F(L). Moreover, the intersection
of a family of state monadic filters is always a state monadic filter. This shows that
Foyv(L) inherits the lattice structure from the lattice (L) and so it is a sublattice
of F(L).

361



SupENG WU*, Yu Liu, Hut Liu

Proposition 2.8. Let (L,0,V,3) be a state monadic BL-algebra. Then:

(1) (Fow(L),N,V,—=ov, {1}, L) is a complete Heyting algebra, where G —,y F =
V{H € Foy(L) | HNG C F}, for all F,G € Fpy(L);

(2) (Fov(L),N,V,{1},L) is an algebraic lattice, where the compact elements of
Fov(L) are precisely the principal state monadic filters of (L,o,V,3).

Proof. (1) Since (F(L),Nn,V,—,{1},L) is a complete Heyting algebra, by
Proposition 2.7(9), we have that (Fyv(L),N,V, =y, {1}, L) is a complete sublat-
tice of F(L). This implies that (Fov(L),N,V, =4y, {1}, L) is a complete Heyting
algebra.

(2) For all F € Fyy(L), since F' = U,ep{z} C Viyep(®)ov € F, we obtain
F =V, cp(z)oy. We now prove that the compact elements of F,y(L) are just the
principal state monadic filters of (L, ,V,3). From F' = \/, cp(x)sv, by Proposition
2.7(7) and (9), we have that F' = (21)ov V- V(Zn)ov = (£1 ® - -+ © Tp) oy, for some
x1,- -+, oy € F. Therefore, Foy(L) is an algebraic lattice. O

Remark 2.9. It is natural that (N, —,y) forms a Galois connection on the lattice
Fov(L), that is, FNG C H if and only if F C G —,v H, for all F,G, H € Foy(L).
Of course, Foy(L) is a pseudocomplemented lattice.

The set of all maximal state monadic filters of a state monadic BL-algebra
(L,0,¥,3) is denoted by Max,y(L). We shall show some characterizations of a
maximal state monadic filter in a state monadic BL-algebra.

Proposition 2.10. ( [29]) Let (L,0,Y,3) be a state monadic BL-algebra and M be
a proper state monadic filter of (L,o,V,3). Then the following are equivalent:

(1) M is a mazimal state monadic filter of (L,o,V,3);
(2) for any x ¢ M, there is n > 1 such that ((Vx © o(Vzx))™)* € M;
(3) for any x ¢ M, there is n > 1 such that (o(Vx)")* € M.

Definition 2.11. ( [29]) Let (L,0,V,3) be a state monadic BL-algebra. A proper
state monadic filter P is prime if (Vx ® o(Vx))V (Vy © 0(Vy)) € P implies © € P or
y € P, forall z,y € L.

By Specyv(L) we denote the set of all prime state monadic filters in a state
monadic BL-algebra (L, o,V,3).

Proposition 2.12. ( [29]) Let (L,0,V,3) be a state monadic BL-algebra and P be
a proper state monadic filter of (L,o0,V,3). Then the following are equivalent:
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(1) P is a prime state monadic filter of (L,o,V,3);
(2) for all F,G € Foy(L), FNG C P implies F C P or G C P;
(3) for all F,G € Foy(L), FNG = P implies F = P or G = P.

Proposition 2.13. ( [29]) Let (L,0,V,3) be a state monadic BL-algebra and F' be
a proper state monadic filter of (L,o,V,3). Then the following hold:

(1) If x ¢ F, then there is P € Specyy(L) such that FF C P and x ¢ P;
(2) F=({P € Specyy(L) | FF C P} and so () Specoy(L) = {1}.

3 Relative state monadic co-annihilators

In contrast to the work of Wang and Wang [25], the concept of relative state
monadic co-annihilators in a state monadic BL-algebra will be first proposed in
this section and some basic and useful properties concerning relative state monadic
co-annihilators will be explored. Furthermore, the set of relative state monadic co-
annihilators under a rational join operation forms a complete Boolean algebra and a
relative state monadic co-annihilator is represented by means of prime state monadic
filters. Finally, the notion of stable state monadic filters will be introduced. In ad-
dition, it is shown that the set of all stable state monadic filters under appropriate
operations possesses the same lattice structure as the lattice F,vy(L) and also forms
a complete Heyting algebra.

Definition 3.1. Let (L,0,V,3) be a state monadic BL-algebra and F be a state
monadic filter of (L,0,¥,3) and A be a subset of L. The set

AivF ={zel|VzoolWz))V (Vaeo(Va)) € F, for all a € A}

is called the relative state monadic co-annihilator of A with respect to F'.

In particular, the relative state monadic co-annihilator of the subset A with re-
spect to {1} is simply called the state monadic co-annihilator of the subset A and is
abbreviated by Aiv, that is,

Ax ={z e L|(Vz@o(Vz))V (Ya® o(Va)) =1, for all a € A}.

Notice that He et al. [13] introduced the extended state monadic ideal of a
subset associated with a state monadic ideal in a state monadic MV -algebra, which
is analogous to the relative state monadic co-annihilator of a subset with respect to
a state monadic filter in the context of a state monadic BL-algebra.
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The set of all relative state monadic co-annihilators of a state monadic BL-
algebra (L,0,V,3) is denoted by CAL,(L). Several examples concerning relative
state monadic co-annihilators will be exhibited below.

Example 3.2. Consider the state monadic BL-algebra (L,o,V,3) from Example
1 [29], where L = {0,a,b,¢,1} with 0 < ¢ < a,b < 1 and the operations ©,—
, 04, Vi, 3i(1 = 1,2, 3) are given by the following tables:

10 ¢ a b 1 — 10 ¢ a b 1

0|0 0 O O O 0/1 1 1 1 1

cl0 ¢ ¢ ¢ c c/0 1 1 1 1

al0 ¢ a ¢ a al0 b 1 b 1

b0 ¢ ¢ b b bl0 a a 1 1

110 ¢ a b 1 110 ¢ a b 1
x‘Ocabl |0 ¢ a b 1 z|0 ¢ a b 1
o) |0 b 1 b 1 Viz |0 ¢ a b 1 F1z|0 ¢ a b 1
oo(z) |01 1 1 1 Yor|0O ¢ ¢ ¢ 1 Fox |0 ¢ 1 1 1
o3(x) |0 ¢ a b 1 Vsz |0 0O 0 0 1 3z |0 1 1 1 1

It is proved in [29] that (L,o01,V1,31),(L,092,Y2,32) and (L,o3,Y3,33) are all
state monadic BL-algebras.

One can easily check that F(L) = {{1},{a,1},{b,1},{c,a,b,1}, L} and hence
‘F01V1(L) = F(L), fU2V2(L) = {{1}.{¢,a,b,1}, L} and ‘FU3V3(L) = {{1},L}. For
A ={a,c}, take F = {b,1} in (L,01,Y1,31) and G = {c,a,b,1} in (L,02,V2,32),
respectively. It is easily verified that Ai‘val = {b, 1}, Ai‘;\% =L and AULSVS ={1}.

Proposition 3.3. Let (L,0,V,3) be a state monadic BL-algebra and F,G be state
monadic filters of (L,o0,¥,3). Then the following properties hold for all A, B C L:

(1) Ai‘VF is a state monadic filter of (L,0,¥,3) and F C Ai‘VF ;
(2) F C G implies Ai\f - Aivc;

(3) AC B implies Byf € ARy and (AZ)) 5 € (Bl )5y -
(4) AC (A5

(5) ARE = (Aol

(6) Ay C Byf if and only if (B3 )8 € (AgE) 4 5
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(7) ApE = ((A)ov) st s
(8) (A)pyNALF CF and so ANALL CF ;
(9) F C A implies AN Ai‘\f =F;
(10) F C (A)gy implies (A)py N AyS = F;
(11) A N (AR = F:
(12) AZF = (A)oy —ov F;
(13) (ANB)R)A = (AR N (B ) ;
(14) nieI(Ai)ivF = (Ujer Ai)ivp, for a family {A; | i € I} of subsets of L;

(15) Nier Ai‘vpi = AjvmiGIFi, for a family {F; | i € I} of elements of Fpy(L);

(16) AXY =L iff ACF.

Proof. (1) Obviously, 1 € Ai‘\f and so Aivp is a nonempty subset of L. If
x € AiVF and z < y, then (Vx©o(Vr))V(Va®o(Va)) < (Vyoo(Vy))V(Va®o(Va)) € F
forall a € A, so y € Aivp. If z,y € Ai_vF’ then (Vx ® o(Vx)) V (Va ® 0(Va)) € F
and (Vy © o(Vy)) V (Va ©® o(Va)) € F for all a € A. Using Proposition 2.2(4),
Proposition 2.4(3) and (r2), (V(z ©y) ©c(V(z ©y))) V (Va ® o(Va)) > (Vx © Yy ©
o(Vz) ® o(Yy)) V (Va © o(Va)) > (Vx © o(Vx)) V (Va © o(Va))) © (Vy © o(Vy)) V
(Va ® o(Ya))) € F. It follows that z © y € Ai‘\f . Suppose that = € AiVF . Then
(Wz © o(Wz)) V (Va © o(Va)) = (Vo © o(Vx)) V (Va ® 0(Va)) € F for all a € A.
This implies that Vz € Ai‘VF. Let z € Aj‘VF Then, by Proposition 2.4(4) and (rz),
(o(Vz) ® o(o(Vx)) V (Va ® o(Va)) = o(Vr)? V (Va ® o(Va)) > (V2 © o(Vz)) V (Va ©
o(Va)))? € F, which means that o(Vz) € Ai‘VF We deduce that Ai‘VF is a state
monadic filter of (L,o,V,3).

We now prove that F C AULVF. Suppose that z € F. Then Vo ®o(Vz) € F. Since
F is a upset of L, from Vz ©® o(Vz) < (Vo © 0(Vz)) V (Va © o(Va)) for all a € A, we
have (Vz ® o(Vz)) V (Va ® 0(Va)) € F.

(2) Let FC Gandz € AULVF. Then (Vz©o(Vx))V (Va®o(Va)) € F foralla € A
and so (Vz © 0(Vz)) V (Va © o(Va)) € G for all a € A.

(3) Let AC Band z € BivF. Then (Vz©o(Vx))V (Vb®o(Vb)) € F for allb € B.
Hence, (Vx ® o(Vz)) V (Va ® o(Va)) € F for all a € A, which implies that x € AiVF.
Thus, Byf € A and s (A58)5f € (Bl )o
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(4) Let a € A. For all z € AiVF, we have (Vo © o(Vx)) V (Va ® o(Va)) € F, so
a € (ARD)5r. Hence, A C (AR))5F.

(5) By (4), we have AF C ((AzF)2F) 22 . Conversely, by (4) and (3), we obtain
(A0 ) )t € Agy- Thus, A = (A7) Doy

(6) This follows from (3) and (5).

(7) Since A C (A),y, by (3), it follows that (<A>gv)iVF - AiVF. Conversely, if
x € Ai\f , then (Vz @0 (Vz))V(Va®o(Va)) € F foralla € A. Forally € (A),v, there
exist ay,as- -, an, € Asuch that y > (Va1 00 (Va1))™ ©---©(Vam©o(Vay,))™. Using
Proposition 2.2(2) and (5), Vy > V((Va1 ® 0(Vaq))™ @ -+ - © Vam, © c(Vay,))™™) =
(Va1 ©0(Va1))" @+ (Vam ©o(Vay,))™. Applying Proposition 2.4(2), (4) and (5),
o(Vy) > o((Va1©o(Var))"™ ©---© (Yam ©o(Vap))") > o((Va1 ©o(Var))™)©---©
o((Vam®o(Vam))" ) > o(Va1)*™ @00 (Vam )" > (Va1 ©o(Va1))*™ 00 (Va,®
o(Yay,))? ™. Thus, Vy©o(Vy) > (Var ©o(Va1))™ - © (Vay, © 0 (Vay))*™ . From
(r2), it follows that (Vz © o (Vx))V (Vy©o(Vy)) > (Ve oo (Vz))V((Var ©@o(Var))>™ o
@ (Yam ©0(Vam))?) > (Ve oo (Vr))V (Var ©o(Var))3™) o -0 (V2o o(Va)) Vv
(VYan © 0(Vanm))®™) > (Vo © o(Vz)) V (Va1 © 0(Va1)))> © - - © (Vo © o(Vz)) V
(Van, ® o (Vany,)))?m. Since (Vz ®o(Vx))V (Va; © 0(Va;)) € F, for all 1 < i < m, we
obtain (Vx ® o(Vz)) V (Vy © o(Yy)) € F, which means that z € (<A)OV)ULVF. Hence,
Ai‘\f - ((A)Uv)ij. We conclude that AiVF = ((A}GV)CJ;@.

(8) Let z € (A)pv N AivF. By (7), we have x € (A),y and z € (<A)gv)ivF. Thus,
(Ve © o(Vz))V (Vo © 0(Vz)) = Vo ©® o(Vx) € F and so x € F. This yields that
(A)oy N ALF C F. Since AN ALE C (A)yy N ALY, we obtain AN AP C F.

(9) Let F C A. From F C AiVF, we obtain F¥ C AN AULVF. By (8), we have
AN Ai_vF C F. We conclude that AN Aivp =F.

(10) Let F' C (A),y. From (7) and (9), we have (A4)yy N A(f\f =F.

(11) Since F C ALF, by (10), we obtain ALY N (ALF) 5 = F.

(12) Suppose that z € AiVF. Then, (Vx®o(Vx))V(Va®o(Va)) € F, forall a € A.
By Proposition 2.7(6), we obtain (x),v({(a)sv = (YO0 (Vz))V(Va®o(Va)))ey C F,
for all @ € A. This means that (z),v((A)sy C F. Hence x € (x),y C (A)py =0y F.
Conversely, let x € (A)oy —ov F. Then (z),v C (A) gy —ov F, 80 (X)oy (A)oy C F.
This implies that (z)ov((a)sy € F, for all a € A. Applying Proposition 2.7(6),
(Vx ©o(Vr)) V (Va ® o(Va)) € (Vx © o(Vz)) V (Va ® o(Va))),v C F, for all a € A.
Thus, = € AivF.

(13) Since ANB C A, B, by (3), we have (AN B) =)=l C (A= N (BR )L
Conversely, from (8), it follows that (AﬂB)ﬂ(AﬂB)ULVF C F,so Aﬂ(AﬂB)ULVF - Bﬁ\f.
Applying (11), we have AN (AN B)f N (Byf )z C Byl N (Byf )y = F, so
(ANB) 3 N(Byf )k € Ay, which implies that (ANB)5F N(Byl )k N(AS)ar C
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ALE 0 (AXD)E = F. Hence, by (12) and Remark 2.9, (AXN)LF 0 (BAF)EF C
(AN B)yf )i - We conclude that (AN B)if ) = (A58 0 (Byf )5 -

(14) Since A; C U;e; Ai for all i € 1, by (2), we have (Uje; Ai)sl € (Ai)5F
for all i € I, 50 (User Ai)sl C Mier(Ai)=E. Conversely, let @ € ;7 (A;)5F. Then
x € (Al)i‘VF for all i € I. Hence, (Vx ® o(Vz)) V (Va ® o(Va)) € F for all a € A; and
i € I, which implies that x € (U;¢; Ai)ivF. Thus, ﬂieI(Ai)ivF C (User Ai)i\f. We
conclude that ﬂieI(Ai)i_vF = (Ujer Ai)i‘vp.

(15) € Ner AULvFi iff (Vz©o(Vr))V Va®o(Va)) € F; foralla € Aandie€ ]
iff (Vz ©o(Vz)) vV (Va® o(Va)) € NierF; for all a € A iff x € Ai_;ieﬁi.

(16) Let ALY = L. Then 0 € AL and so (V0 ® o(¥0)) V (Va © o(Ya)) =
Va ® o(Va) € F for all a € A, which implies that a € F. Hence A C F. Conversely,
suppose that A C F. Since (V0 ® o(V¥0)) V (Va ® o(Va)) = Va © o(Va) € F for all
a € A, we obtain 0 € AL Thus AsF = L. O

Condition (12) of Proposition 3.3 manifests that the relative state monadic co-
annihilator of a subset A with respect to a state monadic filter F' is precisely the
relative pseudocomplement of (A),y with respect to F' in the complete Heyting
algebra F,y(L). Furthermore, from Proposition 3.3(3),(4) and (5) it follows that
( ig)ivF is a closure operator on the lattice F,v(L). Hence CAL, (L) = {AivF | AC
L} ={(A)ov € Fov(L) | (A)py = (Ai‘VF)i‘VF, A C L}. We define a binary operation | |
on CAL (L) as follows: AULVF |_|BivF = ((Aié”)glvF ﬂ(B;VF)ivF)ULVF Using Proposition
8.3(14), we have A,y BT = (A7 U B,y 1y )5y = (Agf V Byl for
all A,B C L. Furthermore, if {A; | ¢ € I} is a family of subsets of L, then
Uier(4057 = (Nier (Ao 0 )7 = (Uier (A0 157 )t
Theorem 3.4. Let (L, 0,Y,3) be a state monadic BL-algebra. Then (CAL, (L), N, L,
F,L) is a complete Boolean algebra.

Proof. It follows from Proposition 3.3(14) that CAZL (L) is closed under an
arbitrary intersection. So CAL,(L) is a complete lattice.

We now prove that (CAL,(L),N,U, F, L) is a distributive lattice. Since F,y(L) is
distributive, by Proposition 3.3(5), (13) and (14) we deduce successively that Ai\f N
(BAUCH) = () )ov N(1Boy VO 1o ). = (A (B VO ) )il =
(A N By )V (A N O )od = (AU B)E V(AU C) )58 ) = (AU
B)of U(AUC)T = (A 0 By ) U(A N Cf).

Applying Proposition 3.3(11), ACJ;VF N (Ai‘j)i‘jﬂ = F. Using Proposition 3.3(11)
and (16), Ay U(AG)5f = (A)oy 0 (A7) Dot = (A )f N AT ) =
F./ = L. This means that (A_\)). is the complement of A_\J" in the bounded
distributive lattice CAL (L). O
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The next proposition demonstrates that the relative state monadic co-annihilator
of a subset with respect to a state monadic filter can be represented in terms of prime
state monadic filters in a state monadic BL-algebra.

Proposition 3.5. Let (L,0,V,3) be a state monadic BL-algebra and F be a proper
state monadic filter of (L,0,¥,3). Then the following hold for A C L:

(1) Ajf =N{P € Specoy(L) | Ayl C P};

(2) ALY =N {P € Specoy(L) | F C P and A ¢ P};

(3) if P is a subset of Specyy(L), then Ai@p ={PeP|AZP};
(4) Agy =N{P € Specoy(L) | AL P}.

Proof. (1) Since AiVF € Fov(L), by Proposition 2.13(2), we have AiVF =({P €
Specyy(L) | AULVF C P}.

(2) Let = € Ai‘\f For all P € Specyy(L) such that ' C P and A ¢ P, if
a € A\ P, then Vx ©o(Vz))V (Va ®o(a)) € F C P € Specyy(L). This implies
that z € N{P € Spec,y(L) | F C P and A ¢ P}. Conversely, assume that
z € (P € Specoy(L) | F C Pand A ¢ P}. Then x € P and so Vo ® o(Vz) € P,
which implies that (Vz ©o(Vz))V (Va©o(Va)) € P, for all P € Specyy(L) satisfying
F C Pand A ¢ P. On the other hand, for all a € A, Va ® o(Va) € (A),v and
so (Va ® o(Va)) V (Vx ® o(Vz)) € (A),v. From Proposition 2.13(2) it follows that
(Vo ® o(Vx)) V (Va ©® o(Va)) € (A)oy = ({P € Specoy(L) | A C P} C ({P €
Specoy(L) | F C P and A C P}. Hence (Vx ® o(Vx)) V (Va ® o(Va)) € P for all
P € Specyy(L) containing F. Therefore, by Proposition 2.13(2), (Vo ® o(Vz)) V
(Va ® o(Va)) € ({P € Spec,y(L) | F C P} =F, for all @ € A. This indicates that
re A,

(3) Suppose that x € Ai\j” and a € A\ P. We have z € P, for all P € P such
that A ¢ P. This implies that z € N{P € P | A € P}. Conversely, suppose that
re({PeP|AZP}. Then z € P for all P € P satisfying A ¢ P, which implies
that o(Vz) € P and so Vx®o(Vz) € P. It follows that (Vx©o (Vz))V(Va®o(Va)) € P.
Moreover, (Va ® o(Va)) V (Vx © o(Vz)) € (A)yy, for all a € A. From Proposition
2.13(2) it follows that (Vz ® o(Vz)) V (Va © o(Va)) € (A)oy = ({P € Specyy(L) |
AC P}y C({P € P|AC P}. Therefore, (Vx ® o(Vx)) V (Va ® o(Va)) € P for all
P € P. This means that x € Aivm’.

(4) This follows from (2) by taking F' = {1}. O

In what follows, we shall introduce the stable state monadic filter relative to a

nonempty set by means of relative state monadic co-annihilators in state monadic
BL-algebras.
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Definition 3.6. Let (L,0,V,3) be a state monadic BL-algebra and F be a state
monadic filter of (L,o,¥,3). F is called a stable state monadic filter relative to a
subset A of L if Ai‘F = F' in the Heyting algebra Fyy(L).

By SF,v(L), we will mean the set of all stable state monadic filters relative to
a subset A of L in a state monadic BL-algebra (L, o,V,3).

Example 3.7. Consider the state monadic BL-algebras (L,o;,%;,3;)(i = 1,2,3)
from Ezample 3.2. F and {1} are stable state monadic filters relative to the subset
Ain (L,01,Y1,31) and (L, 03,V3,33), respectively. However, G is not a stable state

monadic filter relative to the subset A in (L, 09,2, 32) because AU2v2 L.

Lemma 3.8. Let (L,0,V,3) be a state monadic BL-algebra and F a state monadic
filter of (L,o0,¥,3). Then F is a stable state monadic filter relative to a subset A of
L if and only if (A)oy —ov F' = F in the complete Heyting algebra Fyy(L).

Proof. It directly follows from Definition 3.6 and Proposition 3.3(12). O

Lemma 3.8 demonstrates that SFyv(L) = {(A)oy —ov F | F € Foy(L)}, for a
subset A of L. From Lemma 3.8 and Proposition 3.3(15) it follows that SF,v(L) is
closed under the intersection of a family of stable state monadic filters. We define a
join operation V on SF,v(L) as follows: for all F,G € F,v(L),

(A)ov —ov F)V((A)oy —ov G) = (A)gy —ov (FV G).

The subsequent proposition indicates that the lattice (SFov(L),N,V,{1}, L) is
a complete Heyting algebra.

Proposition 3.9. Let (L,0,V,3) be a state monadic BL-algebra. Then the lattice
(SFov(L),N,V,{1},L) is a complete Heyting algebra.

Proof. Let {F; | i € I} C F,y(L). Then, by Proposition 3.3(15) and (12),
Nier((A) oy —ov Fi) = (A)oy —ov NierF;. This means that SF,y(L) is a complete
lattice.

Since F,y(L) is a complete Heyting algebra, we deduce successively that:

((A)ov —ov F) N (Vier({(A)ov —ov F3))
= ((A)ov —ov F) N ({(A)ov —ov VierF7)
<A>UV oV ( ( ieIF‘))
< >UV _><7\7( zGI(FmF))
= Vier((A)ov —=ov (F N F))
- \71'6[((<A>0V —oV F) N (<A><7V —oV Fz))

Therefore, SF,v(L) is a complete Heyting algebra. O

o~ o~
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4 Prime state monadic filter theorems and hyperar-
chimedean state monadic BL-algebras

In this section, using the operation —,v in the lattice F,v, we shall manifest a
characterization of a prime state monadic filter of a state monadic BL-algebra.
Moreover, prime state monadic filter theorems will be established in state monadic
BL-algebras. Furthermore, minimal prime state monadic filters will be characterized
by means of relative state monadic co-annihilators in state monadic BL-algebras.
Finally, a condition will be given for the lattice F,v(L) to be a Boolean algebra and
then hyperarchimedean state monadic BL-algebras will be introduced and studied.

Proposition 4.1. Let (L,0,V,3) be a state monadic BL-algebra and P be a proper
state monadic filter of (L,0,Y,3). Then the following are equivalent:

(1) P is a prime state monadic filter of (L,o,V,3);
(2) forall F € Foy(L),F —oy P=P or F C P.

Proof. (1) = (2) Let P be a prime state monadic filter of (L, o,V,3). From
Proposition 3.3(11) and (12) it follows that P = (F' —,y P) N ((F —ov P) =y P),
for all F' € Foy(L),s0o P =F —,y Por P=(F =, P) =5,y P. If P=(F —,y
P) =,y P, then F' C P by Proposition 3.3(4) and (12).

(2) = (1) Assume that Fy,F» € Foy(L) is such that F; N Fy = P. Then
i C Fy —»,y P. Let Fo C P. From P = F1 N Fy, C Fy, it follows that P = Fy. If
Fy =5y P = P, then F; = P. Hence P is prime. O

We now focus on a special kind of subsets in a state monadic BL-algebra
(L,0,V,3). A nonempty subset S of L is called state V-V-closed if z,y € S im-
plies (Vz ® o(Vx)) V (Vy © o(Yy)) € S. A state monadic filter P of (L,o,V,3) is
prime if and only if L\ P is a state V-V-closed subset.

Inspired by Kist [14], we shall establish a prime state monadic filter theorem in
a state monadic BL-algebra.

Theorem 4.2. (Prime state monadic filter theorem) Let (L,o0,V,3) be a state
monadic BL-algebra and F be a proper state monadic filter of (L,o,V,3). If S
is a state V-V-closed subset of (L,o0,V,3) such that F NS = 0, then there exists
a mazimal state monadic filter P of (L,0,V,3) such that F C P and PN S = (.
Furthermore, P is a prime state monadic filter of (L,o0,¥,3).

Proof. Set X(F) ={G € Foy(L) | FC G and GNS = 0}. Since F € X(F), we
have X(F') # 0. It is clear that (X(F), C) is a partially ordered set. If {G; | i € I}
is a chain in 3X(F), then |J;c; G; is a state monadic filter of (L, 0,V,3) and it is also
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an upper bound of this chain. By Zorn’s Lemma there is a maximal element P in
X(F).

We now prove that P is a prime state monadic filter of (L, o,V,3). Let z,y € L
such that (Vz ® o(Vx)) V (Vy © o(Vy)) € P. Assume that = ¢ P and y ¢ P. Then P
is properly contained in (P, ),y and (P, y),y. From the maximality of P, we have
(P,x)ov & X(F) and (P, y)oy & X(F), so (P, z),yNS # 0 and (P, y),yNS # 0. Hence
there are a,b € L such that a € (P,x),y NS and b € (P,y),y N S. This shows that
(Va®o(Va))V(Vboo(Wh)) € S and (Va®o(Va))V (VbOo (VD)) € (P, x)ovN (P, Y)oy =
PV ((z)ov N (Y)ov) = (P, (Vz © o (Vz)) V (Vy © 0(Vy)))sy = P by Proposition 2.7(6).
Hence, (Va ® o(Va)) V (Vb ® o(Vb)) € PN S, a contradiction. O

Definition 4.3. Let (L,0,V,3) be a state monadic BL-algebra and F be a proper
state monadic filter of (L,o,¥,3). A prime state monadic filter P of (L,o,V,3) is
called a minimal prime state monadic filter belonging to F' or an F-minimal prime
state monadic filter if for any prime state monadic filter Q of (L,o,¥,3), F C Q C P
implies Q@ = P. In particular, a minimal prime state monadic filter belonging to {1}
is simply called a minimal prime state monadic filter.

The set of all minimal prime state monadic filters of (L, o,V,3) is denoted by
Mingy(L).

In what follows, we shall characterize minimal state monadic filters in state
monadic BL-algebras. We first introduce a useful lemma as a direct consequence of
Zorn’s lemma. We shall denote by S,v(L) the set of all state V-V-closed subsets of
a state monadic BL-algebra (L,o,V,3).

Lemma 4.4. Let (L,0,V¥,3) be a state monadic BL-algebra and F be a proper state
monadic filter of (L,o,¥,3). If S is a state ¥-V-closed subset of (L,o,¥,3) which
does not meet the monadic filter F', then S is contained in a state V-V-closed subset
T that is mazximal with respect to the property of not meeting F'.

Proof. Set X(S) ={T € S,v(L) | S CT and FNT = (}. Since S € X(S), we
have 3(S) # (0. It is clear that (X(S), C) is a partially ordered set. If {T; | i € I}
is a chain in 3(S), then ;c; T; is a state V-V-closed subset and it is also an upper
bound of this chain. By Zorn’s Lemma there is a maximal element 7" in ¥(5). O

Theorem 4.5. (Minimal prime state monadic filter theorem) Let (L,o,V,3) be a
state monadic BL-algebra and F be a proper state monadic filter of (L,o,V,3). A
subset P of L is an F-minimal prime state monadic filter if and only if L\ P is a
state V-V-closed subset of (L,o,¥,3) that is mazimal with respect to the property of
not meeting .
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Proof. Suppose that P is a subset of L such that L\ P is a state V-V-closed
subset of (L, 0,V,3) that is maximal with respect to the property of not meeting F'.
From Theorem 4.2 it follows that there is a prime state monadic filter () such that
FCQand (L\P)NQ =10,s0 L\ P C L\ Q. By the maximality of L \ P and
(L\Q)NF =0, we have L\ P =L\ Q, so P=Q. Thus P is an F-minimal prime
state monadic filter.

Conversely, let P be an F-minimal prime state monadic filter. Then L\ P is a
state V-V-closed subset such that (L\ P)NF = (). Using Lemma 4.4, there is a state
V-V-closed subset S of (L,o,V,3) that is maximal with respect to the property of
not meeting F' and L\ P C S. Hence L\ S is an F-minimal prime state monadic
filter and L\ S C P. By the minimality of P, we have L\ S = P, so L\ P = S,
which means that L\ P is a state V-V-closed subset that is maximal with respect to
the property of not meeting F. O

Lemma 4.6. Let (L,0,¥,3) be a state monadic BL-algebra and F' be a proper state
monadic filter of (L,o,¥,3). If P is a prime state monadic filter containing F', then
there is an F-minimal prime state monadic filter contained in P.

Proof. Let P be a prime state monadic filter containing F. Then L\ P is a
state V-V-closed subset of (L,o,V,3) such that (L \ P)NF = (. By Lemma 4.4,
there is a state V-V-closed subset S of (L, o, V, 3) that is maximal with respect to the
property of not meeting F' and L\ P C S. By Theorem 4.5, L \ S is an F-minimal
prime state monadic filter contained in P. O

The following corollary is an immediate consequence of Proposition 2.13, Propo-
sition 3.5 and Lemma 4.6.

Corollary 4.7. Let (L,0,V,3) be a state monadic BL-algebra and F be a proper
state monadic filter of (L,o0,V,3). Then the following hold:

(1) If X ¢ F, then there exists an F-minimal prime state monadic filter P of
(L,0,¥,3) such that X ¢ P;

(2) ifa ¢ F, then there is an F-minimal prime state monadic filter P of (L, 0,V,3)
such that a ¢ P;

(3) F=({P € Minyy(L) | F C P} and so (| Minyy(L) = {1};
(4) FX =N{P € Minyy(L) | F ¢ P}.

Theorem 4.8. Let (L,0,Y,3) be a state monadic BL-algebra and F' be a proper
state monadic filter of (L,o,V,3). If P is a prime state monadic filter of (L,o,V,3)
such that F' C P, then the following are equivalent:
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(1) P is an F-minimal prime state monadic filter of (L,o,V,3);
(2) for any a € P, there is b ¢ P such that (Va ® o(Va)) V (Vb ® o(Vb)) € F

Proof. (1) = (2) For any a € P, we first construct the set S, = {x € L |
(Va ® o(Va)) V (Vb © o(¥D)) > (VY ® o(Vz))"™, for some b ¢ P and n > 1}. Since
Va ® o(Va) = (Va ® o(Va)) V (YO ® o(V0)), we obtain a € S,. From Vb ® o(Vb) <
(Va ® o(Va)) V (Vb ® o(Vb)), for any b € L\ P, we have b € S,, which means that
L\ PCS,.

Next we prove that S, is a state V-V-closed subset of (L, o,V,3). Assume that
x,y € Sg. Then there are b,c ¢ P and m,n > 1 such that (Va ® o(Va)) V (Vb ®
o(Vb)) > (Vx ® o(Vx))™ and (Va © o(Va)) V (Ve ® o(Ve)) > (Yy © o(Vy))". So
(Va ® o(Va)) v (Vb © a(Vb)) V (Ve ® o(Vc)) > (Vz © o(Vx))" V (Vy © a(Vy))" >
(Vz © o(Vx)) V (Yy © o(Yy)))™ by (r2). Set u = (Vo © o(Vx)) V (Vy © o(Vy))
and v = (Vb ® o(Vb)) V (Ve ® o(Ve)). Since P is prime and b,c ¢ P, it follows
that v = (Vb ® o(Vb)) V (Ve ® o(Ve)) ¢ P. By Lemma 2.5 and (r3), we obtain
(Va ® o(Va)) V (Yo ® o(Yv)) > (Va ® o(Va)) Vv° > ((Va ® o(Va)) V v)® > v >
(u ® o(u))®™". This implies that u = (Vz © o(Vz)) V (Vy © o(Vy)) € S,.

Finally, we shall prove that £ NS, # (). Assume that F NS, = 0. Then, by
Theorem 4.2, there is some R € Specyy(L) such that ¥ C R and RN S, =
From a € S,, we have a ¢ R, so R # P as a € P. We now prove that R C P.
If R ¢ P, then there is © € R such that ¢ P. Hence, (Va ® o(Va)) V (Vz ®

o(Vz)) € R. From x ¢ P and L\ P C S,, we have x € S,. This implies that
(Va @ o(Va)) VvV (Vb ® a(Vb)) > (Vx ® o(Vx))", for some b € L\ P and n > 1. Thus,
(Va ® o(VYa)) V (Yb ® o(Vb)) > (Ya ® o(Va)) V (Vz © o(Vz))" > ((Va © o(Va)) V
(Vw o(Vz)))™, which means that (Va ® o(Va)) V (Vo ® o(Vz)) € S,. We conclude
that (Va ® U(Va)) V (Ve ® o(Vz)) € RNS, # 0, a contradiction. Hence R C P,
which contradicts with the fact that P is an F-minimal prime state monadic filter.
Therefore, F'NS, # (), which means that there is some z € F' such that z € S,. From
x € Sg, it follows that (Va ® o(Va)) vV (Vb ® o(Vb)) > (Vo ©® o(Vx))", for some b ¢ P
and n > 1. Since F' is a state monadic filter and = € F, we have Va ® o(Vz) € F.
Therefore, (Va ® o(Va)) vV (Vb ® o(Vb)) € F

(2) = (1) Suppose that Q € Specyy(L) such that F C Q C P. Let x € P. By
the hypothesis there is y ¢ P such that (Vz ©o(Vx))V Vy©o(Vy)) € F C Q. From
y ¢ P and Q C P, we have y ¢ @ and so z € Q). Thus Q = P. This shows that P
is an F-minimal prime state monadic filter. O

Let F be a state monadic filter of a state monadic BL-algebra (L, o,V,3) and
P be a prime state monadic filter containing F. We define the set DI (P) = {z €
L| (Vx®olWz))Vv Vy©o(Vy)) € F, for some y ¢ P} and it is evident that
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DE,(P)={z e L| :ciVF ¢ P} = Uyer yi\f One can easily verify that DI (P) C P.
We shall rewrite Theorem 4.8 in terms of the set DI (P) in the subsequent corollary.

Corollary 4.9. Let (L,0,V,3) be a state monadic BL-algebra and F be a proper
state monadic filter of (L,o,¥,3). If P is a prime state monadic filter of (L,o,V,3)
containing F', then the following are equivalent:

(1) P is an F-minimal prime state monadic filter;

1
(2) P=Dy(P) = Usgp v

. 1
(3) for allx € L, P contains exactly one of x or x5} .

Proof. It is an immediate consequence of Theorem 4.8. O

Corollary 4.10. Let (L,0,V,3) be a state monadic BL-algebra and P be a minimal
prime state monadic filter of (L,0,¥,3). Then, for all a € P, there is b ¢ P such
that (Va ® o(Va)) vV (Vb ® o(Vb)) = 1.

Proof. Take F' = {1}. It is a direct consequence of Theorem 4.8. O
Let P be a prime state monadic filter of a state monadic BL-algebra (L, o,V,3).

DL (P) is simply denoted by Dyy(P) and Dyy(P) C P.

Corollary 4.11. Let (L,0,V,3) be a state monadic BL-algebra and P be a prime
state monadic filter of (L,0,V,3). Then the following are equivalent:

(1) P is a minimal prime state monadic filter;

(2) P = DJV(P);

(3) for all x € L, P contains exactly one of x or xk,.

Proof. It follows from Corollary 4.9 by taking = {1}. O

In order to investigate further properties of the lattice F,y(L), we focus on a
special type of elements in a state monadic BL-algebra (L,o,V,3). An element
a € L is called state V-complemented if there exists b € L such that (Va ® o(Va)) V
(Vb ® o(Vh)) = 1 and (Va ® o(Va)) A (Vb ® o(Vb)) = 0, which corresponds to the
complement of an element in a BL-algebra or a residuated lattice. The set of all
state V-complemented elements of (L, o,V,d) is called the state monadic Boolean
center and is denoted by Byy(L).

Let (L,0,V,3) be a state monadic BL-algebra. The set of all principal state
monadic filters of (L, 0,V,3) is denoted by P,yv(L). Moreover, the set of all comple-
mented elements of the bounded distributive lattice F,v(L) is denoted by B(Fyv(L)).
The next lemma provides a characterization of complemented elements of the lattice
Fov(L) in terms of state V-complemented elements of (L, ,V,3).
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Lemma 4.12. Let (L,0,V,3) be a state monadic BL-algebra. Then the following
are equivalent:

(1) F e B(Fov(L));
(2) FVEL =L;
(3) F' € Pow(Bov(L)).

Proof. (1) = (2) Let F' € B(Fyv(L)). Then there is G € F,y(L) such that
FNG={1}and FVG = L. From FNG = {1}, it follows that G C F;,. Thus
L=FVGCFVF}andso FVFy =L.

(2) = (3) Let F'V F+, = L. Then there are a € F and b € F3, such that
a®b =0, which implies that (Va ® o(Va)) ® (Vb ® (Vb)) = 0. From FNF, = {1},
it follows that ((Va ® o(Va)) V (Vb ® o(¥b)))ow = {a)oy N (b)oy € F N F, = {1}, so
(Va ® a(Va)) V (Vb ® o(¥b)) = 1. Hence a is a state V-complemented element. We
now prove that F' = (a),y. From a € F, we obtain (a),y C F. Conversely, suppose
that z € F. Since F'N FL = {1}, we have (Vz ® o(Vx)) V (Vb © o (Vb)) = 1. So
Va®o(Va) = (Va®o(Va))©1 = (Va®o(Va))©[(Veoo(Ve))V (Voo o(Vh))] = [(Va®
o(Va))o(Vzoo(Vr))|V[(Va®o(Va))©(Yboo (VD)) = (Va®o (Va))© (Voo (Vr)) < z,
which means that x € (a),y. Thus F C (a),y. We conclude that F' = (a),v.

(3) = (1) Let F € Pyy(Bov(L)). Then there is a state V-complemented element
a € L such that F' = (a),vy. So thereis b € L such that (Va®o(Va))V (Vboo (Vb)) =1
and (Va ® o(Va)) A (Vb ® o(Vb)) = 0. Applying Proposition 2.7(6), F' N (b),y =
(a)ov N (b)oy = (Va ® o(Va)) V (Vb ® o(Vb)))sy = {1}. By Proposition 2.7(8),
FV (b)oy = (a)oy V (b)oy = (Va ® o(Va)) A (Yo © a(¥h)))oy = (0)oy = L. Thus F is
a complemented element of F,v(L) as a lattice. O

Theorem 4.13. Let (L,0,V,3) be a state monadic BL-algebra. Then the following
are equivalent:

(1) (Fov(L),N,V, 5, {1}, L) is a Boolean algebra;

(2) every state monadic filter is principal and for every x € L, there isn > 1 such
that (Vx ® o(Vx)) V ([(Vz © o(Vx))"]* © o([(Vz © o(Vx))"]*) = 1.

Proof. (1) = (2) Suppose that F' € F,y(L). Since F,y(L) is a Boolean algebra,
by Lemma 4.12(3), we have F' = (a),v, for some state V-complemented element a of
L.

Since F,v(L) is a Boolean algebra, we obtain that (z),y Va5, = L for all z € L.
Hence there are ¢ € (z),y and d € ‘Tiv such that ¢ © d = 0. This implies that
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VzooVe)"0d<coOd=0iff d < ((Vz ® o(Vx))")* and so o(Vd) < o(((Vz ®
o(Vz))™)*). From d € x5, we obtain (Vd ® o(Vd)) V (V2 ® o(Vz)) = 1. Thus, 1 =
(Vdoo(Vd)V(Vzoo(Vr)) < ([(Vzoo(Vz))"]* ©o([(Vx oo (Vx))" "))V (Ve ©o(Vr)).
We conclude that (Vo © o(Vz)) V ([(Vz © o(V2))"]* © o([(Vz © o(Vz))"]*) = 1.

(2) = (1) To prove that F,y(L) is a Boolean algebra, we only show that for
all F € F,y(L), F5, = {1} implies F = L. From the hypothesis it follows that
F = {(a),vy, for some a € L and there is n > 1 such that (Va ® o(Va)) V ([(Va ®
o(Va))")* ® o([(Va ® o(Ya))"]*)) = 1. This shows that [(Va ® o(Va))"]* € ak, = {1}
and so (Va ® o(Va))"” < [(Va ® o(Va))"]*™* = 0. We conclude that F' = L. O

Condition (2) of Theorem 4.13 suggests us to concentrate on a special subclass
of state monadic BL-algebras, which are similar to hyperarchimedean BL-algebras.
Hyperarchimedean properties play an important role in studying fuzzy logical al-
gebras or other algebraic structures, which guarantee that the hull-kernel topology
(or the spectral topology) coincides with the stable topology on the space of prime
filters (or ideals) in algebraic structures (such as [21]). We shall introduce hyperar-
chimedean properties in state monadic BL-algebras, which correspond to hyperar-
chimedean ones in the context of BL-algebras and that of state BL-algebras [4].

Definition 4.14. Let (L,0,V,3) be a state monadic BL-algebra. An element x € L
is called state monadic archimedean if there ism € N,n > 1 such that (Vx©o(Vz))V
([(Vxoo(Ve)"* ©o([(Veoo(Vx))"]*) = 1. A state monadic BL-algebra (L, o,V,3)
is called hyperarchimedean if any element x € L is state monadic archimedean.

Example 4.15. (1) Let L ={0,a,b,1} and 0 < a,b < 1. The operations ©® and —
on L are defined as follows:

©[0 a b 1 =[]0 a b 1
00 0 0 O oj1 1 1 1
al0 a 0 a alb 1 b 1
b0 0 b b bla a 1 1
110 a b 1 110 a b 1
The operations o;(i = 1,2,3),Y;,3;(j = 1,2) are defined on L as follows:
v ‘ 0 a b1 x ‘ 0 a b 1 T ‘ 0 a b 1
Zlgi; 8 8 11) 1 Vizc |0 a b 1 Jiz|0 a b 1
2 Yox |0 0 0 1  Foz |0 1 1 1

Jg(l‘) 0O 1 0 1

One can easily check that (L,o1,V1, J1), (L,01,¥2,32) are hyperarchimedean state
monadic BL-algebras. However, (L,o09,Y1,31) and (L, 03,V1,31) are not hyperar-
chimedean state monadic BL-algebras since (Vb a (VD)) V ([(VbOa(Vh)"|* @ ([(VbO
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o(Vb))"*) = b oad) V(b ©ad*)=bV(a®o(a)) =bV0#1in (L,o2,V1,31)

and (Va® o(Va))V ([(Va®o(Va))"* @ o([(Va® o (Va))"]*) =a # 1 in (L,03,Y1,31).
(2) Consider the state monadic BL-algebra (L, 03,3, 33) in Example 3.2. Rou-

tine calculation shows that it is a hyperarchimedean state monadic BL-algebra.

Some necessary and sufficient conditions will be given for a state monadic BL-
algebra to be hyperarchimedean in the subsequent theorem.

Theorem 4.16. Let (L,0,V,3) be a state monadic BL-algebra. Then the following
are equivalent:

) B(Fov(L)) = Pov(L);
ov(Bov(L)) = Poy(L);
(L,0,V,3) is hyperarchimedean;

2

4) Specoy(L) = Maxyy(L);

(1
(2) P
(3)
(4)
(5) Specyw(L) = Mingy(L).

Proof. (1) & (2) It is trivial by Lemma 4.12.

(1) = (3) Let B(F,v(L)) = Pyy(L). Then for any z € L, there is some F €
B(F,(L)) such that (z),y = F. From Lemma 4.12 it follows that (z),v V 25, =
FV F% = L. Hence there exist a € (z),y and b € x5, such that (V2 © o (Vz))"©b <
a®b =0 for n > 1. This implies that b < [(Vx ® o(Vz))"]* and so o(Vb)
o([(Vz © o(Vz))"]*). From b € xk, it follows that (V2 ® o(Vz)) V (Vb © o(Vb)) =
This yields that 1 = (Vz©o(Vz))V (Yoo o (VD)) < Vzoo(Vz))V ([(Vzoo(Vz))"|*
o([(Vx ® o(Vx))"]*)), for n > 1. Therefore, (L,o,V,3) is hyperarchimedean.

(3) = (1) Let (L,0,V,3) be hyperarchimedean. Then there is n € N,n > 1 such
that (Vo © o(Va)) V ([(Vz © o(Vx))"|* © o([(Vx ® o(Vz))"]*)) = 1, for all € L.
Applying Proposition 2.7(4) and (6), (z),v N {([(Vx © o (Vz))"]*)ov = (Vx O o(Vz)) V
([(Vz © o(Vx))"]* © o([(Vz ® o(V2))"]*)))ev = {1}. Applying Proposition 2.7(4)
and (7), (2)ou V (%2 © o(Y2)" Vv = (¥ © o(V2))) V ([(¥2 ® 0 (¥2))"]") o =
(Vz©o(Vx))" ©[(Vz © o(Vx))"*)ev = (0)sy = L. Therefore, Poy(L) = B(Foy(L)).

(3) = (4) It is obvious that Max,v(L) C Specoy(L). Let P € Specyy(L)
and x € L\ P. Since (L,0,V,3) is hyperarchimedean, there is n € N such that
(Vzoo(Vr)) Vv ([(Vx © o(Vx))"]* © o([(Vx ® o(Vx))"]*) = 1. This means that [(Vz ®
o(Vz))"]* € P. From Proposition 2.10(2) it follows that P € Max,y(L). Thus
Specyy(L) C Mazxyy(L).

(4) = (5) Suppose that @ € Specyy(L) and Q C P, for P € Specyy(L). Since
Maz,y(L) = Specyy(L), then Q € Maxyy(L), so @ = P. This means that P is a
minimal prime state monadic filter.

<
1.
©
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(5) = (3) For 1 # x € L, we have © ¢ x%, as (z),y N x5, = {1}. Set
F = (v}, 2),v (the state monadic filter generated by z%, and ). We will prove that
F = L. Suppose that F' # L. Then there is P € Spec,v(L) such that F' C P. Since
x € P € Minyy(L), by Corollary 4.11(3), we obtain 25, ¢ P, a contradiction. Hence
F = L and so thereis n > 1 and f € x5, such that f ® (Vz® o (Vx))" = 0, which im-
plies that f < [(Vz ® o (Vx))"]*. This yields that o(Vf) < o([(Vx ® o (Vz))"]*). From
f € zk,, we deduce that (Vo ® o(Vz)) V ([(Vz © o(Vz))"]* © o([(Vz © o(Vz))"]*)) >
(Ve ©o(Vz))V (Vf ©o(Vf)) = 1. Therefore, (L,0,V,3) is hyperarchimedean. O
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NORMALIZATION PROPERTIES OF Apu-CALCULUS

1 Introduction

The Curry-Howard correspondence

The Curry-Howard correspondence establishes a fundamental bridge between formal
proofs in intuitionistic logic and computer programs, particularly through formalisms
such as the lambda calculus or combinatory logic. It can be viewed from two com-
plementary perspectives : on the one hand, as a process of extracting programs from
proofs; on the other hand, as an assignment of types-interpreted as logical formulas-
to classes of programs. In both cases, reductions carried out on proofs correspond
precisely to computational reductions on the associated programs. This deep con-
nection between logic and computation has drawn the attention of many researchers
concerned with ensuring the correctness of programs by extracting them directly
from mathematical proofs whose validity can be formally verified. In well-designed
systems, where the number of proof rules is finite, proof checking is simple: it suffices
to ensure that the inference rules are correctly applied throughout the derivation.
By contrast, it is not always easy to check that a program has been properly de-
signed and that it actually behaves as expected. Regarding the “proofs-as-programs”
paradigm, we refer the interested reader to the monograph [54].

Since the advent of the proofs-as-programs paradigm, many significant contri-
butions have explored its theoretical foundations. Notably, the work of Girard,
Krivine, Leivant, and Parigot exemplifies an “old-school” mathematical approach,
relying on second-order logical systems associated with lambda-calculus-based pro-
grams [17, 27, 28, 42, 43, 44]. These systems offer a dual advantage: a relatively sim-
ple syntax and sufficient expressiveness to formalize proofs of complex mathematical
results. In particular, they allow for an elegant definition of standard algebraic data
types (such as booleans, natural numbers, lists, or trees), while ensuring uniqueness
of representation: for each object of a given data type, the Curry-Howard correspon-
dence associates with each proof of its membership in that type a unique normal
(non-executable) lambda-term. This enables a natural representation of data within
the calculus. It is also worth noting that, in some of these calculi, it can be a chal-
lenge to ensure the uniqueness of the representation of data. Using additional rules,
it can be achieved, for example, that the unique representative of a proof that an
object n is a natural number is precisely the Church numeral n [27].

Krivine’s programming theorem illustrates this correspondence perfectly [26]. It
states that any proof of the totality of a function defined by induction on a data
type can be translated into a correct program, expressed in lambda calculus, that
effectively computes that function. Moreover, Krivine showed that such proofs can
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always be formulated within the framework of intuitionistic logic, without resorting
to reductio ad absurdum, thus reinforcing the constructive nature of the approach.

Parigot’s \u-calculus

Several researchers have explored the extension of the Curry-Howard correspondence
to classical logic. Griffin was the first to open this path, observing that the natural
encoding corresponding to classical reasoning (via reductio ad absurdum) closely
resembles the call/cc (call-with-current-continuation) instruction from the Scheme
programming language [19]. This instruction captures the current execution stack,
enabling control over program flow, for instance, to throw an exception or change
the control structure.

Building on this idea, several logical systems along with corresponding calculi
have been proposed to provide a computational interpretation of classical logic.
Among the earliest and most notable are: Rehof and Sgrensen’s AA-calculus [49],
Krivine’s A¢-calculus [28], Parigot’s Au-calculus [42], Barbanera and Berardi’s Agym,-
calculus and Ay, —-calculus [2, 3], and finally Curien and Herbelin’s Apji-calculus [8].
Each of these systems has its own motivations, strengths, and limitations, whether
in terms of the logical systems they encode, the deterministic nature of computa-
tion, or their ability to model different evaluation strategies (call by name, call by
value). Other systems have been introduced, based on a more refined analysis of
logical systems, particularly linear logic and the notion of polarization. Among the
notable works, those by Wadler [57], Laurent [34], Zeilberger [58], and Terui [56]
have significantly enriched this approach, each contributing to a deeper understand-
ing of computational duality, polarization, and complexity within the framework
of focused calculi. Munch-Maccagnoni’s L-calculus [37] provides, in particular, an
elegant framework that unifies computation and proof dynamics through precise
control of logical phases.

In the present work, we choose to build upon Parigot’s Au-calculus, for several
reasons. First, it constitutes a very natural extension of earlier work in second-order
intuitionistic logic. Parigot’s system is based on natural deduction, with standard
introduction and elimination rules, and two additional rules to handle negation
and reductio ad absurdum. On the computational side, the fundamental lambda
calculus constructors (application and abstraction) are retained, with three major
additions: a new class of variables, called classical variables, used to encode assump-
tions handled via reductio ad absurdum; two new syntactic constructs- brackets (for
L-introduction) and a p operator (for L-elimination). The latter two rules tied
together provide a representation of reductio ad absurdum in terms of logical ex-
pressions. Therefore, Parigot imposes certain syntactic restrictions on his logical
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system to limit the variety of outcoming programs and to facilitate the proof of
key properties. In particular, he requires that reductio ad absurdum may only be
applied in a restricted form: a l-introduction must be immediately followed by
a |-elimination on the term level, that is, a p-abstraction must be framed by a
p-application in a term.

On the computational side, a new reduction rule, denoted u, is added to the
standard beta reduction. This rule corresponds to the elimination of a cut linked
to reductio ad absurdum. If the  reduction rule of the lambda-calculus is well
known and appears very intuitive, the pu rule seems, at first sight, further removed
from this intuition, in particular in its encoding of proof by contradiction. When a
term starting with an abstraction is applied to an argument, the p rule allows this
argument to be distributed to several functions occurring in the term, which are
captured by continuation variables. Moreover, the p abstraction is not eliminated by
this reduction, which allows it to be applied successively to several arguments. From
the outset, Parigot also introduced two administrative reductions, p and §, used to
simplify programs by removing unnecessary p-constructs arising from redundant
classical reasoning.

Parigot’s system satisfies all the expected properties: confluence of the calculus,
type preservation under reduction, and strong normalization in the typed setting.
However, from his earliest work, Parigot identified a major difficulty in representing
data. For example, a classical proof that an object n is a natural number may yield
a normal Au-term (normal under all reductions) which differs from the Church nu-
meral n. Parigot referred to such objects as classical natural numbers. The problem
is that the output of a program manipulating classical natural numbers is not easily
interpretable: it becomes difficult to determine the value of the computed natural
number. This problem does not arise from the encoding of data within the calcu-
lus. Even when the calculus is extended with constants representing data types,
together with additional reduction rules on them, a proof of the totality of a func-
tion in the logical system may, via the Curry-Howard correspondence, give rise to
a non-identifiable object, i.e. a term whose effective value cannot be determined.
In other words, the issue arises more from the encoding of classical logic into the
calculus. This occurs because the proof of totality may rely on proof by contradic-
tion, which leads to the construction of terms whose components arise directly from
non-constructive reasoning.

To address this, Parigot proposed several solutions: an external algorithm for
extracting the value of a classical natural number from its representation; the use of
storage operators introduced by Krivine, which simulate call-by-value in a call-by-
name language [28]; and the introduction of a new reduction rule, p/, which enables
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the retrieval of the value of a classical natural number, provided it is applied to the
reduced form of the term representing that natural number [43].

The p/-rule

The original version of Parigot’s Au-calculus suffers from several limitations. In
particular, due to the syntactic restrictions it imposes, it is not possible to encode
a proof of the classical tautology ——A — A without introducing free variables of
type L. The same phenomenon appears for other classical tautologies. Another
limitation concerns Béhm’s theorem and the separation property, which no longer
hold in the presence of many reduction rules. In his dissertation, Py constructed two
closed normal terms, M and N, for which there exists no term L such that (L)M
reduces to the first projection Az.A\y.x and (L)N to the second projection \z.\y.y
[48, 13].

To overcome these difficulties, de Groote proposed a more flexible syntactic
variant of the Au-calculus [21]. In particular, he removed the constraint linking
p-abstraction to the application operator [-], and clearly separated the rules asso-
ciated with negation: one for introduction and the other for elimination, without
any further restrictions. This modification enabled him to define an abstract ma-
chine for the Ap-calculus. Furthermore, Herbelin and Ghilezan [23] showed that
the intrinsically typed version of de Groote’s syntax is equivalent to adding a single
classical constant top of type —L. In this presentation, a p-abstraction pa.M is
written po.[top], M, and a term of the form [«]M is expressed as pd.[a] M (for some
0 not free in M), so that the constant top : =L never appears as an assumption in
typing judgments. This was elaborated in [1] which defines A\u-top as an extension
of Au-calculus with an explicit syntactic form to convert an expression of type L
into a labeled expression (i.e., a command or a jump).

Moreover, Saurin proved that an untyped variant in the style of de Groote sat-
isfies the separation property [50, 52]. The contexts he uses allow one to distinguish
between two normal forms that are indistinguishable in Parigot’s syntax. His ap-
proach requires the ability to chain applications mixing @ and A\ constructs (that
is, terms of the form ([a]M)N), which is explicitly forbidden by the typing rules.
Saurin’s result therefore necessarily belongs to an untyped framework based on de
Groote’s version. Making this fully Béhm-complete calculus work in a typed setting
requires an entirely different type system, more general than the classical one, such
as the system introduced by Saurin in [51]. This is not a mere technical extension:
such a generalisation significantly increases expressive power, moving from abortive
continuations (such as call/cc) to delimited continuations (such as shift and reset);
see for instance [23].
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In this paper, we adopt de Groote’s syntax, together with the corresponding
reduction rules, as it provides a sufficiently general framework while introducing
additional difficulties for establishing normalization results. Indeed, this greater
flexibility in the syntax of terms introduces new phenomena that are absent from
Parigot’s original syntax, which complicates the proofs, including those of classical
properties such as confluence and other fundamental results.

The 1/ reduction rule, introduced by Parigot [43] to address the problem of
uniqueness of data representatives in the calculus, is nothing but the symmetric
counterpart of the p rule. It nevertheless appears quite natural from a computa-
tional point of view. Indeed, while p allows the propagation of an argument inside
a term towards several functions designated by continuation symbols, the rule p’
dually enables the propagation of a function towards several arguments pointed to
by symbols. However, adding this rule breaks confluence: a term may then reduce to
different results. Nevertheless, the p’ rule preserves types in the simply typed system
(without quantifiers). In contrast, in second-order systems, ensuring type preserva-
tion requires assigning algorithmic content to quantifier rules. Py studied such a
system, but only in a call-by-value setting. For this typed version, he proved con-
fluence and strong normalization. Additionally, Parigot had posed a long-standing
open question: is the system with both p and y/ strongly normalizing? This question
was first answered positively by David and Nour [12], followed by a simpler proof
proposed in [6]. The same authors also established strong normalization results for
the simply typed system with rules u and p’ together with the 3 rule.

The syntactic flexibility of de Groote’s variant can give rise to problematic deriva-
tions. In Parigot’s original calculus, it is not possible to directly chain two successive
proofs by contradiction. In contrast, in de Groote’s variant, this kind of reasoning
is allowed and may arise as a result of reductions on proofs. At the computational
level, this phenomenon is reflected by two consecutive p-abstractions, and it actu-
ally corresponds to a proof of L by contradiction (i.e., assuming - and deriving
1). This type of undesirable phenomenon is generally not present initially, but
may emerge during the reduction process. To address this issue, Py introduced a
new reduction rule, denoted &, specifically designed to eliminate these undesirable
constructions [48].

Battyanyi [4] discovered that certain well-typed terms fail to be strongly normal-
izing in the presence of the simplification rules p or €. This unexpected result led
us to focus on the weak normalization for the simply typed system. We also veri-
fied that this system preserves the uniqueness of data representation: each natural
number has a unique representation [7]. At this stage, we have formalized the proof
only for natural numbers, but it naturally extends to other data types. In [7], we
demonstrated that de Groote’s Au-calculus, extended with the rules 3, u, i/, p, 9,
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and e, satisfies the weak normalization property in the simply typed setting. These
results were achieved using highly technical arithmetical and syntactic methods. In
this paper, we adopt a semantic approach to provide a uniform framework for ob-
taining the expected properties of both calculi: Bupde and Sup’ pde. Namely, strong
normalization for the former, and weak normalization property for the latter calcu-
lus. We emphasize that, due to the presence of the y’ rule, the latter calculus is not
strongly normalizing. Thus, only weak normalization results can be expected. The
normalization proofs presented here are relatively short and elegant once suitable
reducibility candidates have been identified, which is the main virtue of the paper.

However, a direct extension of these results to a second-order system does not
appear feasible. On the one hand, the u/ rule fails to preserve types in such a
framework; on the other hand, our proofs rely on arithmetical arguments that are
intrinsically tied to the simply typed setting. It is worth noting that Raffalli (as
reported in Py’s thesis) provided an example of a term of type A that, via the p rule,
can be reduced to an arbitrary term of type B. To avoid such anomalies, Py proposes
assigning algorithmic content to the rules governing the universal quantifier. While
promising, this approach significantly increases the complexity of the system and
lies beyond the scope of the present work.

Normalization Properties

As previously mentioned, the authors of this paper, in collaboration with David, have
established in a series of works several normalization results for the simply typed
version of the Ap-calculus [11, 12, 5]. These include strong normalization in the
absence of the y/ rule, as well as weak normalization when this rule is present. The
corresponding proofs are technically intricate, typically relying on subtle inductions
over n-tuples involving term size, type size, and bounds on strongly normalizing
terms. To obtain these results, it is often necessary to treat the reduction rules
separately: the 8 rule on one side, and the u, p' and simplification rules on the
other. This separation is supported by technical commutation lemmas. Such a
differentiated treatment of the rules already appears in Parigot’s work, where the
proofs primarily focus on the 5 and u rules.

While the syntactic and arithmetical approach offers valuable insight into the
mechanisms underlying (strong or weak) termination, it also has significant limi-
tations. The introduction of new reduction rules typically requires reworking the
entire proof structure to accommodate new behaviors, sometimes leading to ma-
jor surprises, such as the loss of strong normalization. Furthermore, this type of
proof does not readily extend to type systems with quantifiers. These considerations
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motivate the exploration of semantic approaches based on suitably adapted reducibil-
ity candidates.

Among the well-established techniques for proving the normalization of typed
A-calculi, realizability holds a central place. Originally introduced by Tait [55] to
prove the normalization of System 7', and later extended by Girard [16] to System
F', this method, also known as normalization by reducibility or normalization by
logical relations, interprets types as sets of terms, called realizers, whose construction
ensures desirable properties such as termination. Over the years, many refinements
and generalizations of this method have been developed; a detailed survey can be
found in Gallier’s work [15].

Beyond its applications to intuitionistic systems, realizability techniques have
been successfully adapted to classical logic [2, 45]. A major contribution in this
direction is due to Krivine [31], who introduced a framework for classical realizabil-
ity based on a A-calculus with control, interpreted through an abstract machine.
In this setting, terms are evaluated against stacks, and control (which embodies
classical reasoning) is achieved through mechanisms that allow stacks to be saved
and restored. This formalism has proved remarkably fruitful: on the logical side, it
has led to the construction of new models of set theory and notably extended Co-
hen’s forcing technique [29, 30, 31, 32, 33|; on the computational side, it has offered
alternative tools for analyzing the computational content of classical proofs.

Let us begin by recalling that the notion of reducibility candidates, originally
introduced in the context of the A-calculus and later extended to its various refine-
ments, can serve two distinct purposes: on the one hand, to establish normalization
results, as we discussed earlier; on the other hand, to describe the behavior of typed
terms, as in [27, 28, 40]. Another line of work [41] has focused on the realizability
semantics of the simply typed Apu-calculus, aiming to construct a general semantic
framework with a view toward a completeness result, that is, an equivalence between
typability and type inhabitation. This investigation reveals several challenges, most
notably the integration of simplification rules into the semantic setting. The result
obtained, although partial, is not fully satisfactory, as it relies on a modification of
the semantics that lacks naturalness and whose interpretation remains somewhat
unintuitive. This work thus highlights significant obstacles to defining a truly gen-
eral realizability semantics for the simply typed Au-calculus. In [10], it was shown
that conventional techniques based on reducibility candidates fail to establish strong
normalization results in the presence of the y’ rule. The standard technical lemmas
usually required in this context do not hold, which highlights the specific nature of
the Ap-calculus when this rule is included.

The approach adopted in this paper consists in defining a semantics based on
reducibility candidates, with the goal of establishing normalization properties. This
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construction is also designed to allow, via this semantics, the analysis of the behav-
ior of certain typed terms, although this aspect is not developed here. A distinctive
feature of our method is that all reduction rules are considered simultaneously, with-
out distinguishing between logical rules and simplification rules. The semantics is
parameterized by a specific set, denoted I, which must satisfy certain saturation
properties. This set plays the role of a parameter of the model, which can be var-
ied in order to obtain different semantic interpretations and, consequently, distinct
models. This flexibility then allows us to establish various normalization results,
independently of whether the p’ rule is present or not.

This work has two main objectives. First, we present a single realizability se-
mantics for Groote’s version of the simply typed Au-calculus, which allows us to
obtain proofs of either strong or only weak normalization, depending on the set of
reduction rules chosen for the calculus. Second, we hope that this kind of semantics
can be extended to a type system based on second-order classical logic (with quan-
tifiers), despite the necessary modifications to the calculus and the introduction of
additional reduction rules that such an extension would entail.

We note that this approach is not new. The technique of constructing a single
realizability semantics that can be reused to establish different properties is common
in works inspired by Krivine’s classical realizability [33], which already relies on the
general notion of a pole 1L, defined as an appropriately saturated set. For example,
Munch-Maccagnoni [37] introduce the pole as a parameter of the realizability model
and of the adequacy theorem, so that it may be instantiated by any saturated set of
commands, yielding various corollaries. This kind of parameterization also appears
in several related works, notably those of Miquey and Herbelin [36], Downen [14], and
Streicher [53], to mention only a few examples of realizability models and adequacy
theorems parameterized by a set satisfying saturation properties, and depending
both on the main property to be proved and on the chosen reduction rules, and then
instantiated in various ways.

Summary of the Paper

The paper is structured as follows: the next section is devoted to the relevant notions
and already known results concerning the simply-typed Ap-calculus. In Section 3,
we develop the tools needed for the subsequent sections: we define a notion of
saturation with the help of which we introduce the reducibility candidates for the
typed calculus. We conclude this section with the correctness theorem, which asserts
that our interpretation adheres to typability rules. In Section 4, we present a proof
of the strong normalization of the simply-typed Au-calculus equipped with Supfe-
reduction. In Section 5, we take a step further and augment the calculus under
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consideration with the p/-rule. We demonstrate that the Suu’pfe-reduction is only
weakly normalizing. We then conclude with a discussion on future work.

2 The Ap-calculus

The Ap-calculus was introduced by Parigot [42] as a tool for encoding classical natu-
ral deduction with terms. In our paper, we restrict our attention to the simply typed
calculus, specifically, we are concerned with the representation of the implicational
fragment of classical propositional logic using natural deduction style proofs.

The Ap-calculus involves two sets of variables: one set consists of the original
A-variables, often referred to as intuitionistic variables, while the other set com-
prises p-variables, known as classical variables. Parigot’s calculus imposes certain
restrictions on the rules for forming terms. Notably, a p-abstraction must immedi-
ately be followed by an application involving a u-variable, and vice versa. However,
de Groote [20] introduced a modified version of the Ap-calculus, which offers more
flexibility in its syntax. In de Groote’s syntax, a p-abstraction can be followed by
an arbitrary term (in the untyped version), not by a p-application only. For the
purpose of this paper, we exclusively focus on the de Groote-style calculus, and the
following definitions pertain only to this version.

Definition 2.1 (Au-terms).

1. Let V) = {z,y,%,...} denote the set of A\-variables and V, = {«o,B,7,...}
denote the set of p-variables, respectively. The Au-term formation rules are
the following.

T = VY | \WWT | (T | WVJIT | wVu.T

We decided to adopt Krivine’s notation for the applications, i.e., we write
(M)N instead of (M N) if we apply M to N.

2. The complexity of a Au-term is defined inductively as follows: cxty(x) = 1,
crty((M)N) = caty(M) + caty(N) + 1 and cxty(Ae. M) = cxty(pa.M) =
cxty([a] M) = cxty(M) + 1.

3. In a Ap-term the A and p operators bind the variables. We therefore consider
terms modulo equivalence, which allows to rename the variables bound by a \-
or a p-abstraction. The set of free variables in a Ap-term M, including both
A- and p-variables, will be denoted by fv(M).
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Definition 2.2 (Type system). The types are built from a set Vx of atomic types
(propositional variables) and the constant L with the connective —. The type for-
mation rules are the following.

T = UL} | T

In the definition below, T' (resp. ©) denotes a (possibly empty) context, that is, a
finite set of declarations of the form x : A (resp. «: B) for a M-variable x (resp. a
p-variable ) and types A, B such that a A-variable x (resp. a p-variable ) occurs
at most once in an expression x : A (resp. a: A) of T' (resp. of ©). The typing
rules are as follows.

'z: A+ x:A;@am

''e:A+ M:B ;0 N I'-M:A— B ;0 FI—N:A;@_>
' XxM:A—-B;0 "' I - (M)N:B;0 ¢
' M:A;0,a: A A 'r-M:1:0,a:A
FF[aM:1;0,a: A" ' - paM:A;0 ¢

We say that the Au-term M is typable with type A, if there is T';© and a deriva-
tion tree such that the uppermost nodes of the tree are axioms and the bottom node
isT' = M : A ;0. The presentation with two contexts (one on the left for the -
variables and one on the right for the p-variables) allows us to avoid using negation
in types. However, when we correlate typability proofs with proofs in classical nat-
ural deduction, the context standing on the right corresponds to a set of hypothesis
consisting of negative formulas. Alternatively, we could have applied two contexts on
the left: one for the A-variables and one for the p-variables, represented by negated
types. Observe that, in the typed Au-calculus, not every term is accepted as well
typed. For example, we cannot write a Ap-term of the form ([o]M)N or po. xz.M.

Finally, we denote by T; the set of typable Au-terms , i.e.

To={MeT | 31,0, A, suchthat ' - M : A ;©}.

In the realm of Au-terms, various reduction rules exist, with some being fun-
damental and corresponding to the elimination of logical cuts, while others are in-
troduced to eliminate specific subterms and are often referred to as simplification
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rules. In this article, we focus on the rules essential for achieving a reasonable rep-
resentation of data, similar to the case of the A-calculus. For a more comprehensive
understanding of these rules, readers are encouraged to consult [7], where we demon-
strate that Church numerals are the only normal Au-terms that have the type of
natural numbers provided we consider the additional rules y/, p, € and 6.

Throughout this paper, we employ various types of substitutions. These substi-
tutions include necessary variable renaming to prevent the capture of free variables.
Below, we present the concept of p-substitution, which plays a crucial role in defining
p-redex, as introduced in Definition 2.5.

Definition 2.3 (u-substitution).

1. A p-substitution o is an expression of the form [a =g N| where s € {l,r},
acV,and N eT.

2. Let o be the p-substitution [« =5 N| and M € T. We define by induction
the Au-term Mo. We adopt the convention of renaming bound variables before
a substitution so that no variable collision occurs. Then we can assume that
the free variables of the Au-term N and variable o are not bound by any p-
abstraction in the Au-term M.

o If M =x, then Mo = .

o If M = X\x.M’, then Mo = \z.M'o.

o If M = (M1)Ms, then Mo = (Myo)Mso.

o If M = puB.M', then Mo = uB.M'c.

o If M = [BIM’ and B # «, then Mo = [B]M'o.

o If M =[a|M' and s =1, then Mo = [a](M'c)N.
o If M =[a|M' and s =1, then Mo = [a|(N)M'o.

We adopt the convention that substitution has higher precedence than applica-
tion and abstraction.

In order to define e-reduction, we need the following notion.

Definition 2.4 (a-translation). Let M € T and o € V,,. We define the a-translation
M of M by induction on M.

o If M =z, then M, = .

o If M = Xx.M', then M, = \x.M’,,.
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o If M = (P)Q, then My = (Py)Qq.
o If M = puB.M’', then My = puf.M',,.
o If M =[BIM’ and B # «, then M, = [B]M’,.
o If M = [a|M', then M, = M',,.
Intuitively, M, is the result of replacing every subterm [o]N in M with N.

We proceed by defining the specific redexes that are the focus of this paper,
along with the reductions they induce. Additionally, we provide a brief overview
of some of the important results in relation to the Ap-calculus. For a more in-
depth understanding of the requisite concepts and definitions, interested readers are
referred to the standard textbooks, such as [18] and [26].

Definition 2.5 (Redex).

1. A B-redex is a Au-term of the form (Ax.M)N and we call M[x := N] its
contractum. The A\p-term Mz := N] is obtained from M by replacing every
free occurrence of x in M by N. This substitution is sometimes referred to as
B-substitution.

2. A p-redex is a Au-term of the form (ua.M)N and we call po. Mo :=, N] its
contractum. Intuitively, Mo :=, N]| is obtained from M by replacing every
subterm in M of the form [a|P by [a](P)N.

3. A p'-redex is a Apu-term of the form (N)ua.M and we call po.M[o :=; N| its
contractum. Intuitively, Mo :=; N] is obtained from M by replacing every
subterm in M of the form [a]P by [a](N)P.

4. A p-redex is a Au-term of the form [Sluca.M and we call Mo := (] its con-
tractum. The Au-term Mo := (] is obtained from M by replacing every free
occurrence of o by .

5. A O-redex is a Au-term of the form pa.[a]M where o & tv(M) and we call M
its contractum.

6. An e-redex is a A\pu-term of the form po.pfB3.M and we call poe.Mpg its contrac-
tum.

The six reductions outlined in Definition 2.5 find their justification in the cut
elimination rules of natural deduction within classical propositional logic. As a
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consequence of these reductions, the calculus exhibits a type preservation property,
as demonstrated in Theorem 2.7, which is also known as the subject reduction prop-
erty.

We will explain how these redex reductions are justified from the typing perspec-
tive. The rules 5 and p correspond respectively to the intuitionistic and classical
cut elimination rules for implication.

e Rule : Given the declaration x : A, we have M : B. If we also have N : A,
then (Az.M)N : B. It suffices to replace in M all occurrences of x by N
to obtain a term of type B. This represents the well-known case in which a
cut, formed by a subsequent —-introduction followed by a —-elimination, is
eliminated at the proof level.

e Rule u: Given the declaration o : A — B, we have M : L. If we also have
N : A, then (pa.M)N : B. It suffices to start with the declaration « : B and
to replace in M each subterm of the form [o]P by [a](P)N to obtain a term
of type B. We observe that the type associated with o decreases during this
reduction. At the proof level, u-reduction corresponds to the simplification
of a reasoning by contradiction, when a cut formed by a _L-introduction and
L -elimination is replaced by similar cuts of lower type complexity.

e Rule z/: This rule does not correspond to a logical cut, but it is the symmetric
counterpart of rule . Given the declaration « : A, we have M : 1. If we also
have N : A — B, then (N)ua.M : B. It suffices to start with the declaration
a : B and to replace in M each subterm of the form [a]P by [«](N)P to obtain
a term of type B. Here, we observe that there is no direct relation between
the two types associated with « before and after the reduction.

Rules p and y/ do not allow elimination of the operator u. However, the three
other rules p, 6, and ¢ allow simplification of terms by locally eliminating occurrences
of .

e Rule p: Given the declaration « : A, we have M : L. If we also have 8 : A,
then [Blua.M : L. It suffices to replace in M all occurrences of o by § to
obtain a term of type L.

o Rule 0: Given the declaration a : A, we have M : A, hence pa.[a]M : A. This
term reduces simply to M, provided that « does not appear free in M.
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e Rule e: Given the declarations o : A and 8 : 1, we have M : 1, hence
po.pB.M : A. Since both M : 1 and pfS.M : L, it suffices to eliminate pf as
well as all occurrences of # in M to obtain a term of type A. Hence, e-rule
removes a proof of 1 by contradiction.

Definition 2.6 (Reduction and normalization). Let R C {8, u, 1, p,0,e}.

1. Let M,M' € T. We write M —g M', if M' is obtained from M by replacing
an r-redex in M, where r € R, by its contractum. The reductions (on the
redexes) take the following forms (the 0-redex has an additional condition).

po )M —y M . if o & tv(M)

2. We denote by —»g the reflexive, transitive closure of —g. Le., M —g M’ iff
M—)RMl —>RM2—>-"—>RMk:M/.

3. We denote by N Fr the set of all A\pu-terms in R-normal form, i.e., Au-terms
that do not contain an r-redex for any r € R.

4. A Au-term M is said to be R-weakly normalizable if there exists M' € N Fg
such that M —x M'. We denote by WNxR the set of R-weakly normalizable
terms.

5. A Au-term M is said to be R-strongly normalizable, if there exists no infi-
nite R-reduction paths starting from M. That is, any possible sequence of
reductions eventually leads to a mormal term. We denote by SN the set of
R-strongly normalizable terms.

We list here the most important results that we will use in our paper. For the
missing proofs, the reader is referred to [6, 7, 11].

Theorem 2.7 (Subject reduction). The Sup’ pbe-reduction preserves types, that is,
ifTFM:A;0 and M —g,0p0e M', then THM': A;0O.

Unfortunately, the previous type preservation property does not carry over to a
system based on second-order logic, solely due to the presence of the u' rule. To
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recover such a result, it is necessary to modify the term syntax so as to encode
the typing rules for quantifier introduction and elimination. This must also be
accompanied by new reduction rules.

Theorem 2.8 (Strong normalization for Sup/-reduction only).
1. The pp'-reduction is strongly normalizing for the untyped \p-terms.
2. The Bup'-reduction is strongly normalizing for the typed A\ju-terms.

The proofs of the preceding results in [11] were the first to be established in
the presence of the y/-reduction, while remaining within the framework of first order
arithmetic. The proofs are technical but formalizable in first order arithmetic. They
often rely on a fine-grained analysis of both termination and non-termination phe-
nomena in the calculus. When the additional simplification rules are included, the
strong normalization property is lost, and only weak normalization results remain.
The proofs we provide also lead to the explicit construction of a normalization al-
gorithm. It is important to point out that, as shown in [10], the usual techniques
based on reducibility candidates fail to establish strong normalization results in the
presence of the p’ rule. Indeed, in [10], several counterexamples are provided to
lemmas that are often considered essential in this type of proof method.

Theorem 2.9 (Weak normalization for all reductions [7]).

1. The pp' pbe-reduction is weakly normalizing for the untyped Ap-terms.

2. The Bup' pbe-reduction is weakly normalizing for the typed Au-terms.

In this paper, we adopt entirely different proof techniques to establish the results
of weak and strong normalization, based on the method of reducibility candidates.
Although the results themselves are already known, our method offers a uniform

treatment of strong and weak normalization for different systems, without resorting
to commutation lemmas for the simplificational rules.

In the sequel, let IH be an abbreviation for the phrase “the induction hypothesis”.
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3 The semantics of the system

The invention of the realizability method is due to Kleene [25], who introduced it to
provide a constructive interpretation of intuitionistic arithmetic. Tait [55] adapted
these ideas to elegantly establish the strong normalization of the simply typed A-
calculus, introducing the well-known candidates of reducibility. This methodology
was later deepened and generalized by Girard [17] in the context of System F', where
he significantly extended the applicability of reducibility candidates to prove strong
normalization for this more expressive calculus. Krivine [26, 30] gave a new impetus
to realizability techniques by developing first an intuitionistic, and then a classical
semantics that made it possible to handle proofs by direct computational means.
Parigot [42] introduced the Ap-calculus, which formally captured classical reasoning
within the A-calculus and opened up a rich field of investigation. His proof of strong
normalization [45] was based on reducibility candidates: he proposed an elegant
method for interpreting types using Au-terms, relying on the notion of orthogonality.

Several authors have investigated similar techniques to prove strong normaliza-
tion in various computational systems. Notably, one can cite the works of Barbanera
and Berardi [2, 3] on the Agyn,-calculus and the Ay, --calculus, that of Podonovski
[47] and Herbelin [22] on the Apji-calculus, and also the contributions of Munch-
Maccagnoni [37] on the L-calculus. In each proof of strong normalization, reducibil-
ity candidates tailored to the specific syntactic features of the system are introduced,
and key properties are established to achieve the intended result. Other authors,
such as Pitts [46], Dagand, Rieg and Scherer [9], Herbelin and Miquey [36], and
Miquel [35], have also contributed to the development of realizability techniques
and the use of reducibility candidates, often within theoretical frameworks different
from the one we address in this article.

Before introducing our definitions and properties, we wish to draw the reader’s
attention to the specific challenges involved in using reducibility candidates for the
simply typed Apu-calculus. The underlying logical system is not symmetric, unlike
the systems previously mentioned. In this calculus, there are no explicit objects rep-
resenting “stacks of arguments”, which necessitates formulating definitions in terms
of sequences of terms. Moreover, the system includes numerous simplification rules,
which can sometimes cause significant difficulties, in particular by compromising the
strong normalization property in favor of a weaker form of normalization.

We build on ideas developed by other researchers and adapt them to our system.
In this context, we define the reducibility candidates for the Au-calculus and establish
its correctness. We begin by clarifying the notion of a saturated set, and then
introduce a particular set, denoted I, chosen to be saturated. We next define the
property of being I -saturated and elaborate on the conditions a set must satisfy in
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order to enjoy this property.

The first step is to identify the properties of I that are sufficient to guarantee
a correctness theorem. Once these properties have been determined, we can con-
sider concrete examples and show that certain sets satisfy them, and are therefore
saturated.

The conditions imposed on I are mainly derived from the typing rules, in order
to ensure the validity of the correctness theorem (Theorem 3.12). To this end, we
organize them into three groups related to saturation.

- The first group consists of three straightforward conditions that ensure satu-
ration concerning the constructors A, p, and [.]. While the first condition does
not pose complications in subsequent sections, the other two are more delicate
and require special attention.

- The second group consists of a single condition that is crucial for ensuring
that all variables are within the set .. This condition is essential for manag-
ing non-closed terms (terms containing free variables) and preserving specific
properties related to the constructor ~», which interprets the type operator,
and, ultimately, the logical connective, —.

- The final two conditions are relatively standard in the literature and are used in
virtually all realizability semantics. They are crucial for managing the typing
rules associated with logical introduction rules. It will become apparent later
that these conditions, in particular, require that reductions must contain at
least the head reduction rules corresponding to S-reduction and p-reduction.

While our definition adheres to the usual conditions for reducibility candidates,
the applications in Sections 4 and 5 will be carried out with respect to models de-
fined entirely within the typed environment. This will be mirrored in the subsequent
choices of the term models L which will be introduced later and tailored to our spe-
cific requirements.

The following definition introduces essential concepts, and Definition 3.2 outlines
the conditions under which a set is deemed saturated.
Definition 3.1 (Preliminary notions).

1. If L C T, we denote by LY the set of finite (possibly empty, denoted by &)
sequences of Au-terms of L.

2. Let LCOT. If]\_f =N .;.Nn € LY, we write PCN if]5 =Ni.. .7Nk where
0 < k < n. Intuitively, P is an initial subsequence of the sequence N.

398



REALIZABILITY SEMANTICS

3. Let M € T and P € T<%, we define by induction the Ap-term (M)P : (M)@ =

M and, if P = NQ, that is, P is the sequence consisting of N € T followed
by Q € T<¥, then (M)P = ((M)N)Q.

4. Let M € T, N € T<¥ and o € V,. We define M[a :=, N] as in Definition 2.3,

by replacing N with N.

Definition 3.2 (Saturated sets). Let L C T. We say that L is saturated if

(C1):
(C2) :

(C3)

(C4) :

(Cs)

(C6) :

VM e 1L, Ve eV, \e. M € L.

VM e 1L, Va eV, pa.M e L.

: VM e L, VaeV,, [o]M e L.

Vo € Vy, YN € L<¥, ()N € L.

: VM eT,VPcT<¥ VYNec L, if (Mlx:= N])P € L, then Ae.M)NP € L.

VM € T,VN € L=, if pa.M[o :=, N] € L, then (ua.M)N € L.

We note the following points:

1.

Conditions (C1), (C2) and (C3) describe the requirements for saturation con-
cerning \-, p-abstraction and p-application.

. Condition (C4) implies that 1 contains A-variables, which will prove to be

essential for demonstrating certain closure properties of L.

. Condition (C5) states that L is saturated with respect to head S-reduction

when the original term is an application.

. Condition (C6) is basically the same but concerns head p-reduction. It is

worth noting that a somewhat different condition can be formulated in this
case since i does not disappear during the reduction.

We will see that the conditions N € I in (C5) and N € L<¥ in (C6) are
not essential for proving the main result of this section and are not required
for the application leading to the weak normalization result of Section 5. On
the other hand, these conditions are indispensable for establishing the strong
normalization result. We therefore prefer to introduce them from the outset
in order to have a single definition of saturated sets, applicable in both cases.
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6. As we proceed, we will see that all of the stability properties of I outlined in
the above definition are indispensable to the correctness theorem.

Our reducibility candidates are defined as a specific collection of saturated sets.
The definition proceeds inductively: we first interpret the type constant 1 and the
elements of Vz, and then define the candidate for A — B via interpreting the type
constructor —. The definition of ~» provided below is quite standard and aligns with
a common concept in realizability semantics: the terms in K ~» £ are those which
map the terms of the set I into the set £. Furthermore, our definition exhibits
a form of polymorphism: a second interpretation of ~» is required to account for
the interpretation of the type constructor — in cases where M : A — B is a u-
abstraction. In this case, realizability candidates will be constructed using finite
sequences of terms. Crucially, this second interpretation must take into account all
initial segments of such finite sequences, as this is essential for the proof of Theorem
3.12. Following the definition of the ~» operator, we exhibit a condition in Definition
3.4 that is necessary for interpreting types and ensures that the underlying subsets
of L remain saturated.

Definition 3.3 (The ~» operator). Let L be a saturated set and consider IC, L C 1L,
and X C 1L<¥. We define two new subsets of 1L relative to I :

K~y L={Mel | VNeK,(M)N €L},
X~y IL={Mel | YNeX,if PC N, then(M)P € L}.

Definition 3.4 (L-saturated sets). Let 1 be saturated. We call S a L-saturated
set if the following property, called property (D), holds:

JXs C LY, S = X5~ L.

Starting from a I -saturated set S, property (D) has some straightforward con-
sequences, which we denote by (D1) and (D2) and we will summarize in the next
proposition. First of all, observe that, by definition, S C L holds.

Proposition 3.5. Let S be 1L -saturated. Then the following statements hold true:
(D1): VM € T,VP € T<¥, VN € L, if (M[z:= N])P € S, then (\e.M)NP € S.
(D2) : Vz € V), VN € L%, then (x)N € S.

Proof. Assume that Xs C 1<% is such that S = Xs~» .
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(D1) Let M € T, P € T<%, and N € L such that (M[z := N])P € S. Assume

that N € Xs and Q T N. We prove that (M. M)NPQ € L. Since § =
Xs ~y 1, we obtain (M[x := N])PQ € L. Hence, by (C5), it follows that
(\e.M)NPQ € L.

(D2) Let z € V) and N € 1L.<%. Assume that P € Xs and Q C P. We prove that

(x)NQ € L. Since NQ € L<¥, it follows from (C4) that (z)NQ € L. O

We make the following remarks:

1.

Since S C L, it is clear that S = Xs ~ L is equivalent to S = XsU{@} ~ L.
We can therefore assume that the sets Xs contain &.

Property (D1) indicates that S is saturated concerning head -reduction when
the original term is an application. The requirement that N € 1 is essential
for this condition. Condition (D1) will be used in the proof of Theorem 3.12.
However, we do not need a similar property for saturation with respect to head
p-reduction.

. Property (D2) implies that, specifically, every A-variable must belong to S.

. Property (D) plays a crucial role in allowing us to formulate the correctness

theorem. It enables us to transition from an interpretation of a proof of con-
tradiction based on the assumption = A to an interpretation of a proof of A.

. We note that, if I is a saturated set, it is also I -saturated by virtue of the

relation . = g~ 1.

In the sequel, we omit the subscript I and we simply write I ~ £ or X ~» L.

We can now introduce the concept of a L-model, which comprises the sets used
for interpreting types. Lemma 3.7 is of paramount importance as it guarantees that
the sets comprising a model maintain their property of being I -saturated. As we
shall see, we allow a I-model to be additionally parameterized by a family of -
saturated sets. Although we will not explore the relevance of this generalization in
the present paper, we mention it to emphasize that, in a setting where one aims
to establish properties other than normalization, such sets could also be used to
interpret types and derive further properties of the calculus. We shall not explicitly
mention the family of I -saturated sets as a parameter of the model, in order to
avoid overloading the notation.
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Definition 3.6 (lL-model). Let 1 be a saturated set and (S;);c; a family of 1 -
saturated sets. A L-model M is the smallest set defined by the following inductive
steps.

1. L e M and, forallie I, S; € M.
2. IfU,V eM, thenU ~V e M.

That is, M denotes the smallest set that contains I and all S;, and is closed under
the constructor ~.

The next lemma shows that every element of a I -model is I -saturated.
Lemma 3.7. Let M be a IL-model and S € M. Then S is 1 -saturated.

Proof. We proceed by induction on the number of ~+-steps in the construction of
S. If § =1 or § =§;, the statement holds trivially. Now, assume S =U ~» V for
some U,V € M such that both & and V are L-saturated. We verify that U ~ V
is I -saturated. By Definition 3.4, it suffices to show that, if X}, C 1L <% such that
V=2Xy~ L, then U ~V = Xy ~ L for some X,y C L¥. Let us define
UXy = {NN | N € Y and N € Ay}. We will verify that Xy, is appropriate for
Xywy. To this end, we demonstrate that U ~ V = UAXy ~ 1. First, we have
Uxy C 1L<v,

e Let M e Y ~ V and P = NQ where N € Y and Q € Xy. Let R C P.
If R = @, then (M)R = M € 1. Otherwise, R = NS where S C Q. By
assumption, (M)N € V C L and, since Q € Ay, we deduce (M)NS € L.
Therefore U ~V CUXy ~ L.

e Let M eUUXy~ L and N €Y. Let PC N € Xy. Let us choose first P = &.
Then (M)N € L, since N = N& € UXy. Otherwise, since NP C NN € UXY,
then we have (M)NP € L. Hence, (M)N € Xy ~» L = V. This implies
UXy ~ 1L CU~ V. ]

We notice, when verifying the second inclusion of item 1 of the previous lemma,
the importance of considering subsequences in the definition of the constructor ~»
in Definition 3.3. Indeed, this condition allows us to ensure that (M)N € L.

It should be emphasized that, in some type systems based on equivalences such
as - A = A, the use of fixed-point operators becomes necessary in order to obtain
equalities between sets of terms, due to the inherent circularity of such equivalences.
However, this is not the case in other systems, such as ours. The idea we adopt,
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which has already been used in many works, notably those of Parigot [44], is to
interpret each type as the orthogonal of a set of finite sequences of terms X C I <%
constructed as in Definition 3.3. Concretely, this approach allows the construction
of reducibility candidates in a direct and finite way, without resorting to general
fixed-point operators. This construction therefore provides an effective means of
incorporating classical logic into the interpretation of types, while preserving the
essential properties of normalization and correctness. As will become clear from
the definitions and results that follow, a type occurring on the right-hand side of a
sequent—that is, in a position where proof by contradiction is permitted—is inter-
preted as the orthogonal of an element S of the model. Such a set therefore satisfies
the equality S = St~ I, where St is defined below in Definition 3.8. Intuitively,
such types are thus interpreted as a form of double negation. Consequently, the
validity of the classical principle =—A — A is reduced to a set-theoretic property of
the orthogonality operation, reflecting the intuitionistic principle that three consec-
utive negations may be collapsed into a single negation. In other words, classical
reasoning is not introduced as an additional semantic principle; rather, it emerges
naturally from the way types are interpreted in the model.

In the following definition, we introduce the weakest precondition W associated
with a set S € M, such that S =W ~» L. Following Parigot [45], we denote this
set W by S, which is often called the orthogonal of S. Thus, to every set S € M,
we associate a unique set ST satisfying S = St ~+ I (see Lemma 3.9).

Definition 3.8 (Weakest precondition). Let M be a L-model and S € M.
We define the set S by

St=J{xcL= | S=x~ 1}

By the remark following Proposition 3.5, we may assume that @ € S*.
Lemma 3.9. Let M be a L-model, and S € M. We have S = St~ 1.
Proof. We have to prove both inclusions.

C : Assume that M € S, N € St and PC N. We prove that (M)P € 1. Since
N € 81, there exists Xp such that & = &) ~ L and N € Aj. Hence, by
definition of S, we have (M)P € L.

V)

: Let M € St ~ 1. Since S € M, by Lemma 3.7 there exists Xy C 1<% such
that S = Xy ~ L. In particular, Xy C ST. This implies ST ~» 1L C Xy~ L
and, thus, M € Xy ~ 1L = &S, as required. ]
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We can now interpret the types in a L-model. Note that the interpretation of
the type L and that of the atomic types will be the whole set L.

Definition 3.10 (Interpretation of types). Let M be a L -model.
An M-interpretation T is a function X — Z(X) from the set of atomic types Vx to
M which we extend for any type formula as follows:

o I(L)=1,
o ZI(A— B) =Z(A) ~ Z(B).

We are now prepared to state and prove the generalized correctness theorem.
This theorem establishes a connection between the concept of typability and inter-
pretation within a model. In simple terms, it asserts that any Au-term M of type
A belongs to the interpretation of A in any model. Furthermore, given that the
interpretation of any type is contained in L, it follows that the Au-term M will also
be in L.

Definition 3.11 (Simultaneous substitution). Let M € T and o be the simultaneous
substitution [(x; = M;)i<i<n; (aj =, Nj)lgjgm], which is not an object of the
syntax. Then Mo is obtained from the Au-term M by replacing each x; by M;
and replacing inductively each subterm of the form [a;]U in M by [oj](U)N;. We
explicitly state only the cases in which the specific behavior of a p-substitution arises.
Namely, when M is of the form [a|U for some o and U. The remaining cases proceed
in the usual inductive manner. Let us state the cases for M = [a]U as follows.

o If M =[a|U and a # o, then Mo = [a]Uo.
o If M = [a]U, then Mo = [a;](Uc)N;.

The following result establishes a connection between typing and semantics. In-
tuitively, it asserts that a typable term always belongs to its interpretation in a
model. Of course, one must properly handle the free variables of the term by sub-
stituting them with appropriate terms. It is worth noting that the statement of the
theorem relies on a set of substantial assumptions. In particular, if o; : B; is an
assumption for a specific o; and type B;, we consider the initial subsequences of se-
quences in 7 (Bj)JL. A careful examination of the proof shows that these assumptions
are indispensable for the current approach.

Theorem 3.12 (General correctness theorem).
Let M be a 1L-model, T an M-interpretation,
['={zi: Aitici<n, © = {0 : Bjhi<j<m,
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M; € Z(A;) for alllgign,Pj EN]' € I(Bj)JL foralll <j<m and

o = [(@; == M;)1<i<n; (@ =r Pj)1<j<m]-
IfT-M:A;0O, then Mo € Z(A).

Proof. By induction on the derivation, we consider the last rule used.

ax : In this case, M = x;, A= A; and I' - z; : A;;©. By hypothesis, Mo = M; €
Z(A;) =Z(A).

—;: In this case, M = \e.N, A=B - Cand I',z : B+ N : C ;0. Since, by
(D2), z € Z(B) and No = No’ where 0/ = o + [z := z], we obtain, by IH,
No € Z(C) C L, then (C1) involves Mo € 1. Let P € Z(B). We have
(Mo)P = (Ax.No)P —3 No” where 0" = o + [z := P]. By IH, No” € Z(C)
and P € L, then, by (D1), (Mo)P € Z(C). Therefore Mo € Z(B) ~ Z(C) =
Z(A).

—e: In this case, M = (N)P, ' P: A;© and ' N : B — A ;0. Then, by IH,
No € Z(B) ~ Z(A) and Po € Z(B). This means Mo = (No)Po € Z(A).

Li: In this case, M = [oj]N, A= L and ' = N : B; ;©. Let P,C N; ¢ I_(Bj)l.
Then, by IH, No € Z(B;) and, since P; £ N; € Z(Bj)*, then (No)P; € L.
Therefore, by (C3), Mo = [a;](No)Pj € L =Z(1).

Lle: In this case, M = pa.N, T N : 1; 0 a : A, where © = @' + (o : A).
Since @ € Z(A)* and No = No’ where o' = 0 + [ :=, @], we obtain, by IH,
No € Z(1) = L, hence, by (C2), Mo = pa.No € 1. Let PC N € Z(A)*L.

We have (Mo)P = (ua.No )P —,, pa.No” where 0" = o + [o == P]. By IH,

No" € I = Z(L) and, by (C2), pa.No" = pa.Nola :=, P] € L, hence, by
(C6), (Mo)P € L. Therefore Mo = pa.No € Z(A). O

We can now state and prove the main result of this section.

Corollary 3.13 (Correctness lemma). If ' M : A ;© and L is a saturated set,
then M € 1.

Proof. Assume I" = {:U, : Ai}lgign and © = {aj : Bj}lgjgm- Let M be the -
model containing only the set 1L and Z the M-interpretation defined by Z(X) = L
for all X € P. Since, by (D2), ; € Z(4;) for all 1 <i < n and () € Z(B;)* for all
1 < j <'m, then, by the general correctness lemma, M = M[(x; := 2;)1<i<n; (0 1=y
Di<r<i] € Z(A) € L. O
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The preceding result shows that, in order to prove that a given set of typable Apu-
terms satisfies a particular property, it suffices to consider the set of terms possessing
that property and to show that this set is saturated. In Sections 4 and 5, we explore
applications of this result.

4 Strong normalization property of Fupsf-reduction

In this section, we demonstrate that Su-reduction enjoys the strong normalization
property when augmented with the rules p,e, and 0, i.e., all the mentioned rules
except for y/. This result is not new: Parigot originally established it for his calculus,
and de Groote later confirmed it for his own variant. The methodology of our
proof differs slightly. Rather than establishing strong normalization for a restricted
subset of reduction rules and then extending the result by means of commutation
arguments, we prove the property directly by considering the full set of reduction
rules. More precisely, we take as our base saturated set the collection of terms that
are strongly normalizing whenever they are typable, with respect to the underlying
set of reduction rules. Accordingly, we define R = {3, i1, p, 8,17} and set

L={MeT | ifMeT,then M € SN}

Our goal is to verify that I is saturated. By Corollary 3.13, this will establish that
every typable term is strongly normalizable with respect to Supfn-reduction. In
the following discussion, we adopt the abbreviation M[a := N| for M[a :=, N], as
p/-reduction is not considered in this context. We then proceed to verify that the
conditions specified in Definition 3.2 are satisfied.

First of all, we state a few lemmas.

Lemma 4.1. Let M, N € T and «, 3,y € V,, such that o # [3,7. Then( B =
Ma = Ma[B :=1], (M[z := N])a = Ma|z := NoJ, (M[B := N])a = Ma[f := Nal,
and (My)g = (M3a)a-

O

Proof. All the cases follow by a straightforward induction on M.

Lemma 4.2. Let M € T and o, f € V,,. Then M —g N iff Mo := ] =g Nlo :=
Al

Proof. By induction on M. O

Lemma 4.3. Let M € T and o, € V. Then M € NFg iff Mo := ] € NFg.
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Proof. Follows from the previous lemma. O
Now we turn to verifying the properties listed in Definition 3.2.
Lemma 4.4 (Condition (C1)). Let M € L and x € V. Then Az.M € L.

Proof. If A\x. M € T¢, then M € T; as well. Hence, since M € 1, we obtain M €
SNz, and therefore \xz.M € SNR. O

Before proving Condition (C2), we point out that it is inevitable that we work in
the typed framework. Indeed, it is easy to find an example of a Au-term M € SN
but pa.M ¢ SNg. Namely, let M = pB.([8]0)d where 6 = Az.(x)x, then we
have M € N Fg but pa.M —. pa.(6)d € WN'g. Our choice of L, which includes a
typability condition, rules out this type of situation and thus ensures that Condition
(C2) is satisfied.

Lemma 4.5 (Condition (C2)). Let M € 1 and o € V,,. Then po.M € 1.
Proof. We will prove the lemma with the help of Lemmas 4.6 and 4.9. O

Lemma 4.6. Let M € T; and assume My —r U for some o € V,,.
Then AV € T; such that M —7 V and V,, = U.

Proof. By induction on M.
o If M is a variable, there is nothing to prove.
o If M = A\z.N, we can apply ITH.
o Assume M = [S]N.

— If 8 # «, then M, = [f]N,. If U = [p]W with N, —r W, then we
can apply IH. Otherwise, N = pv.P, and, applying Lemma 4.1, [5]N, =
[Bluy-Pa —p Paly := Bl = (P[y := f])a- Welet M —, Ply:= ] =V.

— If 8 = «, then M, = ([&]N)q = N,. In this case we use IH.

e Assume M = pvy.N.

— If U = puy.W such that N, - W, then we can apply IH.

— If N = pd.P, then, by Lemma 4.1, M, = py.ud.P, —: py.(Py)s =
py.(Ps)o and we let M —. uy.Ps =V.

—IEN =[P, v ¢tv(P), My, = wy.[y]Pa —¢ P and we have M —y P =
V.
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o If M = (N)P, then M, = (No)Po. If U = (Q)R such that N, —r Q or
P, —r R, then we can apply IH. Hence, we may assume that M, is the redex
reduced. We distinguish the various cases according to the structure of N.

— N cannot be a variable, since then M, is not a redex.
— If N = [y]N’, then N has type L, hence this case is impossible.

— If N = Az.N’, then M —3 N'[z := P], and, by applying Lemma 4.1,
M, = (Ax.N))Py —3 N,[z = P,] = (N'[z := P])q, and the result
follows.

— If N = py.N', then M —, py.N'[y := P], and, by Lemma 4.1, M, =
(wy.NY)Po —p py.Ni[y := Pu] = (uy.N'ly := P])a, and the result
follows.

— The case N = (IN1)Ns is impossible, since then M, is not a redex. O]

Definition 4.7 (the function 7). Assume M € SN'g. Then, since the reduction tree
is locally finite, it follows from Kénig’s lemma that this is equivalent to asserting that
the lengths of all reduction sequences starting from M are bounded above uniformly.
Let us denote the length of the longest reduction sequence of M by n(M).

The following lemma is immediate, and point 2 will be used frequently in what
follows to show that a term belongs to SNx.

Lemma 4.8. Let M € T.
1. If M € SNg and M —r M', then M' € SN'g and n(M) > n(M’).
2. M € SNz iff, for every M —5 N, we have N € SN'i.
3. If M € SNr, then n(M) = max{n(N) | M —-r N} +1.
Proof. By definition of the function 7. O
We still need the following lemma before establishing Condition (C2).

Lemma 4.9. Let M € T; and o € V,. If M € SNg, then M, € SN and
(M) < n(M).

Proof. Let M € SNr. We argue by induction on n(M).

e We first apply Point 2 of Lemma 4.8. Assume that M, —x U; we prove
that U € SNz. By Lemma 4.6, there exists V € T; such that M —r V
and V, = U. Moreover, n(V) < n(M); hence, by IH, U = V, € SN and
n(U) =n(Va) <n(V) < n(M).

408



REALIZABILITY SEMANTICS

o We have just shown that for every U such that M, —g U, one has n(U) <
n(M). Therefore, by Point 3 of Lemma 4.8, we obtain n(M,) < n(M) + 1. In
particular, n(M,) < n(M). O

We can now turn to the proof of Lemma 4.5.

Proof of Lemma 4.5. Assume that pya.M € T;. Then M € Ty, hence, by assump-
tion, M € SNr. We shall prove that ua.M € SN, and therefore pa.M € 1L
by using Point 2 of Lemma 4.8. We proceed by induction on the lexicographically
ordered pair (n(M),cxty(M)). Let pa.M —g N be an arbitrary one-step reduc-
tion. We claim that N € SNR; the desired conclusion then follows from Point 2 of
Lemma 4.8. We distinguish the three possible cases for the reduction pa.M —x N.

o If N =pa.M with M —x M’, then n(M’) < n(M) and, by TH, N € SN%.

o If M = pB.P and pa.M —. po.Pg = N, then P € SN'g since P is a subterm
of M. Moreover, by Lemma 4.9, we have n(Pg) < n(P) < n(M). Since
cxty(Pg) < caty(P) < caty(M), IH yields N € SN'g.

o If M = [a]Q, with a ¢ v(Q), and pa.M —y Q = N, then Q € SNk since Q
is a subterm of M, hence N € SN'x. O

The proof above relied on the fact that from M € I and M € T; it follows that
M € SNx. In the sequel, we will tacitly use this implication.

Lemma 4.10 (Condition (C3)). Let M € 1 and o € V,,. Then [a]M € L.

Proof. If [a]M € T, then M € T; as well. Hence, since M € 1, we obtain M €
SNr. We prove, by induction on n(M), that [a]M € SN'r. Let [a]M —x N be
an arbitrary one-step reduction. It suffices to show that N € SN ; the desired
conclusion then follows from Point 2 of Lemma 4.8. We distinguish the two possible
cases for the reduction [a]M —x N.

o If N =[a]M" with M —x M’, then n(M') < n(M) and, by IH, N € SN%.

o If M = pB.P and [a]M —, P[B := a] = N, then P € SNy since it is a
subterm of M. It follows from Lemma 4.3 that N € SA'R. O

Condition (C4) proves to be trivial due to the fact that we have omitted the
w/'-reduction, that is, the symmetric counterpart of .

Lemma 4.11 (Condition (C4)). Let x € V) and N € 1.<*. Then (z)N € L.
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Proof. Assume that N = Ny, ..., N, and that (z)Ny ... N, € ;. Then Ny,..., N, €
T; as well. Hence, since N € 1L<¥ we obtain Ni,...,N, € SN'g. We argue
by induction on 3%, n(Ng) to prove that (z)N € SN'g. We apply Point 2 of
Lemma 4.8. Let (z)Ny...N,, g U. Then U = (z)U; ...U,, where N; — U; for
exactly one index 1 < i < n, and U; = N; for all j # i. We have > ;_; n(Uy) <
> i1 n(Ng), and Uy € SN'g for all 1 < k < n. Thus, by IH, U € SN%. O

The lemma below contains an easy property of the reduction.

Lemma 4.12. Let M,U,N € T and x € V) such that M —x U.
Then M|z := N] =g Ulz := NJ.

Proof. By induction on M. O
We reveal two observations in the next lemma before verifying (C5).

Lemma 4.13.
1. Assume M|z := N| € SN for some M,N € T andx € V5. Then M € SN'R.
2. Assume Mo := N| € SNg for some M,N € T ando € V,,. Then M € SNg.

Proof. We only treat Point 1, the other case being similar. We argue by induction
on n(M[z := NJ) and apply Point 2 of Lemma 4.8. Let M —x U, and we show
that U € SN'g. From M —x U, we deduce by Lemma 4.12 that M[z := N] =g
Ulx := NJ]. Since M[z := N] € SNg, it follows that Uz := N] € SN and
n(Ulx := N]) < n(M[z := N]). Thus, by IH, we obtain the result. O

Lemma 4.14 (Condition (C5)). Let (M[z:= N])P € L and N € L.
Then (Az.M)NP € L.

Proof. Assume (Az.M)NP € T;, then (M[z := N])P and N also belong to T;.
Hence, since (M[z := N])P,N € 1L, we obtain (M[z := N])P,N € SNz. By
Lemma 4.13, it follows that M € SNz and P € SN'% as subterms of (M [z := N])P.
We prove that (Az.M)NP € SNz by induction on n(M)+n(N)+n(P), where n(P)
denotes the sum of the n-values of the terms in the sequence P. We apply Point 2
of Lemma 4.8. Let (Az.M)NP —x @, and we show that Q € SN'r. We distinguish

the following cases for the reduction (\z.M)NP —x Q.

« fQ=(\x.M)NP, Q= (Ax.M)N'P or Q = (Ax.M)NP', where M — M,
N —x N', and P —x P’, then we conclude by IH.

o If Q = (M[x := N])P, the result follows by assumption. O
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Lemma 4.15 (Condition (C6)). Let pa.M|a := N]e L and N € 1L.=¥.
Then (pa.M)N € L.

Proof. Assume (po. M)N € Ty, then pa.M|a := N] and N also belong to 7;. Hence,
since pa.M|a := N], N € L, we obtain ua.M[a := N],N € SN'gr. By Lemma 4.13,
it follows that M € SAN'z. We note that, if N = N1 Ns... N, then M[a := N] =
Mo := Ni][a := Na]...[a := N,]. Therefore, we need to prove that, if (ua.M[a :=
N])P € SN with N € SN'g and P € SN'5¥, then (ua.M)NP € SN'g. We prove
(pa. MNP € SN by induction on (M) + n(N) + n(P), where n(P) denotes the
sum of the n-values of the terms in the sequence P. We apply Point 2 of Lemma 4.8.
Let (ua. M)NP —5 @, and we show that Q € SN'g. We distinguish the following

cases for the reduction (ua. M)NP —r Q.

« If Q= (pa.M')NP, Q = (pa.M)N'P, or Q = (pa.M)NP' with M — M/,
N —x N', and P —x P’, then we conclude by IH.

o If Q = (ua.M[a := N])P, the result follows by assumption. O
We are now in a position to state the main result of this section.
Theorem 4.16. I is a saturated set.
Proof. We put together Lemmas 4.4, 4.5, 4.10, 4.11, 4.14 and 4.15. O
Corollary 4.17. If M € Ty, then M € SN g p--

Proof. We apply Corollary 3.13 and Theorem 4.16. O

5 Weak normalization property of §uu’ pef-reduction

In this section, we prove that Supef-reduction augmented with the p'~rule has the
weak normalization property. In [7], we provided a syntactic proof of this result.
However, that proof was notably complex, involving the strong normalization of
[B-reduction within a typed framework and the weak normalization of the other re-
ductions within an untyped framework. The most challenging part was devising an
algorithm to combine the two normalization results to establish the weak normaliza-
tion of the set of all reductions. The proof presented here takes a different approach.
It relies on the results of Section 3 by choosing a suitable set that satisfies all the
properties required for the saturation. We will observe that Condition (C4) is the
most difficult one to establish, and, interestingly, it will be formulated and verified
within the untyped context. While this proof for the weak normalization property
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is elegant and concise, it lacks the constructive aspect found in the previous proof
[7], and as a result, we are unable to extract a concrete normalization algorithm.

In many results established in this section, we need additional properties in order
for the induction to go through correctly. This is why we introduce extra properties
concerning the shape of terms before and after reduction.

It should be noted that verifying certain conditions, specifically (C2) and (C4),
for the saturated set 1. we are about to define requires the typability assumption.
Without this assumption, neither (C2) nor (C4) holds, as shown by the counterex-
amples we provide in this section. Furthermore, the proof of (C4) is carried out in
several steps and we explicitly indicate, throughout the statements leading to (C4),
which arguments rely on typing assumptions.

We first show in the next two lemmas that, for the proof of the weak normaliza-
tion property of Buu’ped-reduction, it is sufficient to verify that Supps-reduction
enjoys weak normalization. This is because we can add 6-reduction to the set of
reductions without compromising the weak normalization property.

Lemma 5.1. Let M, N € T. If M € NFguupe and M —¢ N, then N € N F g0 pe-
Moreover, the following statements hold.

1. If N starts with A\, then M also starts with A or p.
2. If N starts with p, then M also starts with with .
Proof. By induction on M. It suffices to check the property for one-step of reduction.

o If M = Xx.M’, then N = Ax.N’ where M’ —y N’. Then, by IH, N’ €
NFguwpe- Hence, N € N Fg,,,e, and the second property is obviously satis-
fied since M starts with A.

o If M = po.M" and N = po. N' where M' —¢ N', then, by IH, N" € NF g,/ pe
and N’ does not start with p, since M’ does not either. Hence N € N F g,/ pe,
and the second property is obviously satisfied since M starts with p.

o If M = pofo]M', with o ¢ fv(M'), and N = M’, then M' € NFpg,,pe as a
subterm of M, and the second property is obviously satisfied since M starts
with p.

o If M = [a]M’, then N = [a]N’ where M’ —¢ N'. Then, by IH, N" € N F g,/ pe
and N’ does not start with 1, since M’ does not either. Hence, N € NF g,/ pe,
and the second property is obviously satisfied since N does not start with pu
or A.
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o If M = (My)My, N = (Mj)My and M; —¢ Mj, then, by TH, M{, My €
N Fguwpe and M{ does not start with p or A since M; does not start with p
or . Hence, N € NFg, e, and the second property is obviously satisfied
since N does not start with p or A.

o If M = (My)My, N = (Ml)Mé and My —y Mé, then, by IH, Ml,Mé S
NFguwpe and My does not start with p since My does not start with p.
Hence, N € N F g, pe, and the second property is obviously satisfied since N
does not start with p or A. O

Lemma 5.2. The 0-reduction strongly normalizes.

Proof. We observe that 8-reduction decreases the size of the terms. O

Theorem 5.3. WN g,,0pc € WN g0 pe0 holds true.

Proof. If M € WN g pe, then there exists M’ € N Fpg,pe such that M — g,/ e
M'. By Lemma 5.2, there exists N € N Fy such that M’ -4 N. Thus, by Lemma
5.1, we have N € N F g,/ pe0 and hence M € WN g, peo- O

Let us now recall the example of our paper [7] which shows that with the re-
duction p’ we lose the strong normalization property. Let M = (uS.U)U where
U = pa.la][a]z. We have :

ez:lFdar:L;a:L,f: L — L thenae: LFU:L; p:L— 1,

therefore v : L FuS.U: 1L — 1 hencex: L -M: L.

o M =y pofo](pp.U)[a](pp.U)s =, po.la)(pB.U)[a|uB.U =, pofa]M —4
M, which means M & SN g, pep-

Hence, we cannot hope to prove that Buu’pef-reduction is strongly normalizing.
Instead, we intend to show that Suu’pef-reduction enjoys the weak normalization
property. We observe that M —, uS.U € NF g, pe0, and thus M € WN g, pep-

In what follows, we let R' = {8, u, 1/, p,e} and
1'={MeT | ifM €T, then M € WNg}.

Our aim is to verify that 1" is saturated, from which, by Corollary 3.13, it follows
that every typable term is weakly normalizable. We verify the conditions of Defini-
tion 3.2 one by one below.

Beforehand, we deal with some lemmas that will be needed in the proofs. Lemma
5.5 is similar to Lemma 4.3.
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Lemma 5.4. Let M € T and o, € V,. Then M —g: N iff Mo := B] =g
Nla = f].

Proof. By induction on M. O

Lemma 5.5. Let M € T and o, € V. Then M € NFgr: iff Mo := ] € NFg.
Proof. Follows from the previous lemma. O

In the lemma below, we obviously need the assumption that M is typable.
Otherwise, let M = ([a]A\z.P)Q with P,Q € NFg/. Then M € NFg:, but

Lemma 5.6. Let M € Ty and v € V,,. If M € N Fgs, then My € NFr:. Moreover,
the following statements hold.

1. If M, starts with p, then M starts with p.
2. If M,, starts with X\, then M starts with A or [.].
Proof. By induction on M. We detail only the more interesting cases.

o If M = Xz.M', then M, = \x.M/,. By IH, M! € N Fg/, hence M, € N Fr.
The second property is obviously satisfied since M starts with .

o If M = pB.M', then M, = pB.M!. By IH, M! € N Fr and M/ does not
start with g, since M’ does not either. Hence, M, € N Fg/, and the second
property is obviously satisfied since M starts with pu.

o If M = [B]M' and B # «, then M’ does not start with p and M, = [B]M],.
By IH, M! € NFg: and M/ does not start with u. Hence, M, € N Fg/, and
the second property is obviously satisfied since M starts with [.].

o If M = [a]M’', then M’ does not start with u, and M, = M. By IH,
M! € NFr and M}, does not start with p. Obviously, the statement if M,
starts with A, then M starts with [.] is vacuously true.

o If M = (P)Q, then P,Q do not start with u, P does not start with A and
M, = (P,)Qq- By IH, P,,Q, € NFgr and P,, Q, do not start with u. If P,
starts with A, then P starts either with A or with [.]. Since M € N Fg/, P
cannot start with A and, since M € T;, P cannot start with [.], either. Hence,
M, € N Fr/, and the second property is obviously satisfied. O
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We note that in the lemma above we obviously need the assumption that M is
typable. Otherwise, let M = ([a]d)§ with 6 = Az.(z)x. Then M € N Fg/, but
M, = ([a]d6) 6 ¢ N Fr.

The next lemma is intuitive and has the consequence that we are not able to
create a u, A or [.| by a pu- or p/-substitution or by replacing a p-variable with another
one.

Lemma 5.7. Let M\,N € T, a €V, and s € {r,1}.

1. If M| :=4 N| starts with \ (resp. u, [.]), then M also starts with X\ (resp. p,

[1)-

2. If Mo = (] starts with X (resp. p, [.]), then M also starts with A (resp. p,

[1)-
Proof. By induction on M. O
Lemma 5.8 (Condition (C1)). Let M € 1" and x € V). Then \x.M € 1.

Proof. If \x.M € T;, then M € T; as well. Hence, since M € 1/, we have M €
WAN 5/, and therefore \o.M € WN .. O

Lemma 5.9 (Condition (C2)). Let M € 1’ and o € V. Then pa.M € 1.

Proof. If pa.M € T;, then M € T; as well. Hence, since M € 1/, we have M €
WAN /. Let us consider a normalization of M, i.e., M -/ N with N € N Fr,. We
consider the reduction sequence po.M —»x/ pa.N obtained in this way. We aim to
show that pa.M € WN /. We distinguish the following cases.

o If N does not start with p, then pa.N € N Fgr/ (note that 8 ¢ R’), and thus
pa. M e WNR/.

o If N = pf.P, then P does not start with y. By Lemma 5.6, P3 € N Fgs
and does not start with y. Hence, pa.Pg € NFg/. We obtain po.M —»g/
popif.P —¢ pa.Pg € N Frs. Hence, poa. M € WN . O

It should be emphasized that the argument heavily relies on working in the typed
setting. More precisely, to establish ua.M € 1, we begin with the assumption
pa.M € T;. Without this, one can easily construct terms M and pa.M such that
M € NFg: while pa. M ¢ WN g/, as the following example shows. Namely, let
M = pB.([f)\y.(y)d)d, where § = Az.(z)z. Then M € NFg/ and pa.M —.
po.(Ay.(y)d)d —p pa.(6)d. Hence, pa.M ¢ WNg/. Moreover, in both reduction
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steps there is no choice of redex: at each stage there is a unique redex available to
reduce, so the reduction is deterministic. This comes from the fact that the term M
is not typed, on the one hand due to d, and on the other hand because in M, [§] is
applied to two arguments.

Lemma 5.10 (Condition (C3)). Let M € 1" and a € V,,. Then [o]M € 1.

Proof. If [a]M € T;, then M € T; as well. Hence, since M € L' we have M €
WN /. We have to show [a]M € WNg,. We consider a normalization of M, i.e.,
M —g: N € NFr,. Then we take the reduction sequence [a]M —x/ [a] N obtained
thereof. We distinguish the different cases.

o If N does not start with u, then [¢] N € NFg/. Thus [a|]M € WN .

o If N = pB.P, then, by Lemma 5.5, P[3 := o] € NFr,. We have [a]M —x:
[a]uB.P —, P[B := «]. Thus [a]M € WN /. O

Next, we are going to prove Condition (C4) for L'
Lemma 5.11 (Condition (C4)). Let x € V) and N € (1')<¥, then (z)N € L'

We prove the lemma by means of several auxiliary lemmas. Our intuition is
as follows. Given a term (z)Nj...N, with Ni,...,N, € WANg/, we first nor-
malize each N, obtaining normal forms M. We then proceed from left to right
until we reach the first index 1 < i < n such that M; = pvy;.M] for some M.
We then reduce the term (z)M; ... M; using the p/-rule, yielding (uvy;.M/[v; =
l(x)My...Mi—1])M;it1 ... M,. At this stage, the normalization strategy becomes
slightly more delicate. If the next term M, does not begin with a u, we perform a
p-reduction on the redex (py;.M;")M;y1. On the other hand, if M; 1 = puvyip1. M/, 4,
we continue with a p'-reduction on the p/'-redex (py;.M;")pyiy1.M] . We proceed
in this manner for the remaining components of the application.

We now introduce the necessary preliminary notions.

Definition 5.12 (a-clean property). Let M € T and o € V,. We say that M s
a-clean if, for every subterm [a]U of M, U does not start with A.

Intuitively, a-clean terms do not create new (-redexes when considering a -
substitution with respect to . Indeed, after such a p-substitution, the fact that no
A occurs immediately after occurrences of [a] prevents the creation of new S-redexes.

The following lemma will be used implicitly in the sequel, without always being

explicitly recalled, since it establishes straightforward properties of the notion of
a-clean term.
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Lemma 5.13. Let M,N €T, x € Vy, and o, 3 € V,, such that 3 # «.

1. M is a-clean iff Ax.M is a-clean.
. M is a-clean iff uB.M is a-clean.
. M is a-clean iff [B]M is also a-clean, where § # «.

. M and N are a-clean iff (M)N is a-clean.

2
3
4. If M does not start with X, then M is a-clean and iff [a]M is a-clean.
5
6. M is a-clean iff Mo := f3] is S-clean.

7

. If Mand N are a-clean, then M[a :=, N] is a-clean.
Proof. It is immediate. O

To establish Condition (C4), we rely on some technical lemmas (Lemmas 5.14,
5.15, and Corollary 5.16) to attain a weak normalization result. As we have seen
in the above explanation, we need to normalize the result of a u-substitution of a
normal Ap-term into another normal Au-term. The difficulty in such normalization
arises from the possibility of encountering S-redexes. The a-clean condition aims
to prevent these occurrences. We achieve this normalization result in two steps.
First, we normalize without the p’-reduction (without the p-reduction, resp.) and
we describe precisely the remaining p/-redexes (u-redexes, resp.). Then, we handle
the final normalization by eliminating these redexes.

Lemma 5.14.

1. Let M,N € NFr: and o € V, such that M is a-clean and o does not occur in
N. Then M[a :=, N] € NFpgupe is a-clean and the p/-redexes of Mo :=, N]
are of the form [a|(U)N if N starts with u. In particular, if N does not start
with p, then Mo :=, N] € NFr: as well.

2. Let M,N € NFgr: and o € V,, such that N does not start with \. Then
Mo :==; N] € NFgupe and the p-redexes of M[o :=; N| are of the form
[@](N)U if N starts with p. In particular, if N does not start with p, then
Mo :=; N] € NFg: as well.

Proof. Both points can be proved by induction on M. In Point 1, the fact that
Mo =, N] is a-clean follows from Lemma 5.13.

1. o If M = XAx.M’, then M[a :=, N| = Ax.M'[av :=, N] and it suffices to
apply TH.
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o It M = pB.M', then M’ does not start with g and Mo :=, N] =
pB.M'[a :==, N|. By Lemma 5.7, M'[« :=, N| does not start with u and
we apply IH on M’ to obtain the result.

o If M = (M;)Msy, then M; does not start with p or A, My does not start
with g and M[a :=, N| = (Mi[a :=, N])Ms[a :=, N]. By Lemma 5.7,
M| :=, N] does not start with p or A\, Ma[a :=, N] does not start with
v and, applying IH on M;, Ms, we obtain the result.

o If M = [B]M' and 8 # «, then M’ does not start with p and Mo :=,
N] = [B]M'[e :=, N]. By Lemma 5.7, M'[cx :=, N| does not start with
w1 and the result follows from TH.

o If M = [a]M’, then M’ does not start with g and M[a :=, N] =
[a](M'[ev :=, N])N. Since M is a-clean, M’ does not start with A\ and,
by Lemma 5.7, M'[a :=, N|] does not start with p or A\. By applying IH,
we see that [a](M'[a :=, N])N € NFg,, is a-clean and the p/-redexes
are of the desired form.

2. e Incase of M = \a.M', M = uB.M', M = (M;)My and M = [f|M’
(o # B), we apply, as in Point 1, TH.

o If M = [a]M’', then M’ does not start with pu and M[a :=; N] =
[a](N)M'[ew :=; N]. By Lemma 5.7, M'[ov :=, N] does not start with
. By virtue of IH and since N does not start with A, we see that
[a](N)M'[oc :=; N] € NFpu, and the p-redexes are of the desired
form. O]

We note that in Point 1 of the above lemma, the “a-clean” hypothesis is only
used in the last case, where it is needed to show that the application of two normal
terms is still normal, without creating any S-redex. In contrast to Point 1 of this
lemma, in Point 2 we do not need the “a-clean” hypothesis, since the possible cre-
ation of a S-redex can be controlled by an assumption on the term N. Furthermore,
the lemma above is valid in the untyped calculus, too.

The following lemma will be used in the proof of Condition (C4). It relies on
Point 2 of the previous lemma and also yields a very useful corollary for the sequel.
Since the proofs are similar to those we have already carried out, we allow ourselves
not to give all the details. Let us note that we need a typing assumption to obtain
this lemma, in order to prevent the occurrence of terms of the form pa.Ax.M. This
is not an issue, since this result will be used only to establish Condition (C4) in a
typed setting.
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Lemma 5.15. Let M,N € NFgr: and vy € V,, such that M does not start with
and, if M = pa.M’ for some M', then M is a-clean. If N[y :=; M| € Ty, then 3P
y-clean for which Ny := M| —,, P € NFgr:. Moreover, if N does not start with
W or A, then the same is true for P.

Proof. The proof proceeds by induction on N.
e Incase of N = Az.N’ and N = uS.N’, we apply IH.

o If N = [B]N’ and B # ~, then N’ does not start with p. By IH, N'[y :=
M) —,, P' € NFgr: and P" does not start with pu. Hence, N —,, [B]P’ €
NFp.

o If N = [y]N', then N[y := M] = [y](M)N'[y :=; M] and N’ does not start
with p. Hence by Lemma 5.7, N'[y :=; M] does not start with p either. By IH,
N'ly :=; M] —,, P’ € NFr/ and P’ does not start with p. If M does not start
with g, then we are ready. Otherwise, assume M = pa.M’. Then M’ does not
start with g and M is a-clean. In this case, N[y :=; M| = [v](pa.M")N'[y :=
M) =, Ypa.M'|a ==, N'[y := M]| =, M'[a :=, N'[y := M]][av := 7] =
Mo := ][y =, N'[y :=; M]] -, P € NFg by applying Point 1 of Lemma
5.14, and Lemmas 5.13, 5.5 and IH. Observe that, since M € T;, M’ does not
start with A either. From Lemma 5.7, it follows that P does not start with p
and A, by Lemma 5.14, P is vy-clean.

« If N = (Nl)NQ, then N["y =1 M] = (Nl[")/ = M])NQ[")/ = M], N1 does not
start with A or u, and Na does not start with p. By Lemma 5.7, Ni[y :=; M]
does not start with A or p and N[y :=; M| does not start with . By using
IH, Ni[y .= M] -, N{ € NFg/, Noly := M| —,, Ny € NFgr/, Ni does
not start with A or p and N3 does not start with p. Hence, N[y := M] —,,
(N))Ny € NFg. O

We demonstrate the fact that the assumption N[y :=; M| € 7T; is needed in
the lemma above by giving a simple example. Let N = (N1)Ny, where Ny = [vy]z,
Ny = 6 with § = Az.(z)x, and M = pa.d. Then N[y := M] = ([y](pa.d)x)d —,
(Y pe.6)d —, (0)6 ¢ WNg/. This comes from the fact that the terms N and M
are not typed, on the one hand due to §, and on the other hand because in N, [7]
is applied to two arguments.

We now arrive at the following fundamental result, which will be used in the

proof of Condition (C4). For point 2 of the following corollary we also need a typing
hypothesis because it uses the previous lemma.
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Corollary 5.16. Let P,Q € NFg/ and vy € V,,.

1. Assume P = py.P' such that P’ is vy-clean, and Q does not start with p. Then
3R v-clean for which (P)Q —, py.R € N Fgs.

2. Assume Q = py.Q' for some Q', P does not start with \, and, if P = po. P,
then P is a-clean. If (P)Q € Ti, then 3R v-clean for which (P)Q —
py-Q'ly =1 P} = pp pv.R € NFpi.

Proof.

1. We have (uy.P")Q —, py.P'[y ==, Q] and we apply Point 1 of Lemma 5.14
to P'[v :=, Q] to obtain the result.

2. We have (P)uy.Q" — v py.Q'[y :=; P] and we apply Lemma 5.15 to Q'[y :=;
P] to obtain the result. O

Note that in Point 2 of the above lemma we rely on the typing assumption,
as illustrated by the following terms. Let @ = pvy.([y]z)d and P = pa.d, where

6 = Az.(z)z. Then (P)Q —up py.([V](pa.0)x)d —y py.([v]pe.6)d —p py.(6)5 ¢
WAN /. Moreover, not only can the above corollary fail in the absence of the typing
assumption, but Condition (C4) may also be violated. Indeed, let N = QQ, where
Q = pup.2z.([B](2)0)d, and consider the term (z)N. Then (2)N = ((x)Q)Q contains
two p’-redexes. Hence, we have two possible reductions.

o Starting with the reduction of ()@, we obtain
(@)N = ((@)Q)Q —w (nB.Az((B](2)(2)9)8)Q.

The above expression contains both a p-redex and a p/-redex, leading to the
two subcases below. In what follows, let us denote Q, = pS.Mz.([5](z)(2)d)d.

— Then
(Qa)Q =y B A ([B(Qx)(2)0)d
= B N[BT (B2 ([B](2)(2)d)
= w8 N (BB A2 ([B((2)(2)0)(2)8)d)d
(
(

= uB A (A2 ([B]((2)(2)9)(2)0)d)d

=g uB X ([8]((2)(9)d)(2')d)d.
There is a unique reduction sequence starting from (Q,)Q with a u'-
reduction and ending in the term p3" \2".([8']((x)(0)d)(2")d)d. Moreover,

this term contains a single redex, namely (§)d, which reduces to itself.
Hence, 3" A2".([8]((x)(0)d)(2")d)d is not weakly normalizing.
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(Qa)Q =y B A ([B]((2)(2)6)Q)d
= puf' M ([B(V)Q)d
= B AL (B (BN ([B](V)(2)6)) (2')0)d
= 1B A (BB Az ([B](V)(2)0)(2')8))d
—p B A Az ((B1((V)(2)6)(2')0)6)d
=g pB AL ([B]((V)(9)8)(2)d)sd.

Again, there is a unique reduction sequence starting from (Q,)@, whose
first step is a p-reduction, and which terminates in upS8 . \z".([8']((V)
(0)0)(2)6)d, whose only redex is (§)d. Therefore, this term is not weakly
normalizing.

o If we reduce the outer redex, we obtain
(@)N = (0)Q)Q —w  uBXz([B]((2)Q)(2)8)d
= uBAz([B](Q)(2)6)0,

where the final term reduces to puB.\z.([8]((z)(0)d )6)( )0)d, as shown in the
discussion above. Thus we can conclude that (2)QQ ¢ WN s provided @ is
defined as above.

The choice of L' provides the typing hypothesis needed to apply the previous
results and avoid such counterexamples.

Proof of Lemma 5.11 Let Ny,...,N,, € L', and assume that (z)Ny---N,, €
T;. Since Ni,...,N, € T;, we also have Ni,...,N, € WNx,. We prove that
()Ny -+ N, € WNg,. We may assume that n > 0, since the case n = 0 is trivial.
First, we normalize each Nj. Since N, € WN g/, there exists a normal form M), €
NFgrs such that Ny —gs M. Hence we obtain (x)Ny--- N, —gs (2)My - M,.
If none of the M}, begins with a p, then the term (z)Mj--- M, is in N Fgr/, and
therefore belongs to WAN /. Otherwise, let 1 < ¢ < n be the least index such
that M; = pv;.M]. We apply a p'-reduction to the term (z)M;j -+ M;_1 pvy;.M]
and obtain (x)My--- Mi—1 py.M] =, pyi.Mi[vi == (x)My--- Mi—1] = pvyi. M,
where we set M’ = M]/[y; = (x)M;---M,;_1]. By Lemma 5.15, there exists
M" € NFgs such that M" is v;-clean and M’ —,, M"”. It remains to normal-
ize the term (uvy;.M")M;1q - - - M,,. We proceed by induction on n — i to show that
(uryi M"Y M yq - - - My, € WN /. We distinguish two cases.
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o Assume that M;;; does not begin with a p. Then Point 1 of Corollary 5.16
applies, and we obtain (py;. M")M;11 — 4 pyig1.R € NFgrs and R is ~;-clean.
By IH, we get (uvy;.R)Miio--- M, € WNx.

o Assume now that M1 = pyip1.M;, ;. Then Point 2 of Corollary 5.16 applies,
and we obtain (uy;. M")pyig1- M1 = pwp Yie1.R € NFgs and R is 7iq1-
clean. By IH, we get (uyir1.R)Mito--- M, € WN . O

We can turn to Conditions (C5) and (C6). We note that the additional assump-
tions on IV and N are not necessary to establish them, which was not the case in
the previous section, where the goal was to obtain a strong normalization result.

Lemma 5.17 (Condition (C5)). Let (M[z := N])P € L' and N € I’
Then (Ax.M)NP € 1'.

Proof. Assume (Ax.M)N P € T;. Then, since reductions preserve typing, we also

have (M[z := N]) P € T;. Hence, since (M[x := N])P € 1, we obtain (M[x :=
N]) P € WNg:. Therefore, (Ax.M)N P € WN . O

Lemma 5.18 (Condition (C6)). Let pa.M|a :=, N]€ 1/ and N € (L')<v.
Then (pa. M)N € 1.

Proof. Assume (pa.M) N € T;. Then, since reductions preserve typing, we also have

pa. Mla =, N] € T;. Hence, since puo. Mo :=, N] € L', we obtain pa. Mla =,
N] € WNgs. Therefore, (ua.M)N € WN . O

We are now in a position to state and prove the main theorem of this section.
Theorem 5.19. 1’ is a saturated set.
Proof. We use Lemmas 5.8, 5.9, 5.10, 5.11, 5.17 and 5.18. ]
Theorem 5.20. If M € Ty, then M € WN g0 peo-

Proof. We apply Corollary 3.13 and Theorems 5.3 and 5.19. 0

As a final remark, we would emphasize that the weak normalization property
follows for the typable Au-terms concerning (upef-reduction without any additional
effort. Notably, due to the absence of the p/-rule Condition (C4) becomes trivial.
Thus, if M is a typable Ap-term, then M € WN g,,p-0.
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6 Remarks and future works

We provide an auxiliary result that could not be obtained directly from the main
properties established in this paper. In the definition of saturated sets, we may
require that they belong to the set of typable terms, which entails modifying some
of the saturation conditions by introducing additional constraints related to typing.

Definition 6.1. Let I C T;. We say that 1L is strongly saturated if

(Cl): VM e L, Vo€ Vy, \e.M € L.

(C2) : VM € L, Va eV, if pa.M € Ty, then pa.M € L.

(C3): VM e L, Va eV, if [a]M € Ty, then [a]M € L.

(C4) : Vx € Vy, YN € L<¥, if ()N € Ty, then (z)N € L.

(C5) : VM € T, VP € [, VN € L, if (Ae.M)NP € T; and (M[z := N))P € L,
then (Ax.M)NP € L.

(C6) : YM € T;, YN € L<%, if (uae.M)N € T; and pa.M[a :=, N] € L, then

(pa.M)N € L.

We can then show that the general correctness result remains valid, even after
adapting the definition of I -saturated sets as well as that of the two semantic
implications. This yields an additional result, both interesting and elegant, which
we state below:

Theorem 6.2. T; is the unique strongly saturated set.

We have proven normalization results (both strong and weak) for sets of reduc-
tion rules in the simply typed Au-calculus. We believe that this method is sufficiently
general to allow us to establish analogous results when we introduce additional re-
ductions. For instance, we can consider the following new typing rule:

Ql[BIM =, [B]Ma f8#a  and  [a][a]M =g, Ma.

These rules can be justified both on the basis of typing considerations and the
aim of simplifying terms by eliminating unnecessary parts of a term. Notably, the
presence of two consecutive brackets [.] is one of the factors contributing to the
failure of strong normalization in the case of uu'p-reduction, leading only to weak
normalization. Given the declarations a : 1 and § : A, and assuming M : A,
we can deduce [a][B]M : L. This derivation implicitly contains a proof of L by
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contradiction. However, this intermediate step is clearly redundant: it would be
more direct to derive a contradiction from the assumptions M : A and « : A, the
latter representing a proof of —A. In particular, where § = «, both brackets can
be entirely eliminated. We can investigate the normalization properties (both weak
and strong) of a set of rules that includes this new reduction rule §. Other non-local
rules can also be added to the Au-calculus. In [39], a global reduction rule made it
possible, for instance, to encode a “parallel or”. We believe that the method used
in that paper to prove normalization properties makes it immediately clear what
conditions are required to obtain such a result.

Some of the saturation conditions we have defined, as well as certain additional
hypotheses, were motivated by our aim to prove normalization for certain sets of
reduction in the Apu-calculus. Therefore, simpler conditions might also suffice when
we want to obtain other type of results, for example, a result of adequacy, par-
ticularly for the study of the algorithmic behavior of certain typable Au-terms via
this semantics. In [41], we managed to define, for a fragment of the Ap-calculus, a
realizability semantics that is, via a completeness result, established an equivalence
between terms typable by a type and terms inhabiting all interpretations of the
type. While this result is interesting, it relies on the introduction of several kinds
of L, whose interpretation is not entirely straightforward. It would be of interest to
investigate how these results carry over when using our current semantic framework.

We have already mentioned that the reduction rule i/ does not preserve types
during reduction in a system typed with second-order logic, and that Raffalli pro-
vided an example of a Au-term of type A that can be reduced (using the rule p)
to a term of type B, where B can be any type; this result appears in Py’s thesis
[48]. It should be noted that this kind of issue is well-known and also occurs in
ML-family languages, which employ implicit polymorphism rules. A natural way
to address this problem is to give algorithmic content to the rules associated with
the quantifier V, which Py has already accomplished in the aforementioned work. It
is also known that the arithmetical proofs developed in previous works for systems
based on simple types (without quantifiers) do not extend to this enriched system.
It is therefore of interest to investigate to what extent the method of reducibility
candidates, as presented in this paper, can be applied to establish weak and/or
strong normalization results in this expressive framework. Previous work on other
systems relies on symmetric reducibility candidates (sometimes using fixed points)
and requires different constructions. In our future work, we aim to study such sys-
tems for de Groote’s Au-calculus, considering all reduction rules, in order to obtain
all the desired properties, including a programming theorem in the style of Krivine.

424



REALIZABILITY SEMANTICS

References

1]
2]

[12]
[13]
[14]

[15]

Ariola, Z. and Herbelin, H. Minimal classical logic and control operators, Proceedings
of ICALP ’03, LNCS 2719, Ppp. 871 — 885, 2003.

Barbanera, F. and Berardi, S. A symmetric lambda calculus for classical program ex-
traction, In: M. Hagiya and J.C. Mitchell (editors), Proceedings of theoretical aspects of
computer software, TACS ’94., Lecture Notes in Computer Science (789), pp. 495-515,
Springer Verlag, 1994.

Barbanera, F. and Berardi, S. A strong normalization result for classical logic, An-
nals of Pure and Applied Logic, 76(2), pp. 99-116, 1995, https://doi.org/10.1016/
0168-0072(95)00004-Z.

Battyanyi, P. Normalization properties of symmetric logical calculi, PhD thesis, Uni-
versity of Chambéry, 2007.

Battyanyi, P., and Nour, K. Strong normalization of )\ff:f()’;- and M\ufi*- calculi, Logical
Methods in Computer Science, vol. 13 (3:34), pp. 1-22, 2017, https://doi.org/10.
23638/LMCS-13(3:34)2017.

Battyanyi, P., and Nour, K. Normalization proofs for the un-typed pup'-calculus, Spe-
cial Issue: LICMA’19 Lebanese International Conference on Mathematics and Appli-
cations., AIMS Mathematics, 5(4), pp. 3702-3713, 2020, https://doi.org/10.3934/
math.2020239.

Battyanyi, P., and Nour, K. Normalization in the simply typed Ay’ pde-calculus.
Mathematical Structures in Computer Science, 32(8), pp. 1066-1098, 2022, https:
//doi.org/10.1017/5096012952200041X.

Curien, P.-L., and Herbelin, H. The duality of computation, In: M. Odersky, P. Wadler
(editors), Proceedings of the Fifth ACM SIGPLAN International Conference on Func-
tional Programming, ICFP ’00, pp. 233-243, ACM Press, 2000.

Dagand, P. E., Rieg, L. and Scherer, G. Functional Pearl: a Classical Realizability
Program, manuscript, https://arxiv.org/pdf/1908.09123

David, R., and Nour, K. Why the usual candidates of reducibility do not work for the
symetric lambda-mu-calculus, Electronic Notes in Theoretical Computer Science, 140,
pp. 101-111, 2005.

David, R., and Nour, K. Arithmetical proofs of strong normalization results for the
symmetric Ay’ -calculus, In: P. Urzyczyn (editor), Typed Lambda Calculi and Appli-
cations, TLCA ’05, Lecture Notes in Computer Science (3461), pp. 162-178, Springer
Verlag, 2005.

David, R., and Nour, K. Arithmetical proofs of strong normalization results for sym-
metric lambda calculi, Fundamenta Informaticae, 77(4), pp. 489-510, 2007.

David, R. and Py, W. Au-calculus and Bohm’s theorem, Journal of Symbolic Logic 66
(1), 407413, 2001.

Downen, P. Sequent Calculus: A Logic and a Language for Computation and Duality,
PhD thesis, University of Oregon, 2017.

Gallier, J. On Girard’s “candidats de reductibilité¢”, In Odifreddi, editor, Logic and

425



NORMALIZATION PROPERTIES OF Apu-CALCULUS

[17]

[18]

[19]

[31]
32]

[33]

Computer Science, pages 123—203. Academic Press, 1900.

Girard, J.-Y. Une extension de linterpretation de godel a l’analyse, et son application d
lélimination des coupures dans l’analyse et la théorie des types, In J.E. Fenstad, editor,
Proceedings of the Second Scandinavian Logic Symposium, volume 63 of Studies in
Logic and the Foundations of Mathematics, pages 63-92. Elsevier, 1971.

Girard, J.-Y. [Interpreétation fonctionnelle et élimination des coupures de
Uarithmeétique d’ordre supeérieur, PhD thesis (in French), Universiteé Paris Diderot,
Paris 7, 1972.

Girard, J.-Y., Lafont, Y., and Taylor, P. Proofs and Types, Cambridge University Press,
1989.

Griffin, T. A formulae-as-type notion of control, In: F. E. Allen (editor), Conference
Record of the Seventeenth Annual ACM Symposium on Principles of Programming
Languages, POPL ’90, ACM Press, 1990.

de Groote, P. An environment machine for the A\u-calculus, Mathematical Structures
in Computer Science 8, pp. 637-669, 1998. An environment machine

de Groote, P. On the relation between the Au-calculus and the syntactic theory of
sequential control, In: F. Pfenning (editor), 5th International Conference on Logic Pro-
gramming and Automated Reasoning, LPAR ’94, Lecture Notes in Artificial Intelligence
(822), pp. 31-43, Springer Verlag, 1994.

Herbelin, H. C’est maintenant qu’on calcule: au coeur de la dualité, Habilitation thesis,
University Paris 11, December 2005.

Herbelin, H. and Silvia Ghilezan, S. An approach to call-by-name delimited continua-
tions, POPL 2008, pp. 383-394, 2008.

Howard, W. A. The formulae-as-types notion of construction, In: Curry, H., Hindley,
J. R., and Seldin, J. P. (eds.), To H. B. Curry: Essays on Combinatory Logic, Lambda
Calculus, and Formalism, pp. 479-490, Academic Press, 1980.

Kleene, S. C. On the interpretation of intuitionistic number theory, The Journal of
Symbolic Logic, Vol. 10, No. 4, pp. 109-124, 1945.

Krivine, J.-L. Lambda-calculus types and models, Ellis Horwood, 1993.

Krivine, J.-L. Classical logic, storage operators and second-order lambda-calculus, An-
nals of Pure and Applied Logic (68)(1), pp. 53-78, 1994.

Krivine, J.-L. A general storage theorem for integers in call-by-name \-calculus, Theo-
retical Computer Science (129)(1), pp. 79-94, 1994.

Krivine, J.-L. Dependent choice, quote and the clock. Th. Comp. Sc., 308:259-276, 2003.

Krivine, J.-L. Realizability in classical logic. In interactive models of computation and
program behaviour. Panoramas et syntheses, 27, 2009.

Krivine, J.-L. Realizability algebras: a program to well order R, Logical Methods in
Computer Science, 7(3), 2011.
Krivine, J.-L. Realizability algebras II : new models of ZF + DC, Logical Methods in
Computer Science, 8(1), 2012.

Krivine, J.-L. Quelques propriétés des modéles de réalisabilitée de ZF, February 2014.

426



REALIZABILITY SEMANTICS

[34]

[35]

[44]

[45]

[46]

[47]

[48]

Laurent, O. Ftude de la polarisation en logique, Theése de doctorat, Université Aix-
Marseille 11, 2002.

Miquel A. Implicative algebras: a new foundation for realizability and forcing, Math-
ematical Structures in Computer Science 30(5), 2020, pp. 458-510. doi:10.1017/
S0960129520000079

Miquey, E. and Herbelin, H. Realizability Interpretation and Normalization of Typed
Call-by-Need X\ -calculus with Control In: Baier, C., Dal Lago, U. (eds.) Foun-
dations of Software Science and Computation Structures. FoSSaCS 2018. Lecture
Notes in Computer Science(10803), Springer, Cham., https://doi.org/10.1007/
978-3-319-89366-2_15

Munch-Maccagnoni, G. Focalisation and Classical Realisability, In Erich Gradel and
Reinhard Kabhle, editors, Computer Science Logic’09, volume 5771 of Lecture Notes in
Computer Science, pages 409-423. Springer, Heidelberg, 2009.

Murthy, C. R. An evaluation semantics for classical proofs, In: Proceedings of the
sixth annual IEEE symposium on logic in computer science, pp. 96-107, 1991.

Nour, A non-deterministic classical logic (the AT -calculus), Mathematical Logic
Quarterly, vol 48, pp. 357-366, 2002.

Nour, K. and Saber, K. A completeness result for the simply typed lambda-mu calculus,
Annals of Pure and Applied Logic, 161, pp. 109-118, 2009.

Nour, K. and Ziadeh, M. A revised completeness result for the simply typed \u-calculus
using realizability semantics, Logical Methods in Computer Science, 13(3:13), pp. 1-13,
2017, https://doi.org/10.23638/LMCS-13(3:13)2017.

Parigot, M. Ap-calculus: an algorithmic interpretation of classical natural deduction,
In: A. Voronkov (editor), Logic Programming and Automated Reasoning, Lecture Notes
in Computer Science (624), Springer Verlag, Berlin, pp. 190-201, 1992.

Parigot, M. Classical proofs as programs, In: G. Gottlob, A. Leitsch, and D. Mundici
(eds.), Proc. of 3rd Kurt Godel Colloquium, KGC’93, Lecture Notes in Computer
Science (713), pp. 263-276, Springer-Verlag, 1993.

Parigot, M. Proofs of strong normalization for second order classical natural deduction,
Journal of Symbolic Logic (62), pp. 1461-1479, 1997.

Parigot, M. Strong normalization of second order symmetric lambda-calculus. In Sanjiv
Kapoor and Sanjiva Prasad, editors, Foundations of Software Technology and Theoret-
ical Computer Science, 20th Conference, FST TCS 2000 New Delhi, India, December
13-15, 2000, Proceedings, volume 1974 of LNCS, pp. 442-453., Springer Verlag, 2000.
Pitts A. M. Parametric polymorphism and operational equivalence, Mathematical Struc-
tures in Computer Science 10(3), 2000, pp. 321-359. doi:10.1017/30960129500003066
Polonovski, E. Strong normalization of Apji-calculus with explicit substitutions, In:
Walukiewicz, I. (ed.), Foundations of Software Science and Computation Structures,
7th International Conference, FOSSACS 2004, Lecture Notes in Computer Science
(2987), pp. 423-437, Springer Verlag, 2004.

Py, W. Confluence en Ap-calcul, PhD thesis, University of Chambéry, 1998.

427



NORMALIZATION PROPERTIES OF Apu-CALCULUS

[49]

[50]

[51]

[52]

Rehof, N. J., and Sgrensen, M. H. The As-calculus, In: M. Hagiya, J. C. Mitchell (ed-
itors), Theoretical Aspects of Computer Software, Lecture Notes in Computer Science
(789), pp. 516542, Springer Verlag, 1994.

Saurin, A. On the Relations between the Syntactic Theories of Ap-calculi, ITn: M.
Kaminski, S. Martini (editors), 17th EACSL Annual Conference on Computer Science
Logic, Lecture Notes in Computer Science (5213), pp. 154-168, Springer Verlag, 2008.
Saurin, A. Typing streams in the Ap-calculus, ACM Transactions on Computational
Logic (TOCL), Volume 11, Issue 4, pp. 1-34, 2010.

Saurin, A. Bohm theorem and Béhm trees for the Lambda-mu-calculus, Theoretical
Computer Science 435, pp. 106-138, 2012, https://doi.org/10.1016/j.tcs.2012.
02.027.

Streicher, T. Krivine’s classical realisability from a categorical perspective, Mathemati-
cal Structures in Computer Science , Volume 23 | Issue 6 , pp. 1234 —1256, 2013.
Segrensen, M. H., and Urzyczyn, P. Lectures on the Curry-Howard Isomorphism, Elsevier
Science, 2006.

Tait, W.W. Intensional interpretation of functionals of finite type I, J. Symbolic Logic
32, pp. 198212, 1967.

Terui, K. Computational Ludics, Theoretical Computer Science 412, pp. 20482071,
2011

Wadler, P. Call-by-value is dual to call-by-name, SIGPLAN Not., 38(9), pp. 189201,
2003.

Noam Zeilberger, N. Refinement types and computational duality, Proceedings of the
3rd workshop on Programming languages meets program PLPV’09, 2009.

428 Received January 2026



ON THE DIRECT DECOMPOSABILITY OF
TRIANGULAR NORMS ON BOUNDED POSETS

GAOLIN L1
School of Mathematics and Statistics, Yancheng Teachers University, Yancheng,
Jiangsu 224002, PR China
1ligaolinl19810126.com

YANYAN DONG*
School of Mathematics and Statistics, Yancheng Teachers University, Yancheng,
Jiangsu 224002, PR China
dongyanyan187@163.com

ZHUDENG WANG
School of Mathematics and Statistics, Yancheng Teachers University, Yancheng,
Jiangsu 224002, PR China
zhudengwang2004@163. com

Abstract

In this paper, we introduce the concepts of the left continuous triangular
norms by means of the residuated mappings on bounded posets. We further
give out some conditions of decomposability of the triangular norms on bounded
product lattices. We also explain each join-distributive triangular norm on
bounded product lattices is the direct product of two join-distributive trian-
gular norms. Finally, we give some characterizations of the left continuous
triangular norms on bounded product lattices.

keyword: poset, residuated mapping, triangular norm, direct product decom-
position

The authors would like to express their sincere thanks to the anonymous reviewers and editors
for their careful reading and constructive comments. This project is supported by the National
Natural Science Foundation of China (12401607, 11971417, 12571507), the Basic Research Program
of Jiangsu Province (BK20241086).

*Corresponding author.

Vol. 13 No. 3 2026
Journal of Applied Logics — IfCoLog Journal of Logics and their Applications



L1, DoNng AND WANG

1 Introduction

In order to extend the triangle inequality in classical metric spaces, Menger [6]
introduced the concept of triangular norms (also called t-norms). Later, Schweizer
and Sklar [7, 8] provided a rigorous definition of t-norms on the real unit interval
[0,1], and applied them to the study of statistical metric spaces (also known as
probabilistic metric spaces). With the rapid development of fuzzy set theory, Wu et
al. [5] proposed the concepts of t-norms on bounded lattices. Zhang [11] investigated
t-norms on partially ordered sets. Since t-norms effectively capture the properties
of “logical AND", they have gained widespread attention as fuzzy logic operators in
the field of fuzzy logic. De Baets and Mesiar [3] studied t-norms on product lattices.
Jenei and De Baets [4] explored the decomposition of t-norms on product lattices.
Later, we [9, 10] investigated the decomposition problem of fuzzy connectives on
product lattices. Recently, Chajda et al. [2] also discussed the decomposition of
aggregation functions on partially ordered sets.

In this paper, we introduces the concepts of left-continuous t-norms on bounded
posets by using residuated mappings. We establish decomposable conditions for t-
norms on product lattices of bounded lattices, demonstrating that join-distributive
t-norms on such product lattices can be decomposed into the direct product of
two join-distributive t-norms. Additionally, we characterize the properties of left-
continuous t-norms on product lattices of bounded lattices.

2 Preliminaries

In this paper, unless otherwise specified, both (L, <) and (M, <) are arbitrarily
given bounded posets, and their minimum and maximum elements are denoted by
0 and 1, respectively.

Definition 2.1 ([1]). If the mapping ¢ : L — M satisfies the following condition:
p(r) <y ez <d(y),vre L,y e M,

then ¢ is called a residuated mapping from (L, <) to (M, <), and when not confused,
abbreviated as ¢ is the residuated mapping from L to M. The pair (p,¢) is called
a residuated pair, ¢ is called the right adjoint of ¢, and ¢ is called the left adjoint
of ¢. The residuated mapping from a partially ordered set (L, <) to itself is also
referred to as a residuated mapping on L.

Proposition 2.2 ([1]). If ¢ is a mapping from L to M, then the following assertions
are equivalent:
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(1) ¢ is a residuated mapping from L to M;

(2) The inverse image under ¢ of every principal lower set in M is a principal
lower set in L;

(3) ¢ is an order-preserving mapping, and there exists an order-preserving ¢ :
M — L such that

pop=>1r,p00<1py.
If both ¢ and ¢* satisfy assertion (3) in Proposition 2.2, then
p=1ro¢p < (¢ op)op=9¢"o(pog) <P oly =¢"

Similarly, it can be proved that, ¢* < ¢. It follows that ¢* = ¢. Thus, when ¢ is
a residuated mapping from (L, <) to (M, <), the right adjoint of ¢ is unique. By
convention, the right adjoint of ¢ is denoted as ¢™. Similarly, if ¢ has a left adjoint,
then it is denoted by ¢~.

When (p, ™) is a residuated pair, we have

p(@) =min{y e M|z <p*(y)} Yo e L,
¢ (y) = max{z € L | p(x) < y},Vy € M.

Definition 2.3 ([1]). Let ¢ be a mapping from (L, <) to (M,<). If for any X C L,
o(sup X) = sup p(X) when sup X exists, then ¢ is called a supremum-preserving
mapping.

Dually, we can define infimum-preserving mappings.

Proposition 2.4 ([1]). Let (¢, ™) be a residuated pair. Then ¢ is a supremum-
preserving mapping, and @' is an infimum-preserving mapping.

From the above proposition, it’s not difficult to find that when L and M are
lattices, ¢ is a join-preserving mapping and ¢ is a meet-preserving mapping.
For complete lattices, we obtain stronger results as follows.

Proposition 2.5 ([1]). Let L and M be complete lattices and ¢ : L — M be
a mapping. Then ¢ is a residuated mapping if and only if ¢ preserves arbitrary
joins, i.e., for any X C L,p(VX) = Vp(X). Dually, p* is the right adjoint of
the residuated mapping ¢ if and only if ¢ preserves arbitrary meets, i.e., for any
X CLpT(AX) = Apt(X).

Definition 2.6 ([3, 11]). If a binary operation T : L?> — L satisfies the following
conditions:
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(T1) commutativity: T(a,b) = T'(b,a) for any a,b € L;

(T2) increasingness: T(a,b) < T(c,d) for any a,b,c,d € L with a < c and b < d;

(T3) associativity: T(a,T(b,c)) =T(T(a,b),c) for any a,b,c € L;

(T4) neutral element: T'(a,11) = a for any a € L.

Then T is called a t-norm on L.

Definition 2.7. Let T' be a binary operation a bounded lattice L. If
TyAz,z)=T(y,z,) NT(z,2) (T'(x,yAz)=T(x,y) NT(x,z)),Vz,y,2 € L,

then T is called left (right) meet-distributive; If T is both left meet-distributive and
right meet-distributive, then T is called meet-distributive. If

TyVzz)=Ty,z)VT(z,z) (T(zx,yVz)=T(x,y)VT(x,z)),Vr,y,z €L

then T is called left (right) join-distributive; If T is both left join-distributive and
right join-distributive, then T is called join-distributive.

Definition 2.8 ([3, 11]). Let T' be a binary operation a bounded lattice L. Take
wa,r(x) =T(a,z),Yo € L.

If for each a € L, p, 1 has right (left) adjoint, then T is called left continuous (right
continuous).

Note 1 From Definition 2.8, we can get if T is left continuous, then for each
a € L, has right adjoint @(J{T such that

par(r) =T(a,z) <y x<plp(y),Ve,y e L.
Thus, when a = 1, we have
0 <@l r(y) = ¢1,7(0) =T(1,0) < y,¥y € L.

This implies 7'(1,0) = 0. Similarly, if 7" is right continuous, then for each a € L, ¢, 1
has left adjoint ¢, , such that

Pur(®) <y e x < ar(y) =T(a,y), Yo,y € L.
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Take a = 0, we have
¢or(x) 1=z <¢or(l)=T(0,1),Vz € L.

This implies 7(0,1) = 1.

Note 2 If L is a complete lattice, it follows from Proposition 2.5 that T is left
continuous iff T is right distributive over arbitrary joins, i.e., for each « € L and for
every subset M of L, it always holds that

T(x,VM) =V{T(z,y) |y € M}.

Dually, T is right continuous iff T is right distributive over arbitrary meet, i.e., for
each x € L and for every subset M of L, it always holds that

T(x,AM) =NT(z,y) |y € M}.

3 The direct products of t-norms

Define the order relationship < on L x M is defined as:

(z1,11) < (z2,42) © 21 < z2 and y1 < Y2,V (21,91), (z2,y2) € L x M,

then (L x M,< ) is a bounded partially ordered set.The minimum and maximum
elements are (0,0) and (1,1), respectively. If both L and M are bounded lattices,
then L x M is also bounded and for any (x1,y1), (z2,y2) € L x M,

(@1, 91) A (22,92) = (21 Az2, y1 Ay2), (z1,91) V (22, y2) = (21 V 22,91 V ¥2) .

Definition 3.1 ([3, 10]). Let T} and Ty be binary operations on L and M, respec-
tively. Define the binary operation T on L x M as follows:

T ((z1,91) s (x2,92)) = (T1 (21, 22) , T2 (y1,92)) , ¥ (%1, 91) , (w2, 92) € L x M.

Then T is called the direct product of Tv and Ts, denoted as Ty x T.
If 1 is mapping from L to L, and s is mapping from M to M. Define the
mapping ¢ : L x M — L x M as follows:

@(mvy) = (901($),(p2(y)) ,V(ZL‘,y) €L x M.

Then ¢ is called the direct product of p1 and w2, denoted as p1 X p2.
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It is easy to verify that if 77 and 75 are t-norms on L and M, respectively, then
Ty x 15 is a t-norm on L x M.

Proposition 3.2. IfT} and Ty are left continuous t-norms on L and M , respectively,
then T1 X Ty is a left continuous t-norm on L x M.

Proof. We only prove (1) holds.
If both T7 and T» are left continuous t-norms, take (a,b) € L x M, then

Yot (1) <22 & 21 < @ITl (z2),Vx1,29 € L
enr, (Y1) < y2 € 1 < @y, (Y2), VY1, 42 € M.
Thus
Pap), T xTs (T1,Y1) < (22,92) & (@ary (¥1) 00,1, (Y1) < (22,92)
& Yot (21) <22, 07 (Y1) S y2 & 21 < @ITl (w2), 11 < SOZT (y2)

& (z1,91) < (SDITl (z2), oy, (y2)) = (@;L,Tl X @ZE) (w2, 92) .
This implies that ¢, ) 7«7, has right adjoint ‘P;Tl X <p;'T2. So T1 x T5 is a left
continuous t-norm on L x M and
+
_ o+ -
(('O(aﬂb)’Tl ><T2) = Pa,y X Po1pe

O]

Example 3.3. Denote the minimum t-norm on the bounded lattices L and M by
Tiw and Tow, respectively. Then the direct product of Tiw and Tow is Tiw X Tow
as follows:

(Tw x Tow) ((w1,91) 5 (22, 92)) = (Tiw (w1, 22) , Tow (Y1, ¥2))
(x1 ANxo,y1 ANy2),  if 1 €{x1, 22} and 1 € {y1,y2},

_ (x1 A 22,0), if 1 € {z1, 22} and 1 ¢ {y1,y2},
(anl /\y2)7 Zfl ¢ {xth} and 1 € {y17y2}7
(0,0), otherwise.

Furthermore, for any t-norm Ty on L and for any t-norm Ty on M, Tiw X Tow <
T1 x Ty, and the minimum t-norm on L x M is as follows:

Tw ((z1,91), (72,2))

_ (w1 ANxo,y1 Ay2),  if (x1,y1) = (1, 1) or (w2,12) = (1,1),
(0,0), otherwise.
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It is obvious that Ty < Tiw X Tow < Ty X Tb, i.e., the minimum t-norm Ty on
L x M can’t be expressed as the direct product of a t-norm on L and a t-norm on
M.

4 The direct decomposability of t-norms

Take
Oy (x,y) = z,0z(2,y) = y,Y(z,y) € L x M.

That is, II; and Il denote the projection mappings from L x M to its first and
second components, respectively.

Proposition 4.1 ([2, 10]). Let T be a t-norm on L x M. Then T is the direct
product of two t-norms on L and M, if and only if T satisfies the following two
conditions:

(1) T (T ((z1,91)  (22,92))) = W (T ((21,0) , (22,0))) , (21, 41) , (w2, 42) € L x M

(2) 2 (T ((z1,91) , (v2,92))) = U2 (T ((0,91), (0,92))) , (x1,91) , (¥2,y2) € L x M.

Proposition 4.2. Let L and M be bounded lattices, and T be a t-norm on L X M.
Then T is the direct product of two t-norms on L and M if and only if for any

(55131/1) ) (332a1/2) S L x Mv

T ((x1,91)  (22,92)) = T ((21,0), (22,0)) VT ((0,91) , (0, 92)) -

Proof. Necessity Let T be the direct product of the t-norm 77 on L and the t-norm
T on M. For any (z1,y1), (z2,y2) € L x M, we have

T ((21,0), (22,0)) VT ((0,91), (0, y2))
= (T1 (21, 22) , 12(0,0)) V (T1(0,0), T2 (1, y2))
= (T1 (z1,22),0) V (0, T (y1,92)) = (T1 (x1,22) , T2 (y1,%2))
=(T1 x Tz) ((z1,y1) , (w2,92)) = T (w1, y1) , (22, 92)) -

Sufficiency For any (z1,v1), (z2,y2) € L x M,

Iy (T ((z1,91) , (22, 42))) = a2 (T ((21,0) , (x2,0)) VT ((0,91) , (0, 42)))
=l (T'((21,0) , (2,0))) v 2 (T'((0,41) , (0, 2))) -

Since
Iy (T ((xlv 0) ) (va 0))) < Il (T ((xl)o) ) (1’ 0))) <II (1‘17 0) = O’

435



L1, DoNng AND WANG

we have

o (T ((z1,91) 5 (22, 92))) =2 (T ((0,91) , (0,92))), ¥ (w1, 91) , (z2,92) € L x M.

Similarly, we can get

I (T ((x1,91) 5 (w2, 92))) =1y (T ((21,0) , (22,0))) ,V (¥1,91) , (w2,92) € L x M.

It follows from Proposition 4.1 that T is the direct product of two t-conorms on L
and M. O

Proposition 4.3. Let L and M be bounded lattices, T' be a t-norm on L X M. Then
T is join-distributive if and only if T can be decomposed into the direct product of
two join-distributive t-norms on L and M.

Proof. Necessity Let T be a join-distributive t-norm. Then we have

T ((z1,y1), (2,92) V (23,93)) = T ((x1,%1) » (x2,92)) VT ((z1,91) , (23, ¥3)),

for all (x1,v1), (z2,y2), (z3,y3) € L x M. Since T satisfies the commutativity, then
for any (z1,y1), (z2,y2) € L x M, we have

T ((z1,91) s (22, 92)) = T ((z1,0) V (0,31) , (22, y2))
T ((21,0), (z2,y2)) VT ((0,91) , (z2,92))
T ((21,0), (z2,0) V(0,92)) VT ((0,91) , (z2,0) V (0, 42))
T ((21,0), (z2,0)) VT ((21,0),(0,42)) VT ((0,91) , (22,0)) VT ((0,91),(0,92)) -

Since
T ((21,0),(0,52)) < T((1,0),(0,1))

T((anl)’(J:ZuO)) T((Oal)v(LO))
then for any (x1,y1), (z2,y2) € L x M, we have

T ((x1,51) (w2, 92)) = T ((21,0), (22,0)) vV T'((0,31) , (0, 92)) -

It follows from Proposition 4.2 that there exist a t-norm 77 on L and a t-norm 75 on
M such that T = Ty x Ty, and for any (z1,v1), (z2,92), (x3,y3) € L x M, it holds
that

(1,0) A (0,1) = (0,0)

<
<(0,1) A (1,0) = (0,0),

<
<

(T1 (w1, 22 V23), T2 (y1,92 Vy3)) = (T1 x T2) ((z1,y1) , (22 V 23,92 V ¥3))
=T ((z1,91)  (x2,92) V (23, y3)) = T ((x1,91) , (¥2,92)) VT ((x1,91) , (23,Y3))
= (T1 (w1, 22), T2 (y1,92)) V (T1 (21, 23) , T2 (y1, ¥3))
= (T1 (z1,22) VT1 (21, 23) , T2 (Y1, 92) V T2 (y1,93))
=T (x1,29 V xz) =T (x1,22) VT (21, 23),
=T (y1,y2 Vy3) = To (y1,y2) V T2 (y1,93) -
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Therefore, T and 75 is join-distributive.
Sufficiency Let 77 and T» be join-distributed t-norms. Then V (z1,y1), (z2,y2),
(z3,y3) € L x M,
T ((z1,91), (T2, y2) V (73, ¥3))

=(T1y x T3) (w1, 51) , (w2 V @3, 52 V ¥3))
=(T1 (w1, 22V x3), T2 (y1,92 V ¥3))
= (Th (w1, 32) VT (21, 23) , T2 (y1,92) V T2 (y1, 93))

= (11 (21, 22) , T2 (41, 92)) V (T (21, 23) , T2 (Y1, y3))

=T ((x1,91), (x2,92)) VT ((w1,91) , (23, 93)) -
Therefore, T is also join-distributive. O
Proposition 4.4. Let L and M be bounded lattices, T be a t-norm on L x M. If T

s a left continuous t-norm on L X M, then there exists a left continuous t-norm T
on L and a left continuous t-norm Ty on M such that T = T1 X T5.

Proof. Let T be the left continuous t-norm on L x M. Then for any (a,b) € L x M,
$(a,p),T 15 a residuated mapping from L x M to L x M. According to Proposition 2.2,
we get ¢(qp),7 18 join-preserving mapping. Thus T is join-distributive. According
to Proposition 4.3, there exists a t-norm 77 on L and a t-norm 75 on M such that
T=1T,xT5. Let ae L and b € M,

or(z) =11; (‘Pz;,o),T(JU’ 0)) , VYerel
h(y) =T () 7(0,9)) . Wy M.

Then
11 (a,21) < 22 < T ((a,0), (21,0)) < (22,0) & (1,0) < 4/7(270);[ (72,0)

s < I (wa,o),T (:L’Q,O)) ez < @), (r2),Vxy, 22 € L.

This implies that ¢}, is the right adjoint of ¢, 7,. Similarly, we can get ¢} is the
right adjoint of ¢y 7;,. Hence T7 and T3 are left continuous t-norms on L and M,
respectively.

From the proof of Proposition 3.2, we can get,

+
ot +
(‘P(a,b),Tl ng) =Paty X o1y

Since the right adjoint of a residuated mapping is unique, we have

Py (@) = (Hl (@z;,())”]“(xa 0)) aig (CPZB’b%T(U,y))) V(z,y) € L x M.
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According to Propositions 3.2 and 4.4, we can get the following result.

Proposition 4.5. Let L and M be bounded lattices, T be a t-norm on L x M. Then
T is a left continuous t-norm on L x M if and only if T can be expressed as the

direct product of a left continuous t-norm 17 on L and a left continuous t-norm Ty
on M, @'.6., T = T1 X TQ.

5 Conclusions

This paper utilizes residuated mappings to introduce the concepts of left-conti-
nuous t-norms and right-continuous t-conorms on bounded posets. It provides de-
composition conditions for t-norms on the product of bounded lattices, demonstrat-
ing that a join-distributive t-norm on such a product lattice can be decomposed into
the direct product of two join-distributive t-norms. Furthermore, the characteristic
properties of left-continuous t-norms on the product of bounded lattices are estab-
lished. Uninorms, which generalize and combine t-norms and t-conorms, are also
addressed. By leveraging the decomposition conditions for t-norms and t-conorms on
product lattices, corresponding decomposition conditions for uninorms can likewise
be derived.
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1 Introduction

Hoops are commutative residuated integral monoids equipped with a natural partial
order, defined by a binary operation ®, a residuated implication —, and an identity
element 1. First introduced by Bosbach in [6, 7] and further studied by Biichi and
Owens in an unpublished manuscript [9], hoops serve as a fundamental algebraic
structure in universal algebra and algebraic logic. The residuation property, xOy < z
if and only if x < y — z, underpins their order structure, where x < y if and only if
x — y = 1, making hoops a versatile framework for analyzing logical and algebraic
systems.

Hoops are central to the study of substructural and fuzzy logics, particularly
as the algebraic semantics for hoop logics. Esteva et al. [25] developed axiomati-
zations for the falsehood-free fragments of residuated fuzzy logics associated with
continuous t-norms, establishing hoops as their algebraic counterpart. This connec-
tion positions hoops as a unifying class for significant algebraic structures, including
product algebras, MV-algebras (the semantics of Lukasiewicz logic), Wajsberg alge-
bras, BL-algebras (the semantics of basic logic), and MTL-algebras (the semantics
of monoidal t-norm logic). Their applications span fuzzy set theory, non-classical
reasoning, and computational models in artificial intelligence. The structural rich-
ness of hoops, combined with their logical relevance, has inspired extensive research
into their properties and subvarieties, see [24].

Pseudo-hoops, introduced by Bosbach as complementary semigroups in [6, 7]
and later studied as a non-commutative generalization of hoops by Georgescu et
al. [27], are residuated structures equipped with two implications (—, ~») and a
monoid operation ®. The residuation properties, t ©y < z <= =z <y — z and
yOzr <z < x <y~ z induce a natural partial order where x < yifz -y =1
and z ~» y = 1, bridging commutative and non-commutative logical systems.

Significant structural insights into pseudo-hoops include Dvurecenskij’s work
[18], which, building on [2], showed that every linearly ordered pseudo-hoop is an
ordinal sum of linear Wajsberg pseudo-hoops. These serve as fundamental building
blocks, with each linear Wajsberg pseudo-hoop being either the negative cone of a
linearly ordered ¢-group or an interval [0, u] of a unital linearly ordered ¢-group (G, u)
(it is worth noting that bounded Wajsberg pseudo-hoops are equivalent algebraic
structures to pseudo-MV-algebras; see [27]). This decomposition also revealed that
every o-complete pseudo-hoop is commutative. Ciungu [11] explored how special
elements in pseudo-hoops induce sub-pseudo-hoops from intervals and investigated
Bosbach and Riecan states. Botur et al. [5] established that pseudo-hoops satisfy
the Riesz Decomposition Property and provided a countable equational basis for
normal-valued basic pseudo-hoops.

442



DENSE PSEUDO-HOOPS

Pseudo-hoops generalize several algebraic structures, such as pseudo BL-algebras
and pseudo MV-algebras, which are more complex than their commutative coun-
terparts due to an uncountable lattice of subvarieties [4]. Symmetric pseudo MV-
algebras, in which left and right complements coincide, have been studied in [14, 21],
which offer simpler structural properties. Recently, the relationship between Wajs-
berg hoops and Bézout domains has been studied in [22]. These studies have con-
tributed to a deeper understanding of this algebraic structure and its connections
to classical algebraic systems. A fresh study on the variety of symmetric Wajsberg
pseudo-hoops has established that each symmetric Wajsberg pseudo-hoop is either
bounded or an ultrafilter of a bounded Wajsberg pseudo-hoop (see [23]). Thus,
many properties of symmetric Wajsberg pseudo-hoops are inherited from pseudo-
MV-algebras.

This paper focuses on the dense elements of a pseudo-hoop A, denoted D(A),
which we prove it is a filter and also a subalgebra of A. We introduce the notion of
dense pseudo-hoops and show that a bounded commutative pseudo-hoop is dense if
and only if it is special in the sense of [30], generalizing the concept of special hoops.
Furthermore, we establish a representation of bounded dense pseudo-hoops, leading
to a categorical equivalence between the category of bounded dense pseudo-hoops
and the category of pseudo-hoops. We also investigate dense filters, exploring their
properties and applications in pseudo-hoops as well as their relation with the other
types of filters of this structure.

2 Preliminaries

In this section, we review fundamental notation regarding pseudo-hoops that will be
utilized in the subsequent section.

Definition 2.1. [27] An algebraic structure (A, ®, —,~>,1) of type (2,2,2,0) sat-
isfying the following identities is called a pseudo-hoop:

(PH1) z01=2=10uz.

(PH2) z = 2 =1 =2 ~ 1.

(PH3) (z1@y) =z =12 — (y — 2).

(PH4) (z @ y) ~ 2 =y ~ (2~ 2).

(PH5) (z »y) 0z =(y = 2)0y=20(x~y) =y0O (y~ ).
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A pseudo-hoop A is called commutative if ® is a commutative binary operation.
By [27, Remark 2.3], each pseudo-hoop A is commutative if and only if ~»=—. In
this case, (A, ®, —, 1) is a hoop. In other words, the concept of commutative pseudo-
hoops is equivalent to that of hoops. Furthermore, A is said to be cancellative if the
binary operation ® is cancellative on both sides.

For every pseudo-hoop A, (A, <) is a poset, where < is defined by: z < y if
and only if z — y = 1. Moreover, by [27, Proposition 2.1(ii)], the poset (4, <) is a
A-semilattice, where

zANy=(r—y) Oz, VryecA (2.1)

A pseudo-hoop (A, ®, —, ~=, 1) is bounded if (A, <) has the least element, denoted
by 0, that is, 0 > x =0 ~» z = 1 for every z € A. Considering the least element 0
as a nullary operation, a bounded pseudo-hoop can be seen as an algebraic structure
(A, ®,—,~,0,1) in which (4, ®, —, ~, 1) is a pseudo-hoop and 0 is the least element
of A.

A bounded hoop (A, ®, —, 1) (equivalently, bounded commutative pseudo-hoop)
is called special if z — 0 =0 for all z € A\ {0}, see [28, Proposition 3.3].

Proposition 2.2. [27, 11] Every pseudo-hoop (A, ®, —,~>,1) satisfies the following

statement for every x,y,z,w € A:
i)r—=l=x~1=1.

(i) x >y =11df and only if v ~ y = 1.
(iii) (A4,®,1) is a monoid.

(iv) 20y < zifand only if <y — z if and only if y < x ~ 2.
(V) z0y<zAy,y<z—yandy <x~~~y.

(i) 2 < ((z ~ 5) > 9) A (32 1) ~ 1),

(i) z—2y<(z—=2a)= (z=y) andz ~y < (z~x)~ (2~ 7y).
(vili) z 2y < (y—=2)~(x = 2z) and x ~y < (y ~ 2) = (x ~ 2).
(ix) z <y implies that 2Oz OwW < 2O Y O w.

(x) x <z impliesz s> x<z—=yand z~z < z~y.

(xi) x <y impliesy — z2<z—zandy~ 2 < T~ 2.

)
)
)
)
)
) @
)
)
)
)
)
)

xii) z —y=((r = y)~y) 2yandr~y=(T~y =y ~y
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(xiii) = (y~ 2) =y ~ (x — 2).

A pseudo-hoop A is a Wajsberg or basic pseudo-hoop if it satisfies (PH6) or
(PHT), respectively:

(PH6) (z > y) ~y=(y = z)~zand (x ~ y) =y = (y ~ ) = zx for all
x,y € A.

(PHT) (x »y) 2 2<((y 7 x) = 2) » zand (x ~> y) ~ 2 < ((y ~ &) ~> 2) ~ 2z
for all x,y,z € A.

Proposition 2.3. [27, Prop 4.6-4.7] If (A,®, —,~, 1) is a basic pseudo-hoop, then

@A) (@—=y) YAy —=2)~2)=((z~y) =y Ay~ 2) =) for all
x,y € A.

(ii) (A, V,A) is a distributive lattice, where xNVy = ((x — y) ~ y)A((y = x) ~> z).
(iii) (z = y)V(y—z)=1=(x~y)V(y~x) forall z,y € A.

It is well-known that every Wajsberg pseudo-hoop is a basic pseudo-hoop (see
[27, Proposition 4.9]).

If 0 is the least element of a pseudo-hoop A, then we define complements of x
by 27 =2 - 0and 2~ =2 ~ 0, v € A. We also set '~ = {2z~ | z € F} and
F~ = {2~ | € F} for every non-empty subset F' of A. An element of z € A is
idempotent if x> = .

Definition 2.4. [27, 12] A bounded pseudo-hoop (A, ®,—,~>,0,1) is said to be
good if x7~ = x~~ for every x € A. A good pseudo-hoop A has Glivenko property
if (z7~ = 2x)""=1= (27 ~ z)~~ for each z € A.

Definition 2.5. [3] A lattice-ordered group or (-group is an algebra (G, V, A, +, —,0),
where (G, V,A) is a lattice, (G,+, —,0) is a group, g < h implies that a + g + b <
a+ h + b for every a,b,g,h € G.

The set Gt = {g € G: g > 0} and G~ = {g € G: g < e} are termed as the
positive cone and the negative cone of G, respectively.

Given an (-group G = (G,V,A,+,—,0), N(G) = (G—,®, —,~,0) is a cancella-
tive pseudo-hoop, where the binary operations are defined as follows:

rQy=z+y, x—oy=wWY—x)N0, z~y=(—x+y) A0, Vr,yecG . (2.2)

Conversely, if A is a cancellative pseudo-hoop, then A is isomorphic to N(G) for
some ¢-group G, see [27, Proposition 5.7]. The trivial (one-element) pseudo-hoop is
the only bounded cancellative pseudo-hoop.
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Also, given a € G, G[a] = ([0, a], ®, —,~»,0,a) is a bounded Wajsberg pseudo-
hoop, where

zOy = (r—a+y)V0, * =y = (y—z+a)Aa, =~ y=(a—z+y)Aa, Yz,y € [0,qa].
(2.3)

The bounded Wajsberg pseudo-hoop Z[1] is denoted by Hs. It is unique up to
an isomorphism.

A non-empty subset F' of a pseudo-hoop is said to be a filter if (1) z®y € F for
all z,y € F; and (2) If y > x € F, then y € F for all y € A.

Given a subset X of A, the filter of A generated by X is denoted by (X). A
normal filter is a filter F' such that FF© x = x ® F for each x € A, equivalently
x — y € Fif and only if x ~~ y € F for all x,y € A. The set of filters and
normal filters of A is denoted by F(A) and NF(A). Clearly, {1} is a normal filter
of every pseudo-hoop A, which is called a trivial filter. Given two pseudo-hoops
(A1,®,—,~,1) and (A2, ®,—,~, 1), a mapping f : A1 — Ag is a homomorphism
of pseudo-hoops if f preserves ®, —, ~», and 1. If both A; and As are bounded,
then the homomorphism f is said to be a homomorphism of bounded pseudo-hoops
if £(0) = 0. Also, ker(f) = f~!(1) is a normal filter of A for every homomorphism
f A — B of pseudo-hoops.

For every normal filter F' of a pseudo-hoop 4 = (A4, ®, —,~>,1), the relation 05
defined by (z,y) € O if and only if x — y,y — = € F is a congruence relation
on A. Denote z/F = {y € A: (z,y) € 0p} and A/F = {z/F:x € A}. Then
A/F .= (A/F,®,—,~,1/F) is a pseudo-hoop.

A proper filter F' of a pseudo-hoop A is called prime if F} N Fy C F implies that
Fy C For F, CF for every F1,Fy € F(A).

Proposition 2.6. [5, Proposition 4.3] Let A be a basic pseudo-hoop. Then the
following assertions are equivalent:

(i) F is a prime filter of A.

(ii) x Vy € F implies that x € F ory € F for every x,y € A.
(iii) For every x,y € A,z ~y € F ory~x € F.

(iv) For everyx,y€ A,z -y€ F ory—x€F.

By Proposition 2.6(iii) or (iv), if F' is a proper normal filter of A, then F' is prime if
and only if A/P is a linearly ordered pseudo-hoop. In addition, a proper filter F' of A
is said to be mazimal if it is a maximal element of the poset (F(A), C). Equivalently,
F' is a maximal filter if and only if (FFU{z}) = A for every x € A\ F. Furthermore,
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a filter F' of a bounded pseudo-hoop A is involutive if ™~ ~~ z, 2™~ — x € F for
every x € A (see [13]).

A pseudo-hoop A is called subdirectly irreducible if, for every subdirect embedding
g: A — [ler Ai, where {A;}cr is a family of pseudo-hoops, there exists some i € I
such that m; o f : A — A; is an isomorphism. Moreover, A is representable, if there
exists a subdirect embedding f : A — [[;c; Ai, where {A;}icr is a family of linear
pseudo-hoops (see [18]).

Ordinal sums of pseudo-hoops

Let {(A;, ®i, =4, ~i, 1) }ier be a family of pseudo-hoops such that I is a chain and
AN Aj; = {1} for any distinct elements i, € I. Then the ordinal sum of this
family, denoted by @, Ai, is a pseudo-hoop whose underlying set is J;c; A; and
the binary operations ®, —, and ~» on [J;c; A; are defined as follows (see [18]):

@y ifx,ye A

rTOYy=<x ifIGAi\{l},yEAj,i<j (2.4)
Y ifxeAi,yGAj\{1}7i>jv
r—y ifx,y€A;

s y=1{1 ifwe A\{1},y € Aji<j (2:5)
y ifweAjye Aj\{1},i> j,
T~y if:U,yEAZ‘

2 y=11 if 2 € A\{1},y € Aj,i < j (2.6)
Y ifxEAi,yEAj\{1}7i>j-

If A;NA; # {1}, then we can replace A; for every ¢ € I with its isomorphic copy
such that A; N A; = {1} for every i # j.

Clearly, @, A; is bounded if and only if I has the least element 0 and Ap is
bounded with min(Ag) = min(@,c; 4;). In addition, A@® H; = A = H; ® A, where
H, = ({1},®,~,—,1) is one-element trivial pseudo-hoop. So, in the ordinal sums
of a family {A;};cs of pseudo-hoops, we always assume that A; is non-trivial unless
otherwise stated (for more detail see [5, 4, 18, 10]).

3 Dense elements of pseudo-hoops

In this section, we aim to study the dense elements of pseudo-hoops. For a pseudo-
hoop algebra A, we introduce and study the set D(A) of dense elements of A. We
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show that D(A) is both a subalgebra and a filter of A. Next, we introduce the notion
of dense pseudo-hoops and prove that if A is a bounded commutative pseudo-hoop,
then A is dense if and only if it is special in the sense of [30]. This establishes that the
concept of a dense pseudo-hoop generalizes that of a special hoop. Subsequently, we
present a representation of bounded dense pseudo-hoops, which yields a categorical
equivalence between the category of bounded dense pseudo-hoops and the category
of pseudo-hoops. Finally, we introduce and study dense filters of pseudo-hoops,
discussing their main properties and applications.

3.1 Dense elements of pseudo-hoops

Definition 3.1. An element x of a pseudo-hoop (A, ®, —,~, 1) is said to be dense
ift - a =aand z ~~ b = b for some a,b < x. The set of dense elements
of A is denoted by D(A). A pseudo-hoop A is said to be a dense pseudo-hoop if
D(A) = A\ {0} when A is bounded, and D(A) = A otherwise.

Clearly, 1 € D(A) for every pseudo-hoop (A, ®,—,~,1).

Example 3.2. (i) Let (G,V,A,+,—,0) be an ¢-group and A = N(G) = (G~,®,—
,~,0). Take a set {a,b} such that AN {a,b} = 0. Suppose B = AU {a,b} and
define the binary operations [, —, and ~» on B as follows:

zOy ifz,yecG™ r—y ifz,yeG™
x if xe{a,b},yeG~ 1 if xe{a,b},yeG~
sEy= y %fye{a,b},xEG_ s y— y %fyG{a,b},a:EG_ (3.1)

x if v =a,y € {a,b} 1 if x =a,y € {a,b}
Yy if y=a,x € {a,b} Yy ify=a,x € {a,b}
b ife=y=0. b ife=y=0.

x~y ifz,yeG™

1 if xe{a,b},yeG~

y ifye{a,b},zeG™

Tro Y=

1 if z =a,y € {a,b}

y ify=a,z € {a,b}

b ifr=y=0.

An easy calculation shows that (B,[l,+—,r>, a,0) is a bounded pseudo-hoop. In
addition, x — a = a = x r a for every x € G~ U{b}, showing that D(B) = G~ U{b}.
Therefore, B is a dense pseudo-hoop.
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(i

T —
Tr=

If A =RJ1], then D(A) = {1}, since for every z € A and b < z, by (2.3), if
= b,

i)
b then we have b=2 — b= (b—2+ 1) Al = b — 2+ 1, which implies

1.
Proposition 3.3. Let (A, ®,—,~>,1) be a pseudo-hoop and x € A.

(i) If there exists a € A such that a < x and v — a = a, then x — b = b and
boxz=0> for every b < a.

(ii) If there exists a € A such that a < x and x ~ a = a, then x ~» b = b and
r©®b="> for every b < a.

(iii) D(A)={rcA|FJacA(a<zandx —a=a=2x~a)}.

Proof. (i) Let x,a € A such that @ < x and © — a = a. For each b < a, by
Proposition 2.2(x), we have x — b < x — a, so

=(x—=b)A(x—a)

(z = a) — (a: —b) e (x— a) by (2.1)
(((x — a) —b) © (z — a), by (PH3)

:(((a—mv —b) © (z — a), by (PH5)
((a = z) — (a —b) o — a) by (PH3)
=(a—b) O (x—a), sincea<zx
(

=aANb=0b, since b < a.

Moreover,  — b = b implies that (z — b) ©z = b ® z, so by (2.1) and (PH5), we
obtainb=zxAb=(x =0 Ox=00ux.

(ii) The proof of this part follows similarly.

(iii) Clearly, {r €e A|Jac A(a<zandx wa=a=xz~ a)} C D(A). Assume
that © € D(A). Then by definition, there exists a,b < z such that x — a = a and
x ~»b=". By (i) and (ii), x — (aAb) = aAband z ~» (aAb) = a Ab, which implies
re{r€eA|lr—a=a=z~a, Ja€ A, a<zx}. Therefore,

DA)={rcA|JacA(a<zandzr —a=a=z~ a)}. (3.2)
O
Corollary 3.4. If (A,®,—,~,0,1) is a bounded pseudo-hoop, then

DA)={xrc Az =2~ =0}
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Proof. The proof is a straight consequence of Proposition 3.3(iii). O

Corollary 3.4 implies that every dense pseudo-hoop A is good, since ™~ =1 =
z~" for all x € A\ {0} and 07~ = 0 = 0~. In addition, if A is a good pseudo-
hoop, then £~ = 0 implies that =™ ~ =1, and so by Proposition 2.2 (xii),
™ =x~7~ =1~ = 0. A similar proof shows that £~ = 0 entails x— = 0. Therefore,
for each good pseudo-hoop A, we have D(A) = {x € A |z~ = 0}.

Considering the concept of special hoops introduced in [30] and using Corollary
3.4, we have that a hoop is special if and only if it is bounded and D(A) = A. This
shows that dense pseudo-hoops constitute a generalization of the notion of special
hoops. Furthermore, Corollary 3.4 shows that if a pseudo-hoop A is a commutative
residuated lattice (for instance, every bounded commutative basic pseudo-hoop is
a commutative residuated lattice), then the notion of a dense element as given in
Definition 3.1 coincides with that in [29].

::L’_

Example 3.5. Let {A;}icz be a family of pseudo-hoops and A = @, A;. Clearly,
A is not bounded. Moreover, for every i € Z, x € A;, and a € A;—1 \ {1}, we have
r —a=a=1x~ a,see (2.5) and (2.6). Therefore, D(A) = A and so A is an
example of an unbounded dense pseudo-hoop.

Theorem 3.6. For every pseudo-hoop (A, ®,—,~-,1), D(A) is a subalgebra of A.
Moreover, D(A) is a filter of A, and if A is bounded with the least element 0, then

0 ¢ D(A).

Proof. Let z,y € D(A). Then there exist a,b € A such that a < z, b < y and
r—a=a=x~aand y — b=>b=1y ~ b Suppose ¢ € A such that ¢ < a,b (it
suffices to put ¢ = a ® b). Then by Proposition 3.3(i) and (ii), t > c=x ~ c=c¢
and y — ¢ =y ~ ¢ = c. It follows that

(r®y) —c=x2— (y—c)=x—c=c, by (PH3).
(zOyY) ~c=y~ (v~ c)=y~c=c, by (PH4).

Thus, z ®y € D(A). In addition, ¢ < y < z — y, so by Proposition 2.2(xi),
¢ < (x —y)~ c<y~ c=c Similarly, by applying Proposition 2.2(xi), we get
(r > y) —c=c,and so x — y € D(A).

Therefore, D(A) is closed under ®, — and ~, equivalently, D(A) is a subalgebra
of A.

Now, assume that z,y € A such that y > x € D(A). We show that y € D(A)
Frome <y —sc<zx—sc=candec<y~c<xz~c=cwegety€ DA
Therefore, D(A) is a filter of A. The rest of the proof is clear. O
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Recall that, by [12], a pseudo-hoop (A4,®,—,~>,0,1) satisfies pseudo-Double
Negation condition (pDN), i.e., x™~ =z = 2™~ for all z € A.

Proposition 3.7. Let (A,®,—,~,0,1) be a good bounded basic pseudo-hoop. If
D(A) is a normal filter of A, then the quotient pseudo-hoop A/D(A) satisfies (pDN).

Proof. First, we note that by Theorem 3.6, D(A) is a filter of A. Let D(A) be a
normal filter of A. Consider the quotient pseudo-hoop, A/D(A). Clearly, it is a good
basic hoop, since A itself is a good basic hoop. According to Remark 4.4.16(1) of
[12], every good pseudo-hoop satisfies the Glivenko property. Thus, A satisfies the
Glivenko property, i.e., (7~ — x)™~ =1 = (27~ ~» x)~"~ for each z € A. We show
that A/D(A) satisfies (pDN). Since A/D(A) is a good pseudo-hoop, it suffices to
show that (x/D(A) — 0/D(A)) ~» 0/D(A) = z/D(A) for every x € A. Let x € A.
By Proposition 2.2 (vi), /D(A) < (z/D(A) — 0/D(A)) ~» 0/D(A). Since A has
the Glivenko property, we get ((z7~ — x)™"~) = 1, equivalently, (z™~ — x)~ =0,
which means 2=~ — = € D(A), see the note right after Corollary 3.4. It follows
that

((@/D(A) = 0/D(A)) ~ 0/D(A)) = /D(A) = (((z = 0) ~ 0) — ) /D(A)
= 1/D(A), since x=~ — x € D(A).
Hence, (z/D(A) — 0/D(A)) ~ 0/D(A) < x/D(A), consequently,
(x/D(A) — 0/D(A)) ~ 0/D(A) = z/D(A).
Therefore, the pseudo-hoop A/D(A) satisfies (pDN). O

Example 3.8. Let (A;,®,—,~,0,1) be a linearly ordered bounded Wajsberg
pseudo-hoop and (Ag, ®, —,~>,1) be a good basic pseudo-hoop. Then A; & A,
is a bounded basic pseudo-hoop (see [18]). Given x € A; @ A, there are two cases:

If x € Ay, then (x — 0) ~ 0 =2 = (x ~» 0) — 0, since A; is a Wajsberg
pseudo-hoop.

If x € Ag, then by (2.5) and (2.6), (t -+ 0)~~»0=1= (z ~ 0) = 0.

Hence, Ay @ As is a bounded good basic pseudo-hoop. Easy calculations show
that D(A1 @A) = Ay, which is a normal filter of A; @ Ay. Therefore, by Proposition
3.7, (A1 ® A2)/D(A; & As) satisfies (pDN).

Proposition 3.9. If (A, ®,—,~>,1) is a cancellative pseudo-hoop, then D(A) =
{1}. Additionally, no non-trivial cancellative pseudo-hoop is dense.

Proof. Let A be a cancellative pseudo-hoop and x € D(A). Then there exists a < x
such that z — a = a, so (z — a) ®x = a®z, which impliesa®1 =a=2xANa=aGx
(by (2.1)). Since A is cancellative, we get x = 1. The rest of the proof is clear. [
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We note that in the proof of Proposition 3.9, we have shown that if a < x such
that x — a = a, then a is an idempotent element of A.

Remark 3.10. It is worth noting that D(A) = {1} for every Wajsberg pseudo-hoop
A, since if a < x such that £ — a = & ~> a = a, then by Proposition 2.2(xiii),

=awa=(r—a)~a=(a—z)~wr=1~wzx=u1x

Therefore, the only dense Wajsberg pseudo-hoops are trivial pseudo-hoop H; :=
({1}, ®, —,~, 1) and two-element pseudo-hoop Hj := ({0,1}, ®, —,~>,1).

Hence, a natural question arises: Does D(A) = {1} imply that A is a Wajsberg
pseudo-hoop?

We have a partial answer for this in the case of linear pseudo-hoops: If A is a
linear pseudo-hoop, then D(A) = {1} implies that A is a Wajsberg pseudo-hoop. Let
A be a linear pseudo-hoop satisfying D(A) = {1}. By [18, Theorem 4.1], A can be
uniquely represented as the ordinal sum of a family of linear Wajsberg pseudo-hoops
{Ai}ier, that is, A = @,;c; A;. We claim that |[I| = 1. On the contrary, if |I| > 2,
then choose two elements s <tof I. Set 1 ={iel|i<t}and b ={iel|t<i}.
Then Iy # 0, Io # 0, and I1NIy = 0,50 A = @1 Ai = (B, Ai) D(Djer, Ai). For
every 1 # a € U, Ai and = € U;¢p, Ai, by definition of — and ~» in ordinal sums
of pseudo-hoops, we have ¢ < z and * — a = a = = ~ qa, that is x € D(A) = {1},
which is a contradiction. Therefore, |I| =1 and so A is a Wajsberg pseudo-hoop.

Summing up the above argument, if A is a linear pseudo-hoop and A = @, A;
is its unique representation as an ordinal sum of a family of linear pseudo-hoops,
then there are three possible cases (note that A; is non-trivial for every i € I):

(1) |I| =1 (equivalently, A is a Wajsberg pseudo-hoop), then D(A) = {1}.

(2) [I] > 2 and I has the least element 0, then D(A) = U,cp\ foy Ais since for every
a € Ag \ {1} and every = € U;cp oy 4i, we have z »a =z~ a=1.

(3) I does not have a least element, then A is not bounded, and similarly to
Example 3.5, we can show that D(A) = A. Thus, A is dense.

We recall that a subset X of a poset (P, <) is said to be a down-set if whenever
y < z for some y € P and x € X, it follows that y € X.

Proposition 3.11. Let (A, ®,—,~,1) be a pseudo-hoop and O(A) := {1} U (4 \
D(A)). Then O*(A) = A\ D(A) is a down-set and (O(A),®,1) is a monoid.
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Proof. Let z,y € O*(A). Clearly, xt ®y # 1. Take ¢ € A such that ¢ < x,y. Since
c<(x = ¢c)A(x ~ c), and z,y ¢ D(A), by Proposition 3.3(iii), x — ¢ > ¢ and
x ~» ¢ > c. Hence, for every ¢ < z,y, we have

(x—sc>corxz~c>c)and (y > c>cory~c>c). (3.3)

Let d € A such that d < 2 ®y. Then either z — d > d or z ~» ¢ > ¢ (or both), so
by Proposition 2.2(xi),

(xoy)—=d>x—=d>dor (xQy)~d>x~d>d.

It follows that x ® y € O*(A). Therefore, by Proposition 2.2(iii), (O(A),®,1) is a
monoid.

Now, suppose z < y € O*(A). We claim that = € O*(A), since otherwise
x € D(A) implies that © — a = a = z ~ a for every a < x®y, see Proposition 3.3(i)
and (ii). In conclusion, a <y - a <z —a=aand a <y~ a < x ~> a = a, which
entails y € D(A), a contradiction. Therefore, the claim holds and z € O*(A). O

The next theorem provides a representation for bounded dense pseudo-hoops.

Theorem 3.12. A bounded pseudo-hoop (A, ®,—,~,0,1) is dense if and only if
A* = A\ {0} is a subalgebra of (A,®,—,~>,1) and A = Hy ® A*, where Hy is the
two-element pseudo-hoop ({0,1},®, —,~,0,1).

Proof. Assume that A is a bounded dense pseudo-hoop. Then D(A) = A\ {0} = A*
and by Theorem 3.6, A* is a subalgebra of (4,®,—,~>,1). Let x € A*. Clearly,
0 —2x=1=0~ z. Since A is dense, by Proposition 3.3(iii), z = 0 =0 =z ~> 0.
In addition, z®0 = 0@z < 0 implies that x©0 = 0®x = 0. Therefore, A = Hy P A*.

Conversely, if A* is a subalgebra of the pseudo-hoop (A, ®,—,~,1) such that
A = Hy® A*. Then by definition of the binary operations ®, —, and ~~ on Hy @ A*,
weget z — 0 =0 =z ~ 0 for every x € A*, which implies D(A) = D(Hy®A*) = A*.
Therefore, A is dense. O

In other words, Theorem 3.12 implies that the class of bounded dense pseudo-
hoops is actually
{Hy ® A | A is a pseudo-hoop}.

Let PH be the category whose objects are pseudo-hoops and morphisms are ho-
momorphisms of pseudo-hoops. Similarly, let BDPH be the category whose objects
are non-trivial bounded dense pseudo-hoops and morphisms are homomorphisms of
bounded pseudo-hoops.
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Theorem 3.13. PH is categorically equivalent to BDPH.

Proof. Let (A,®,—,~>,1) be a pseudo-hoop and f: A} — Az be a homomorphism
of pseudo-hoops. Consider the functor ¥ : PH — BDPH defined by

V(A)=Hy® A,
U(f): Hy® Ay — Hao® Ag, V(f)(z)= f(z),Yz € A;, and Y(f)(0)=0.

Routine calculations show that W is a covariant functor from PH to BDPH. In
addition, for every bounded dense pseudo-hoop (B, ®,—,~-,0,1), due to Theorem
3.6, (B*,®, —,~>, 1) is a pseudo-hoop. We define ®(B) = B*. Now, let g : B; — B>
be a homomorphism of bounded pseudo-hoops. We claim that g(z) € Bj for all
x € B. Indeed, g(x) = 0 implies that 1 = g(z) - 0 = g(x — 0) = ¢g(0) = 0, that is
0 =1, a contradiction. We set ®(g) = g|p: : B} — B3, the restriction of the map g
to B, which defines a homomorphism of pseudo-hoops. Clearly, ® : BDPH — PH
is a covariant functor (see Figure 1).

Ae > Ho® A

PH BDPH

D(B)<« 3 ' Y5

Figure 1: Functors between PH and BDPH

Moreover, (PoW)(A) = ®(Ha®DA) = Aand (Yod)(B) = ¥(B*) = Hy®&B* = B.
Furthermore, ® o U(f) = f and ¥ o ®(g) = g. Therefore, PH is categorically
equivalent to BDPH. O

Remark 3.14. The class BDPH is closed under homomorphic images and subal-
gebras. However, it is not closed under products, and so it does not form a variety,
see [8].

(i) Let (A1,®,—,~,0,1) and (A2, ®,—,~»,0,1) be two dense pseudo-hoops
and f: A1 — As be an onto homomorphism of bounded pseudo-hoops. For every
y € Az \ {0}, there exists x € A; such that f(z) = y. Since f(0) = 0, we get
xz € Ay \ {0}, consequently,

0=f(0)=f(x=0)=f(z) > f(0) =y = 0.
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Thus, As is dense.
(ii) If B is a subalgebra of a dense pseudo-hoop (A, ®, —,~>,0,1), then 0,1 € B
and B is also dense clearly, since for every z € B\ {0}, we have 0 =0 — x = 0.
(iii) Consider a nontrivial dense pseudo-hoop (4, ®, —,~+,0,1). We claim that
A x A is not dense. Indeed, (0,0) is the least element of A x A, considering the
elements (1,0),(0,1) € (A x A) \ {(0,0)}, we have

(1,0) = (0,0) = (0,1) # (0,0), and (0,1) — (0,0) = (1,0).

Therefore, A x A is not dense; consequently, BDPH is not closed under products.

(iv) Even if we consider the class of dense pseudo-hoops with homomorphisms
that need not preserve the least elements, this class still does not form a variety, as
it is not closed under subalgebras. For example, consider the pseudo-hoop Hy & A,
where A is a Wajsberg pseudo-hoop such that 3 < |A|. By Theorem 3.13, Ho & A
is a dense pseudo-hoop. On the other hand, A is a subalgebra of the pseudo-hoop
Hs; @ A (note that it is not a bounded subalgebra). But, A is not dense, see Remark
3.10. Therefore, dense pseudo-hoops do not form a variety. However, we note that
by [27], PH is a variety.

Corollary 3.15. If (A,®,—,~»,0,1) is a bounded dense pseudo-hoop, then
(i) A is local i.e., D(A) is a unique mazimal filter that is normal.

(ii) A is a subdirectly irreducible pseudo-hoop if and only if D(A) is a subdirectly
irreducible Wajsberg pseudo-hoop.

(i) If A is simple (i.e., A has only two normal filters {1} and A), then A is either
trivial or two-element pseudo-hoop Hs.

(iv) A is a linear (basic) pseudo-hoop if and only if A* is a linear (basic) pseudo-
hoop.

Proof. Since A is dense, D(A) = A* and by Theorem 3.12, A = Hy & A*.

(i) The proof is straightforward by Theorem 3.12. We note that by Theorem
3.6, D(A) is a filter of A. In addition, since A is bounded and dense, D(A) = A*.
Take z,y € A such that + — y € D(A). If y € D(A), then x ~ y > y € D(A),
which implies z ~» y € D(A). If y = 0, there are two cases: (a) x € D(A) or (b)
x ¢ D(A). Due to z — y € D(A), it is possible only (b), so that x = 0 giving
x~y=1¢€D(A). Thus, v — y € D(A) implies that z ~» y € D(A). A similar
proof shows that = ~» y € D(A) implies that x — y € D(A). Therefore, D(A) is a
normal filter of A.
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(ii) By [27, Section 3], there exists a one-to-one correspondence (preserving the
inclusion) between the set of congruences of A and the set of normal filters of A.
Thus, by [8, Theorem 8.4], A is subdirectly irreducible if and only if the set NF(A) \
{{1}} has the least element Fy. Easy calculations show that the normal filter F
is the least non-trivial normal filter of A if and only if ' C A* and it is the least
non-trivial normal filter of A*. Therefore, A is subdirectly irreducible if and only if
A* is subdirectly irreducible.

(iii) Let A be simple. If A is non-trivial, then A = Ho@® A*, which implies {1}, A*
and A are normal filters of A, see (i). Thus, A* = {1} and so A = Hs. Therefore,
simple bounded dense pseudo-hoops are just trivial one-element pseudo-hoops or
two-element pseudo-hoops (clearly, in both cases A is commutative, equivalently, a
simple hoop).

(iv) The proof is straightforward by Theorem 3.13. Because, by equality A =
Hy @ A* and definition of — and ~~ in (2.5) and (2.6), we can easily verify that:

e A is linearly ordered if and only if A* is linearly ordered.
o A satisfies (PH7) if and only if A* satisfies (PH7).
O]

Combining Theorem 3.13 and Corollary 3.15, we have a representation for dense
BL-algebras.!

Corollary 3.16. A BL-algebra A is dense if and only if A= Ho ® B, where B is a
basic hoop and B = D(A).

Proof. Let A be a BL-algebra. By [1, 2], A is precisely a bounded basic hoop. Thus,
by Theorem 3.12, A = Hy @ A* and, by Corollary 3.15(iv), A* is a basic hoop. It
suffices to set B = A*. The proof of the converse follows similarly. O

Proposition 3.17. Let (A, ®,—,~>,0,1) be a bounded dense pseudo-hoop. Then A
is representable if and only if A* is a representable.

Proof. Since A is dense, by Theorem 3.12, A* is a subalgebra of the pseudo-hoop
(A, ®,—,~,1)and A = Hy & A*.

Suppose A is representable with a subdirect embedding f : A — [[,c; A;, where
A; is a linear pseudo-hoop, for all j € J. By [18, Page 853|, every representable
pseudo-hoop is a basic pseudo-hoop, so by the hypothesis, A is a basic pseudo-hoop.
Put P; = ker(m; o f) for every j € J. Then P; is a normal filter of A and A/P; = A;

!Dense BL-algebras are termed special BL-algebras in [28].
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for every j € J, so by Proposition 2.6(iii), P; is a normal prime filter of A and
Njes P = ker(f) = {1}, because f is one-to-one. Since P; is a proper filter of
A, we have 0 ¢ P; and so P; C A*. It follows that P; is a normal prime filter
of A*, since the binary operations ®, —, and ~» of A = Hs & A* coincide with
the corresponding binary operations of A*, see (2.4), (2.5) and (2.6). Consider the
subdirect embedding g : A* — [[;c; A*/P; is defined by g(x) = (x/P));e, for all
x € A*. Since P; is a normal prime filter of A*, by Proposition 2.6(iii), we get A*/P;
is a linear pseudo-hoop for all j € J. Therefore, A* is representable.

Conversely, suppose that A* is representable. Then by [18, Page 853], A* is a
basic pseudo-hoop. Take a subdirect embedding f : A* — [[;c; B;j, where B; is a
linear pseudo-hoop, for every j € J, we set (Q; = ker(mj o f). Similar to the above
argument, (J; is a normal prime filter of A*. Also, by Theorem 3.6, A* is a filer of
A which is normal (see Corollary 3.15(i)), so, P; is a filter of A for every j € J.
We claim that P; is a normal prime filter of A for every j € J. Choose j € J and
z,y € A. If x — y € Pj, then by (2.5), there are four cases:

o If z,y € A*, then x ~ y € Pj, since P; is a normal filter of A*.

o Ifz,yc A\ A", thenz =y=0,s0zx~y=1€ Pj.

e Ifx € A* and y = 0, then x — y = 0, a contradiction, so this case is impossible.
e fx=0andyc A%, thenx ~y=1¢€ P; C A*.

Hence, P; is a normal filter of A. In addition, by (2.5), x -y € Pj or y = x € P;
for every z,y € A", so by Proposition 2.6(iii), P; is prime. Since N;c; P; = {1},
similarly to the first step of this proof, we can show that g : A — [];c; A/P; defined
by g(x) = (x/P;)jes is a subdirect embedding. In addition, due to Proposition 2.6,
every A/P; is linear for all j € J. Therefore, A is representable. O

3.2 Dense filters

In the remainder of this section, we focus on how to obtain a dense bounded pseudo-
hoop from an arbitrary bounded pseudo-hoop. For this purpose, we introduce the
notion of a dense filter.

Definition 3.18. A normal filter F' of a pseudo-hoop A is said to be dense if A/F
is a dense pseudo-hoop.

If A is a dense pseudo-hoop, then every normal filter F' of A is dense. In fact,
by Proposition 3.3(iii), for every x € A\ {0}, there exists a < x such that x — a =
a = x ~ a, which implies z/F — a/F = (x — a)/F = a/F and z/F ~ a/F =
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(x ~ a)/F = a/F. Hence, A/F is dense. Furthermore, suppose that F' and G are
normal filters of a pseudo-hoop A such that FF C G and F is dense.

Example 3.19. Let A; and As be two non-trivial Wajsberg pseudo-hoops such that
A; is bounded. Suppose Hj is the two-element pseudo-hoop ({0,1},®, —,~>,0,1).
Since Hs is bounded, we have Hy @ Ay is bounded, and the least element of Ho @ Ao
coincides with the least element of Hy. It follows that A = Ay x (Ha @ Ag) is a
bounded pseudo-hoop with the least element (0,0). For every x € A; \ {0}, by
(PH6), we have ((z,1) — (0,0)) ~ (0,0) = (x,1) # (1,1), which implies (x,1) —
(0,0) # (0,0), so (x,1) ¢ D(A). An easy calculation shows that F' = A; x {1} is a
normal filter of A (note that in the general case, if By and B are two pseudo-hoops,
then {1} x By and B; x {1} are normal filters of the pseudo-hoop By Bs). Clearly,
A/F = Hy® As, and Hs @ A, is a dense pseudo-hoop, by Theorem 3.12. Therefore,
F is a dense filter of A.

Proposition 3.20. A normal filter F' of a bounded pseudo-hoop A is dense if and
only if e~ , 2=~ € F for everyx € A\ (0/F).

Proof. Assume that F' is a dense filter. Then A/F is a bounded dense pseudo-hoop,
so by Corollary 3.4, for every z/F € A/F\{0/F}, we have (z/F)~ =0/F = (z/F)",
equivalently, z=~, x~~ € F, as we needed. F Conversely, assume that z~~, 27~ € F
for every z € A\ (0/F). Choose x/F € A/F\{0/F}. Then x ¢ 0/F, which implies
x~™~,x~" € F, equivalently, x=~/F = 1/F = 2~~ /F. It follows that

e /P =@ ") /F= (" /F)” =0/F=@"")"/F
=z~ /F, by [11, Proposition 2.2(c14)].

Therefore, by Corollary 3.4, A/F is dense. O

Recall that a proper filter U of a bounded pseudo-hoop A is called an ultrafilter
if for every x € A, either z € F or x—, 2~ € F. The following proposition presents a
relationship between normal ultrafilters and dense filters of bounded pseudo-hoops.

Proposition 3.21. Every normal ultrafilter of a bounded pseudo-hoop A is dense.

Proof. Let U be a normal ultrafilter of a bounded pseudo-hoop A. Since U is a
normal filter of A, we have = € U if and only if ™ € U for every x € A. It follows
that = /U =z~ /U for every z € A. In fact, if x € U, then /U = 1/U, so 2~ /U =
0/U =z~ /U. Moreover, if v € A\U, then z~, 2~ € U, equivalently, = /U = =~ /U.
It follows that A/U is exactly {0/U,1/U}, i.e., A/U is a two-element pseudo-hoop.
Clearly, A/U is a dense pseudo-hoop, since D(A/U) = {1/U} = A/U \ {0/U}.
Therefore, U is a dense filter. ]
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It is well known that if F' is a normal ultrafilter of a pseudo-hoop A, then it
is both a normal and a maximal filter of A. The following example shows that
Proposition 3.21 may fail to hold when the “ultrafilter” is replaced by a “maximal
filter.”

Example 3.22. Let R be the linearly ordered group of the real numbers and A be
the bounded commutative pseudo-hoop R[1] = ([0, 1], ®, —,~»,0,1). Clearly, A is a
simple pseudo-hoop and {1} is the only maximal filter of A ({1} is normal and —=~~,
since A is commutative). However, A/{1} is not dense, since (x — 0) ~» 0 = z for
every x € A.

Proposition 3.23. Let (A, ®,—,~+,0,1) be a bounded pseudo-hoop. Then A is
dense if and only if D(A) is an ultrafilter of A.

Proof. Let D(A) be an ultrafilter of A. We claim that for every x € A*, x — 0 =0,
that is, D(A) = A*. Otherwise, there exists € A* such that x — 0 # 0. Since
D(A) is an ultrafilter of A, it follows that z—,2~ € D(A). Hence, by definition,
x~~ =0 = 2™~ . By Proposition 2.2 (xi), we obtain = 0, which contradicts the
assumption. Therefore, D(A) = A*; equivalently, A is dense.

The proof of the converse is straightforward. Indeed, if A is dense, then the only

element x € A —D(A) is = 0, and in this case 2~ =z~ =1 € D(A4). O

Example 3.24. Let A; = G[1], where G is the linearly ordered group of the real
numbers R. Clearly, Ay is a commutative pseudo-hoop and also a simple one. Sup-
pose that As is an arbitrary pseudo-hoop. Easy calculations show that A is a
normal filter of A := A; & Ay as well as the unique maximal filter of A1 ® As, since
for every z € A; \ {1}, we have A; C (As U {z}) and so (As U {z}) = A1 U As.
Moreover, D(A; & Az) = Az. Thus, D(A) is both a normal and a maximal filter
of A1 ® As. But, clearly A; @ As is not dense. This shows that the converse of
Corollary 3.15 (i) may not hold.

Proposition 3.25. Let F' be a dense filter of a bounded pseudo-hoop A. If F is
involutive, then F = A or F is an ultrafilter.

Proof. Assume that F' is a proper involutive filter. Then by [13, Theorem 4.13],
A/F is a bounded pseudo-hoop satisfying the equality 2=~ = z = 2~ for every
z € A/F. It follows that for every z € A/F \ {0/F}, we have

z =z~ , since F' is involutive
= (0/F)~, since F is dense
=1/F.
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Therefore, A/F = {0/F,1/F}, which implies for every x € A, either x € 1/F or
x € 0/F, equivalently, either x € F or x= € F. Therefore, F' is an ultrafilter. ]

Conclusion and Future Research

In this paper, we studied dense elements and dense filters in pseudo-hoops and inves-
tigated their algebraic and categorical properties. We proved that, for every pseudo-
hoop A, the set D(A) of dense elements forms both a subalgebra and a filter of A.
In the bounded case, dense elements were characterized using pseudo-complements,
establishing a direct connection between density and negation operators. We in-
troduced the notion of dense pseudo-hoops and showed that every bounded dense
pseudo-hoop admits the representation of the form A = Ho@ A*, where A* = A\ {0}
is a pseudo-hoop and Hs is a two-element pseudo-hoop. This representation led to
a categorical equivalence between the category of pseudo-hoops and the category
of bounded dense pseudo-hoops. We also investigated dense filters and established
their relationships with ultrafilters, involutive filters, and quotient pseudo-hoops.
Several directions remain open for further research. In particular, it would be in-
teresting to explore alternative methods for representing dense pseudo-hoops and to
analyze the role of dense filters in congruence theory and logical semantics.
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