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CAUSALITY AND RESPONSIBILITY IN THE
CONTEXT OF MULTIPLE AGENTS

ROBERT DEMOLOMBE
No affiliation
robert.demolombe@Qorange.fr

Abstract

We present a definition of causality for cases where a state of affairs has been
caused by a group of agents acting together. We use modal logic to formalize this
definition and then we prove that the result of the actions was caused precisely
by the agents of the group. In this paper we show another definition of causality
in the case where the situation was caused independently by actions performed
by several subsets of agents. In addition, we systematically analyze the notion
of the level of responsibility of a group agent when the actions performed by
the group have violated a norm. In this context, it is assumed that the level
of responsibility relies on what the agents have done and also on what they
believe about what has been done by each agent. Finally, we apply our formal
definitions of causality on a simple case study in order to of allowing an intuitive
understanding.

Keywords. Causality, responsibility, multi-agent systems, modal logic.

1 Introduction

In order to assign responsibility to agents, we need to know by who damages are
caused. Although responsibility does not have to be identified with causation, there
is a close link between norms and causation (see [26, 22, 16, 23, 7, 10, 8, 12, 14])
and the notion of causation plays a crucial role in attributing responsibility. In the
case where several agents act together, or when they interact, it is very difficult to
know who caused this or that state of affairs.

Consider, for example, the following academic example proposed by Lindahl in
[18] and at a latter date by Broesen in [5]. Suppose that in order to kill a person,
one only has to make him drink 4 grams of poison, and suppose that agents ¢ and
J have simultaneously put 2 grams of poison in the glass of agent [. After drinking
what is in their glass, agent [ dies. In this case, neither ¢ nor j individually caused
the 4 grams of poison to be in the glass, but this was achieved by their joint actions.
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DEMOLOMBE

In this situation, both ¢ and j have violated a norm and may be responsible for
that violation'. If they are responsible, they may be subject to a penalty. However,
the level of responsibility (and the level of penalty) may depend on several notions.
In this paper, we have assumed, for the sake of simplicity, that this level depends
only on what agents think about the situation. For instance, the penalty level of
agent ¢ may be lower if ¢ does not believe he put 2 grams of poison in the glass, or
if he believes that agent j did not put 2 grams of poison in the glass.

Now suppose that instead of acting simultaneously, the first agent ¢ puts 2 grams
of poison in the glass, and then in a second step j adds another 2 grams of poison. Is
this situation the same as the previous one? Obviously not, since ¢ is not responsible
for the fact that 7 added 2 grams of poison, and only j is responsible for the fact
that there are 4 grams of poison in the glass.

Another significant situation is where both ¢ and j put 4 grams of poison in the
glass at the same time. According to most definitions of causation, an agent has
caused a state of affairs if, in a situation where it did not act, that state of affairs
would not have occurred. In this example, if ¢ had not put poison in the glass, would
there not have been 4 grams of poison in the glass? The answer is no, because in
the counterfactual situation where 7 does not act, j always acts. The same type of
argument could be used to conclude that j did not cause the presence of 4 grams
of poison in the glass, and the final conclusion would be that neither ¢ nor j is
responsible for this state of affairs.

It is obvious that there is something wrong with this kind of reasoning. However,
it is not insignificant to specify where exactly the error lies. This is why we must
reconsider the formal definition of causality when several agents act "together". This
is the purpose of the work we present in this paper.

We first define the logical framework that is used for the formal definitions and
properties of the operators defining causality. Then, we propose a systematic analysis
of the levels of responsibility when a group of agents has violated a norm. Finally,
we reformulate in this logical context the case study that we presented earlier in the
introduction.

2 Logical framework

Our logical framework is inspired by von Wright [26], Pérn [22] and Hilpinen [13]. Tt
could also be seen as an extension to multiple agents of the framework proposed by
Demolombe in [8]. Logic will only be defined in semantics since the main purpose

! Tt may be that, according to the norms, the responsible agents are not the ones who caused
the violation (for example, if 7 is under 18 years of age).

584
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is to clarify the meaning of concepts (interesting insights of the different approaches
to action logic can be found in [13], [2] and [24]).

The main idea is that in the logical framework, the semantics of actions is defined
by the effects caused by these actions, and also by the names of actions whose
meaning is defined outside the logical framework.

From a theoretical point of view, we accept that the meaning of an action can
be entirely defined by the set of all the effects that are caused by this action. For
example, if we ask: What is the meaning of the action that is called "closing the
door"? the answer is It is an action that causes the door to be closed. Nevertheless,
there are many different ways of closing the door, and when we don’t need to dis-
tinguish between these different ways, it is more convenient to use the term "closing
the door" as the name of a type of action that can be performed in different ways.
For instance, it can be closed slowly or quickly.

Obviously, we also need to identify the agent that performs an action. The
formal consequence of this approach is that action operators are identified by the
effects they cause, as well as by the name of an agent and a type of action (when
there is no ambiguity, we use the term "action" instead of "type of action"). A pair
<agent, action type> is called a "act".

The language of the logic is defined using the following notation:

ATOM: set of atomic propositions denoted by p, q, r, ...
AGENT: set of agents denoted by ¢, j, k, [, ...
ACTION: set of action types 2 denoted by «, 3, 7, 6, ...

ACT: set of acts denoted by pairs of the form ¢ : «, where i is in AGENT
and « is in ACTION.

SACT: set of sets of acts denoted by Acti, Acta, Acts, ...

SSACT': set of sets of sets of acts denoted by Act], Acts, Acts, ...

An example of an element of SACT is {i : a,,i : $,7 : v}. An example of an
element of SSACT is {{i: a,i: B3, : v}, {k:a,k:0}}.
The language L is the set of formulas defined by the following BNF:

pu=p| =0 | oV o |Doessuane | Donescian® | JBriscian® |
RJIBTipct actr[an)® | ST BTipce- an®

2We may use the term “action” instead of “action type” for the sake of simplicity.
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where p ranges over ATOM, Act and Act’ range over SACT and Act* ranges
over SSACT. We assume that Act, Act’ and Act* are non-empty sets. In the modal
operators the index [All] designates the set of all the acts performed in a given world.
In operators such as Does gq[an) or JBrigciau), Act designates a subset of the acts
performed in All that have a specific effect.

The intuitive reading of the modal operators is as follows :

e Does g an¢: the agents in Act are going to do the acts in Act and after their
performance ¢ will be true.

o Done yepau®: the agents in Act have just done the acts in Act and before
their performance ¢ was true.

® JBrigqan¢: the agents in Act are going to bring it about that ¢ by doing
the set of acts Act (the “J” in JBri stands for “joint” acts).

® RJBrijct acejan@: the agents in Act are going to bring it about that ¢ by
doing the set of acts Act while the acts in Act’ are not performed (the “R” in
RJ Bri stands for “restricted” joint acts). We assume that Act N Act’ = ().

® SJBrije«an¢: every member Act of Act™ is going to bring it about that
¢, even if the other members of Act* are not performed (the “SJ” in SJBri
stands for “set of joint” acts).

It is assumed that in these definitions Act and Act’ are included in All.

We shall use the notation Does ac¢au (respectively Done Act| All]) as an abbrevi-
ation of Does gcyay)(true) (vespectively Donegeay(true)). The intuitive meaning
of Does g.iiau) (respectively Donegqay) is that agents in Act are going to do (re-
spectively, have just done) the acts in Act.

Definition 1. A frame F' is a tuple F =< W, R*AcﬁCRth,Act’ >, where W is a
non-empty set of worlds, Act and Act’ are subsets of ACT, R, is a set of binary
relations defined on W x W and CR}, 4. 1S a set of ternary relations defined on
W x W x W. In a frame we have the property: (Rac(w,w’) and Racy (w,w')) iff
RactuAcr (w7 w,) .

A model M is a tuple M =< F,v >, where F is a frame and v is a function
which assigns to each atomic proposition a subset of W.

Relations have the following intuitive meaning:

o Rqt(w,w') iff the performance of all acts in Act started in w and ended in w’.
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o Rycepan(w,w') iff the performance of all the acts in All started in w and ended
in w’, and Act is a subset of All.

o RactAcy (w,w',w") iff Ract(w,w’) and the only difference between w” and
w’ is that in w” none of the acts in Act’ has been performed and the acts in
Act — Act’ have been performed in w” in the same way as in w’ (ceteris paribus
condition?).

In the following, if Ract acr(w,w’,w”) holds we say, in short, that w” is a coun-
terfactual world of w’' with respect to Act’.

Definition 2. The fact that a formula ¢ is true in a world w of a model M is
denoted by M,w |= ¢. The fact that ¢ is a valid formula, that is, ¢ is true in every
world of every model, is denoted by = ¢.

The truth conditions for atomic propositions and logical connectives are defined
as usual.

Definition 3. We have the following truth conditions for the action operators of the
kind Does and Done.

M, w = Does g am ¢ iff
there exists a world w' such that R pcpam(w,w") and for all w' (Racepay(w,w’) =
M, w' = ¢).

M, w = Done gcyjam ¢ iff
there exists w' such that (R gqpay(w',w) and M,w' |= ).

In the following it will be assumed that for every w, w’, w”, Act; and Acts:
Rac, (W', w) and R e, (w”, w) entail w’ = w”. Intuitively, this means that the past
is unique.

Properties.
We have the following properties.
(D1) For every Act, Act’ and All in ACT we have:

= Doneacya@ A Done gy anh) — Done gy aceam (6 A )
(D2) For every Act and All in ACT, if Act C All we have:

= Doneacya ¢ — Done ayan
(D3) For every i : a in Act we have:

): DoneAct[All}¢ — Done;.q ¢

3The precise definition of the ceteris paribus condition raises very challenging problems which
are ignored in this paper (see Lewis [17]).
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Definition 4. We have the following truth conditions for the operators of joint
action of type JBri.

M, w = JBrijcan® if
1. for every w' (Ray(w,w') = M,w' | ¢)

2. for every i : a in Act, there exist w' and w" such that
Ry fiiay (0,0, w") and M, w" = =¢

3. for every non empty set Sub such that Sub C All — Act, for every w' and w”
Rau sup(w,w',w") = Mw" | ¢.

The intuitive meaning of condition 1) is that the set of acts in All is sufficient
to ensure that we get ¢. The intuitive meaning of condition 2) is that each act i : «
in Act is necessary to obtain ¢. That is, if ¢ : « is the only act in All that is not
performed, there is a world w” where ¢ is not obtained.

The intuitive meaning of condition 3) is that even if the acts in Sub are not
performed, the acts in Act are sufficient to obtain ¢.

If Act contains only one act, we write: JBrigq[au¢ def I BTigi.qay[An®-

Example 1. The general definitions in the Definition 4 are applied to the case
study presented in the introduction. We use the following notations: add(N): type
of action "to put N grams of poison in the glass", add(0): type of action that has
no effect on the content of the glass, pois(/N)is an atomic proposition which means
"there are N grams of poison in the glass".
It is assumed that we have: All = {i : add(1),j : add(3),k : add(0)} and Act = {i :
add(1),7 : add(3)}.

It is assumed that we are in a world w of a model M where we have: M,w =
pois(0). Then, we have: Ryy(w,w’) and M, w’ = pois(4).

If action 7 : add(1) had not been realized we would be in a world w{ such that:
R g :ada(r) (w0, ', wi) and M, wy = pois(3).

If action ¢ : add(3) had not been realized we would be in a world w4 such that:
RAll,i:add(S) (wv w, wg) and M, w/2, |: pOiS(l).

If action i : add(0) had not been realized we would be in a world w4 such that:
R aui:add(0) (w, w',wg) and M, w§ |= pois(4).

Therefore, we have: M, w [= JBrigqam (pois(4)).

It is assumed that add(—N) is an action that neutralizes the effects of N grams
of poison. If we add the action add(—2) to the set of acts All, we have:

R4y (w,w') implies M, w' = pois(2)

Therefore, M, w = JBrigcan(pois(4)) is false because the condition 1 in Defi-
nition 4 is false. This case shows the role of condition 1.
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Theorem 1. If Act’ C Act, we have:

(NM1) & JBrigean® — —J Briacyam®-
If Act C Act”, we have:

(NM2) = JBrigejan® — —J Briacman -

Proof: the proofs are similar as the proofs in [9].%

The intuitive reading of Theorem 1 is that if JB7rigc ¢ holds, ¢ was caused
by the performance of the acts in Act and by no other act.

Theorem 2. The following statements hold:

(CL) = (JBTiget,[a)® N I Brigctoai) — I BTigct;uacts Al (@ A D).
(CL') | (JBrigaiamé N I Brigapan) = JBricau (¢ A ).
(NCL) If we have = ¢ — 1 and Acty € Acty or =1 — ¢ and Acty € Acto,
then we have = (JBrigcy,[a® N I Briace,jam) — L.

Proof: the proofs are similar as the proofs in [9)].

It is worth noting that from (NCL) if Act; # Acty we have |= (JBrigc, [aun® A
JBTi gty an)®) — L. From (CL) we also have: = (JB7iac, A @A J Briace, [ an®) —
JBTiAct,UActs[A)@- This property does not contradict the non monotonicity theo-
rems (NM1) and (NM2). Indeed, if Act; # Acts the antecedent JB7ie, (a1 A
JBri g, an @ of the implication is inconsistent, and if Act; = Acty we have: Acty U
ACtQ = ACtl.

Theorem 3. The following statements hold:

(=) ¥ IBrigcqan(T)-

(=DM) If there is more than one act in Act and we have = ¢ — 1 and (=1 —
¢, then we have [E JBrigqam(d A1) — (JBriggian® V JBrigciany)-

(=M) If there is more than one act in Act and we have = ¢ — ¢ and = —
¢, then we have

= JBriacian(® A Y) = JBriagan¢ and

= JBrigcian(é A V) = JBrigeian-

Proof: see [9]for the proofs of (=N) and (=M). There is an error in the proof of
(mDM). See the Annex for the new proof.

“In Definition 4 the condition 3 is not the same as its definition in [9]. However it is similar,
and the definition of condition 3 in [9] is a special case of the new definition. Then, the proofs can
easily be translated and the results are the same.
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It should be noted that (-DM) results false in the particular case where there
is only one act in Act. Indeed, in this case, we have: |= JBrigqan(¢ A Y) —

(JBrigejan@ V J Bri gcpan¥)-

Definition 5. The following are the truth conditions for the operators of restricted
joint action of the kind RJBri. It is assumed that in Act* there is more than one
set of acts.

M,w = RIBripc aceian)® iff
1. for allw' ( Rap(w,w’) = Mw' = ¢)

2. for alli: « in Act, there exist w', w” and w"” such that
(Rau(w,w') and  Rayace (w,w',w") and Roan—acry fiza) (w, w”, w") and

]\47 w/// ): _|¢)

3. for every non empty set Sub such that Sub C All — Act and for every w' and
wl/ RAll,Sub(w7 ’LU/, 'UJ//) = M7 ’LU// ): (b

Condition 1) shows that acts in All are sufficient to obtain ¢. The intuitive
meaning of condition 2) is that w” is a counterfactual world of w’ when Act’ is not
performed, and w’” is a counterfactual world of w” when 7 : « is not executed. Then,
condition 2) shows that when Act’ is not executed 7 : « is a necessary act to get ¢.
The meaning of condition 3) is that acts that are not in Act are not necessary to
get .

From an intuitive point of view in Definition 5 the effects of the acts in Act’ are
ignored.

For the operator SJBri -4y it is assumed that the members Act; of Act™ are
all disjoint.

Definition 6. We have the following truth conditions for the operators of set of
joint actions of the kind SJBri.

M,w = STBriges(an @ iff
1. for allw' (Rap(w,w') = M w' = ¢)

2. for every Act; in Act*, for every non empty set Sub such that Sub C All — Act;
and for every w' and w" Ry sup(w,w',w") = M uw" = ¢

3. for every Act; in Act*:
for every i : o in Act; there exist w', w” and w" such that
(Rau(w,w’) and Ray,acts—act; (w,w',w") and
RAllf(Act*fActi),{i:a} (’LU, wﬂv UJ”’) and M, w" }Z ﬂgﬁ)
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We have used, as an abuse of rating, the notation Act* — Act; to represent the
difference between the set of all the acts in the set of acts Act* and the set of acts
in Act.

In Definition 6, in a world w” such that Ry, Act*—Act; (w, w', w") the only acts in
Act* which have been performed are the acts in Act; and in a world w” such that
RAu—(Act*— Act;) {i:a}) (W, ", w™) the only act in Act; which is not performed is 7 : a.

Condition 1) is the same as for modality JBri.

In condition 2) the world w” is a counterfactual world of w’ with respect to acts
in Act* that are not in Act;. That is, roughly speaking, in w” Act; is the only
member of Act* that is acting. The intuitive meaning of this condition is that each
Act; is sufficient to get ¢. Observe that condition 1) is not redundant with condition
2). Indeed, in condition 2), the Act; members of Act* act independently, whereas
condition 1) guarantees that they can act together.

In condition 3) the world w” is a counterfactual world of w” with respect to the
acts of Act* — Act;, and w” is a counterfactual world of w” with respect to the act
7 : . That is to say that in w”’, none of the acts in Act* — Act; are executed and
all acts are in Act; but ¢ : a are executed. The intuitive meaning of this condition
is that all acts in Act; are necessary to get ¢ in a context where members of Act*
that are different from Act; do not act.

From conditions 2) and 3) it can be inferred that each Act; in Act* is a sufficient
and necessary set of acts to bring it about that ¢ when the other members of Act*
are not acting.

Example 2. The general definitions in Definition 6 are applied to a similar
example as Example 1.

We have the new notation: poisgte(N) is a proposition that means that the number
of grams of poison in the glass is greater or equal to NV (abbreviated as "gte").

It is assumed that we have:

All = {i : add(1),7 : add(3),i" : add(2),j" : add(2),k : add(0)},
Acty = {i: add(1),j : add(3)} and Acty = {i' : add(2), ;' : add(2)} and
Act* = {Acty, Acta}

It is also assumed that we are in a world w of a model M where we have:
M, w = pois(0).

Then we have: Ray(w,w’) and M,w' = poisgte(4).

We also have: Ray Act— Act, (w, w], w) and M, w{ = poisgte(4)

In w! the unique set of acts in Act* which is performed is Acty.

In the same way we have: Ray acts— Act, (w, wh, wy) and M, w§ = poisgte(4).

We have:

(1) Rau—(Act—Acty), fiadd(1)y (0, wi, ui") and M, uf’ = pois(3)

because in v}’ the acts that have been performed are the same as in w} but the act
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i:add(l).

For similar reasons we have:

(2) RAZZ—(Act*—Actl),{j:add(fi)}(wa wllla UIQH) and M, UIZN >: pO’LS(l)
because j : add(3) in Acty is not performed.

Properties (1) and (2) show that, when Acts is not performed, each act i : add(1)
and j : add(3) is necessary to obtain poisgte(4).

We also have:

(3) Rat—(Act*—Acts) {ir:add(2)} (0, wi, v]") and M, v{" = pois(2)

because i’ : add(2) in Acty is not performed.
n

(4) RAu—(Act*—Acts), {5 :add(2)y (0, w],v5') and M, vy’ = pois(2)
because j' : add(2) in Acts is not performed.

Properties (3) and (4) show that, when Act; is not performed, each act i’ : add(2)
and j' : add(2) is necessary to obtain poisgte(4).

Therefore we have: M,w = SJBrigep+an) (poisgte(4)).

Roughly speaking, the sets Act; and Acts, acting alone, can cause poisgte(4).

It is worth noting that we do not have JB7i ¢, [au] pois(4) because the condition
2 in the definition 4 is not fulfilled . Indeed, even if i : add(1) is not performed, we
have pois(7) due to the fact that Acty is performed in this situation.

This example shows that we need the modality RJBri. Indeed, we can check
that we have RJBTict, Acty[an)P0is(4) and RJBriacy, et [aimpois(4). Intuitively,
in the first case it is assumed that Acts is not performed and in the second Acty is
not performed.

Theorem 4. If Act; is in Act*, then
= SIBripce-an)® — BIBTiact; (Act— Act;)[All) D-

Proof. This a trivial consequence of the truth conditions of the operator
SJBTiAct*[All} .

This theorem validates the idea that each set of acts in Act* can cause ¢ inde-
pendently of the other members of Act*.

Definition 7. The following modal operator is defined from the operators Done and
JBri. def
€, .
JBroas¢ = Doneau(JBrigapan®)

The intuitive meaning of the operator JBroa.¢ is that the set of agents in Act
has brought it about that ¢ by doing exactly the set of acts Act.

Theorem 5. The following property holds:

(JT) = JBroacp — ¢
Proof: see [9].
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3 Responsibility

This section discusses the levels of responsibility when a norm has been violated.
Since responsibility depends on norms, it has no single definition. Thus, this work
aims to define a general methodology that could be specified in different contexts.

At first step, we need to define the set of distinct situations that may occur. In
a second step, we define an order, in terms of levels of responsibility, on this set of
situations. First, we assume that responsibility is characterized by several general
properties and shows that the number of distinct situations can be quite large.

Then, in order to make the problem easier to analyze, we restrict these properties
to the acts that agents have performed and to what they believe about these acts.
In this context we present a method to order the responsibility levels depending on
the situations.

3.1 Set of all the situations in the case of a unique act

To limit the number of situations, we consider all the situations that can occur when
a single act is performed by a i agent. This act is designated by: i : a

Where a standard has been violated by the single act act, it is assumed that ¢’s
responsibility depends on the following properties: whether the act was performed,
whether ¢ has the capacity to perform that act, whether it intended to perform that
act, and what the agent believes about those facts.

Notations °:
- Bel;(¢): i believes ¢,
- Cap;(i : a): i has the capability to perform i : a,
- Int;(i : a): ’s intention is to perform i : a,
- Int;(—(i : a)): i’s intention is to do not perform i : a .

The set of all the situations is represented by the conjunction of the formulas:

(1) (Donej.q V ~Done;.q)

(2) (Capili - @)V ~Capy(i : a)

(3) (Inti(i:a)V —Int(i: a))

(4) (Inti(~(i : @) v ~Inti(~(i : a))

(5) (Beli(Done;.q) V —Bel;(Done;.,))

(6) (Beli(—Donei.q) V = Bel;(—Done;.q))

(7) (Beli(Cap;(i : a)) V —Bel;(Cap;(i : a)))
(8) (Beli(~Capi(i : )) v ~Beli(~Capi(i + 0)))

5As a matter of simplification, when there is no risk of misinterpretation, formulas of the kind
Donecian)¢ are abbreviated as Doneact.
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(9) (Beli(Int;(i : a)) V ~Bel;(Int;(i : a))
(10) (Beli(—Int;(i : a)) V —Bel;j(=Int;(i : a)))

This formula characterizes 1.024 distinct situations.

It seems reasonable to accept the following assumptions :
(H1) =(Inti(¢) A Inti(=(6)))

(H2) ~(Beli(6) A Beli(~6))
(H3) Int;(¢) — Bel;(Int;(¢))
(H4) —Int;(¢) — Bel;(—Int;(¢))
(H5) Done;., — Cap;(i : a)

In addition it is assumed that the Bel; operator is normal and closed under
implication.

The meaning of (H1) and (H2) is that the agent i has consistent intentions and
beliefs. The meaning of (H3) and (H4) is that the agent ¢ is aware of its intentions.
The meaning of (H5) is that if the agent ¢ has performed an act, then he has the
capacity to perform it.

Notations:

Igni(¢) < —Beli(9) A ~Beli(=9)
NoInti(¢) % ~Int;(¢) A ~Inti(~¢)

The formulas (1) to (10) are logically equivalent to the conjunction of the for-
mulas:

(1.2) (Donej.q V (mDonej.q A Cap;i(i = a)) V =Cap;(i : a)), from (1), (2) and (H5)
(3.4) (Int;(i : a) V Nolnt;(i : a) V Int;(—i : a)), from (3), (4) and (H1)
(5.6) (Beli(Donei.q) V Ign;(Done;.q) V Bel;(~Done;.q))
(7.8) (Beli(Capi(i : a)) V Ign;(Capi(i : a)) V Bel;(—=Cap;(i : a))), from (7), (8) and
(H2)
(9.10) (Bel;(Int;(i : a)) V Ign;(Int;(i : a)) V Bel;(=Int;(i : a))), from (9), (10) and
(12)

These formulas characterize 243 distinct situations. They are logically equivalent
to the conjunction of the following ones:

(1.2) (Donej.q V (mDonej.q A Cap;i(i = a)) V =Cap;(i : a))

(3.4) (Inti(i:a)V Nolnt;(i : a) V Inti(—i : a)),
from (3.4), (9.10), (H3) and (H4)

(5.6.7.8) (Bel;(Donej.q) V (Igni(Done;.q) N\ Beli(Cap;(i : a)))V

(Igni(Done;.q) A Ign;(Cap;(i: a))) V Bel;(=Cap;(i : a))

(9.10) (Beli(Inti(i : a)) V Ign;(Int;(i : a)) V Bel;(—~Int;(i : a)))

This formula characterizes 108 distinct situations. An example of such situations
is represented by the formula:

(S) =Cap;(i : a)) A Int;(i : a) A Bel;(Done;.q)
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The intuitive meaning of (S) is that the agent ¢ intended to do i : a and believes
he did, when he does not have the ability to do it.

In the context of our assumptions (S) is logically equivalent to:

(S") =Cap;(i : a)) AN —~Donej.q A Inti(i : a) A Bel;(Int;(i : a)) A Bel;(Done;.q)

The intuitive meaning of (S’) is that the agent ¢ intended to execute i : a, and
he is aware of his intention, and he believes that he did ¢ : a, whereas he did not
execute 7 : a because he does not have the ability to do so.

To simplify the analysis of responsibility, in what follows, the properties of ca-
pacity and intent are ignored.

3.2 Responsibility in the case of a set of acts

Here we analyse responsibility in contexts where is performed a set of acts Act.
It is assumed that norms are of the form:

e it is obligatory that the set of agents in Act brings it about that ¢ by doing
the set of acts in Act, or

e it is prohibited that the set of agents in Act brings it about that ¢ by doing
the set of acts in Act.

Obligations are represented by formulas of the form: Obg(JBriac(¢)), and pro-
hibitions are represented by: Proh(JBriac(¢)), where Proh(JBriac($)) is a no-
tation for: Obg(—JBriac(¢)).

In the following it is accepted that lawyers assume that the performance of Act
causes ¢, and that Obg(JBriac(¢)) is violated iff the acts in Act have not been
performed, i.e. when we have: =Done ., and that Proh(JBria.(¢)) is violated iff
we have: Doneget.

In order to set the level of responsibility of an agent 4 involved in Act in relation
to the fact that he has done or he has not done an action of type a we must consider,
on the one hand, the act ¢ : @ and, on the other hand, the complementary set of
acts: Act—{i: a}. Indeed, the level of responsibility of i ¢ depends on what it Done
and also on what other agents have done. More formally, we must consider the facts
represented by: Done;.q and Done e {i.q)-

Consequently, the norm Obg(JBriac(¢)) is violated iff we have:
~(Donei.q A Done g (5.0} ), that is logically equivalent to:

(mDonei.q A Donege—giqy) V (mDonei.q A ~Done g (i:01)V
(Donejq A ~Donepct—{i:a})-

5This is only an example since the definition of responsibility depends on the norms of each
institution.
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The norm Proh(JBriac(¢)) is violated iff all the acts in Act are performed, i.e.
when we have: Done;.q A Donepci—{i.q)-

It is assumed that agents know what the norms are and that they know that
performing the set of acts Act causes ¢ (i.e. JBTigc()).

The agent ¢’s level of responsibility ¢ can be assessed on the basis of what has
been done (or not done) in a given situation, as well as the agent i’s representation
of that situation. For example, the agent ¢’s level of responsibility may depend on
whether 7 : a has been performed and whether the agent i believes that 4 : a has not
been performed, or vice versa.

According to these assumptions, a complete representation of all the possible
cases where we have to fix agent i’s responsibility level is defined on the basis of the
following information:

e act i : a has been performed,

e the set of acts Act — {i : a} has been performed,

e agent ¢ believes that act i : @ has been performed,

e agent ¢ believes that act ¢ : @ has not been performed,

e agent i believes that the set of acts Act — {i : a} has been performed

e agent i believes that the set of acts Act — {i : a} has not been performed.

The set of all these situations is represented by the conjunction of the formulas:

(S1) (Donej.q V ~Done;.q)
(S ) (DoneActf{i:a} v ﬂDoneActf{i:a})
(S3) (Bel;(Done;.q) V —Bel;(Done;.q))
(S4) (Bel;(—Done;.q) V ~Beli(—Done;.,))
(85) (Beli(DoneAct—{i:a}) V —Bel; (DoneAct—{i:a}))
(S6) (Beli(~Donec—qi:ay) V 7 Beli(mDonegei—fi:a}))
This conjunction is logically equivalent to:
(S1) (Donej.q V ~Done;.q,)
(SZ) (DoneAct—{i:a} v _‘DoneAct—{i:a})
(S3.4) (Bel;i(Done;.q) V Igni(Done;.q) V Beli(—Donei.,)), from (S3), (S4) and (H2)
(S ) (Belz (DaneAct—{i:a}) v Igni(DoneAct—{i:a}) \ Beli(_'DoneAct{i:a}))ﬁ from (85)7
(S6) and (H2)
In order to set the level of responsibility in each situation, we assume that this
level depends on whether the representation of the world by the agent ¢ is valid or
not.
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According to this general principle, we assume that the level is maximal if the
agent has a true representation of the world, since in this case he is perfectly aware
of what he has done. The level is minimum if he has a wrong representation of
the world, since we can assume that he did not intend to do what he has done.
When the agent is unaware of what he or she has done, the level of responsibility is
between maximum and minimum, since it can be assumed that even if he or she did
not intend to violate the standard, he or she did not care whether or not he or she
violated the standard.”

According to these general ideas, we have the following order of levels of respon-
sibility, with respect to the i agent’s representation of what he or she has done:

e 1. 7 knows what he has done.
e 2. i ignores what he has done.

e 3. i’s belief about what he has done is wrong.
We have a similar order for ¢ agent’s representation of what the other agents do:

e A. i knows what they have done.
e B. 7 ignores what they have done.

e C. ¢’s belief about what they have done is wrong.

3.2.1 Obligation violation

We have seen that an obligation of the form Obg(JBriac(¢)) is violated in the three
situations formally represented by:

Violation 1: (=Done;.q) A (Done gci—{i:a})-
Violation 2: (mDone;.q) A (mDone gei—{i.a})-
Violation 3: (Done;.q) A (mDone get—i:a})-

The intuitive meaning of the notation: ¢ > 1, is that the level of responsibility
of 7 is stronger in a situation represented by ¢ than in a situation represented by .

” Note that i may have performed another i : b act. Here we focus on the responsibility of i for
the fact that it did a. This responsibility should not be confused with i’s responsibility for the fact
that he did .

597



DEMOLOMBE

Case of violation 1. Since we have (—=Done;.,), situations of types 1, 2 and
3 are respectively represented by Bel;(—Done;.q), Ign;(Done;.,) and Bel;(Done;.,).
Then, we have:

(F1) Bel;(—Done;.,) > Ign;(Done;.,) > Bel;(Done;.q)

We also have (Done g g;.qy) and situations of types A, B and C are respectively
represented by Bel;(Doneac—gi.q}), 1gni(Doneaci—fi.qy) and
Belj(mDone g gi.qy)- Then, we have:

(Gl) Beli(DoneAct—{i:a}) > Ign; (DoneAct—{i:a}) > Beli(ﬁDoneAct—{i:a})

The different cases of representation of the situation by ¢ are presented in Table
Tabl.

Taby Bel;(Done;.q) | Ign;(Done;.q) | Bel;(mDone;.q)
Beli(DoneAct—{i:a}) 16 13 max1
Ign;(Donepct—{i:a}) 17 14 11

Beli(_‘(DoneActf{i:a})) minl 15 12

From (F1) we can infer that each level of the set {max1,11,12} is greater than
each level of the set {[3,14,15}, and each level of the set {I3,14,15} is greater than
each level of the set {16,107, minl}.

In a similar way, from (G1) we can infer that each level of the set {mazx1,13,16}
is greater than each level of the set {i1,14,17}, and each level of the set {I1,14,17}
is greater than each level of the set {i2,15, minl}.

Finally, we have a partial order that can be represented by:

maxl > 11> 13> 16 > 7> minl
3>104>105
maxl > {1 > 12> [5 > ninl
1>104>17

Case of violation 2. Since we have: (=Done;.q) A (mDonegqg;.qy), the appli-
cation of the same ordering criteria lead to:

(F1) Bel;(—=Done;.q) > Ign;(Done;.q) > Bel;(Done;.), and
(GZ) Beli(_'DoneAct—{i:a}) > Igni(DoneAct—{i:a}) > Beli(DoneAct—{i:a})

The different cases of i’s representation of the situation are shown in table Tab2.
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Taby Bel;(Done;.q) | Ign;(Done;.,) | Bel;(—mDone;.q)
Beli(Done get—{i:a}) min2 mb m2
Igni(DoneAct—{i:a}) m7 m4 ml

Beli(~(Doneaci—{ia})) m6 m3 max2

In a similar way, it can be shown that we have the partial order:

max2 > m3 > mb > m7 > min2
ml > md > m7
mazx2 > ml > m2 > md > nun2.
m3 > md > mb
Case of violation 3. Since we have (Done;.,), agent ¢ is not responsible of the
obligation violation.
3.2.2 Prohibition violation

A prohibition is violated when we have (Done;.q A Doneye—giq}). Since we have
(Donej.,), situations of types 1, 2 and 3 are represented by:

(F3) Bel;(Done;.q) > Ign;(Done;.q) > Bel;(—Donei.,).
Since we have (Done Act—{i:a}) situations of type A, B and C are represented by:
(G3) Beli(DoneAct—{i:a}) > Igni(DoneAct—{i:a}) > Beli(ﬁDoneAct—{i:a})-

The different cases of i’s representation of the situation are shown in table Tab3.

Tabs Bel;(Done;.q) | Ign;(Done;.,) | Bel;(—mDone;.q)
Beli(Doneaci—{i:a}) max3 n3 16
Igni (DoneAct—{i:a}) nl n4 n7
Beli(=(Donect—{ia})) n2 nb min3

Here, the partial order on responsibility levels is represented by:

maz3d > nd > nb > n7 > mind
n3 > nd > nb

maxd > nl > n2 > nd > mind.
nl > nd > n7
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3.3 Responsibility in the case of a set of sets of acts

In the case of sets of sets of acts the formal analysis of responsibilities is more
complex. That, is why we do not present such a detailed analysis. Nevertheless, the
general principles of responsibility ordering are the same.

The obligations and prohibitions are represented by the formulas:

- obligation Obg(SJBriac(¢))

- prohibition Proh(SJBriac(¢))

Obligation violation This obligation is violated in the situations where we
have: =(Doneacy, A ... A Doneac,, ).

where the Act;s are sets of acts and: Act* = {Acty, ..., Act,}.

It is assumed that agent ¢ is acting in Act;. Then, the violation situations can
be equivalently represented by: —(Donec, A Doneacts—Act, )s
which is logically equivalent to:

_‘(DoneActl) \ ﬁ(-DoneAct*7Act1)

Therefore the set of all violation situations can be represented by the disjunction
of the formulas:

Violation V1: (=Doneact, ) A (Doneaces— Acty )-
Violation V2: (mDoneac, ) A (Donegct— Act, )-

Violation V3: (Doneac, ) A =(Doneace— Act, )-

Case of violation V1. In that case the sets of acts Act® — Acty fulfill the
obligation and Obg(SJBriaq(¢)) is fulfilled if the obligation Obg(JBriac, (¢)) is
fulfilled.

Then 4’s responsibility levels can be analyzed in the same way as in the previous
sub-section. The difference is that if i’s belief is represented by Bel;(—Doneact,)
1 may believe that his attitude cannot influence the global violation, and his re-
sponsibility levels are lower than in the cases where i’s belief is represented by
Bel;(Donect, )-

Case of violation V2. The main difference from the V1 case is that Act; is
not the only cause of the violation. Then, i’s responsibility levels are lower than in
V1.

Case of violation V3. In that case Act; has fulfilled the obligation
Obg(JBriact, (¢)). Then, i is not responsible of Obg(SJBriac(¢)) violation.

Taby Bel;(Doneac,) | Beli(—Doneact,)
Bel;(Donegct*— Act, ) B4 B1
Bel;(=(Donegct*—Act, ) B3 B2
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Prohibition violation This prohibition is violated in the situations where we
have: Donegct, N ... A Doneaet,,.

If i’s beliefs are represented by B1 or B4 (see table T'aby), i knows that if Done g¢t,
has been performed the prohibition has been violated. In the case of B4 i’s respon-
sibility is stronger than in the case of B1 because i knows that the prohibition
Proh(JBriac, (¢)) has been violated.

If i’s beliefs are represented by B2 or B3, i believes that the prohibition was not
violated, whether or not Done., was executed. Then, his responsibility is lower
than in the previous case because 7 believes that his attitude cannot influence the
fact that the prohibition has been violated or not.

4 Related works

Braham and van Hees in their paper [3] analyse similar definitions of causality as the
definitions presented in this paper. However, the motivation of this work is different,
it is about game theory. The main difference is that definitions are not expressed in
formal logic and no formal properties are derived from these definitions.

Pauly has defined in [21] a Coalition Logic to represent groups of agents who
are acting together (see also [1]). This logic can be seen as an extension of Harel’s
Dynamic Logic [11] to multiple agents. Other extensions are presented in [4]. The
common feature of these logics is that they accept a property of the form [G] T, where
G is a group of agents, which clearly shows that they do not represent causality —
since a group of agents cannot bring it about that a tautology is true.

In [15] (see also [16]) Horty has defined an action operator to represent the fact
that a group of agents “sees to it that” ¢ is the case. This operator is usually
abbreviated as a “STIT” operator. The [G cstit : ¢| operator indicates that the
group of agents G sees to it that ¢.

We have shown in [9] that this operator does not exactly represent causality.
For instance, if in a situation where a door is open an agent can choose either to
close the door or to do nothing. According to the definition of the STIT operator,
when the agent does nothing we can infer that he sees to it that the door is open.
However, it is counterintuitive to say that doing nothing can cause (according to the
meaning of causality) a given state of affairs.

In [7, 6] (see also [23]) Carmo has extended this operator to the [G dstit : ¢]
operator, which means that G deliberatively sees to it that ¢. However, we have
seen before that this operator does not really formalize causality.

In [20] de Sousa and Carmo presents an analysis of causality when the outcome
is obtained by the actions of several agents acting successively. Causality when an
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agent acts alone is defined as usual by the two conditions that express that the ac-
tion is sufficient and necessary (counterfactual condition). The systematic analysis
of specific examples is not based on a formalization in logic. It is based on a tem-
poral tree structure where, after each node in the tree, there are two branches that
correspond to the case where the next action is performed or not. This article clearly
shows, thanks to the examples, the problems that lawyers have in defining causality
when several agents act successively. The main difference with what is presented
here is that we consider several agents acting simultaneously, not successively, and
that the problems are expressed in modal logic.

In [19] Lorini and Schwarzentruber have used the [G cstit : ¢] operator® defined
by Horty to formalize different kinds of counterfactual emotions. In [13] Hilpinen
has defined a “necessitating agency” operator D (see AD9 in [13]).

According to its truth conditions, D¢ is true in a world w'® iff there exists a
world w and an action « such that 1) w’ € g(o, w) and ¢ is true in w’, and 2) there
exists a world w” such that < w,w” > is “maximally similar to the course of action
exemplified by < w,w’ >" and ¢ is false in w”. In condition 1) g(a,w) denotes
the set of worlds where we are after performing an action of type a (and possibly
other actions). There is a strong similarity between a tuple of worlds < w,w’, w” >
that satisfies these conditions and a tuple that satisfies R 4y (.0} (w, w’, "), for some
1 : «, in the framework presented in this paper.

It is worth noting that in the definition of the STIT operator we do not have
a similar ternary relationship which allows to make explicit that a counterfactual
world w” is related to the performance of a given instance of a given action type
denoted by w’.

In [25] Sergot has proposed formal definitions for joint actions operators in con-
texts where agents are acting collectively. These definitions are inspired by the
definition of Pérn’s bringing it about operator. However there is a significant differ-
ence. These operators are intended to characterize how the agents are acting, and
not the final state of affairs which is obtained.

5 Conclusion

We have proposed a definition of the JBri joint action operator to represent situa-
tions where the set of acts performed by a group of agents is sufficient to obtain a
situation where a proposition ¢ holds, and all the acts in that set are necessary to
obtain that situation.

8Notation has been modified here to simplify the comparison with previous work.
9Notation has been modified here to simplify the comparison with previous work.
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The case study presented in the Introduction shows that the definition of causal-
ity formally represented by the joint actions operator JBri has to be modified in
case several sets of agents independently caused that ¢ holds, in the sense that each
set of agents, if they acted alone, would have caused ¢. To represent causality in
these kinds of situations we have defined the restricted joint operators RJBri and
SJBri.

In addition to the formal definitions of these operators, we have formally shown
some of their logical properties in Theorems 1 to 5.

Next, we analyzed the level of responsibility of an agent when acting in a group
of agents that has violated an obligation or prohibition. We have shown that a wide
range of situations must be considered if we accept that the levels of responsibility
depend on the acts performed by the agent and other agents, and also on what the
agent thinks of these acts.

Although the case study presented here is an academic example, we could easily
find many similar examples in computer science. For example, in a context where it
is forbidden to communicate a given password, two agents may have jointly informed
another agent of the password by acting as follows: the first agent communicates
the beginning of the password, and the second agent communicates the end of the
password. If both agents have communicated the entire password simultaneously,
the problem of assigning responsibilities is not insignificant.

Another example may be that it is forbidden to remove all copies of a given file.
If there are only two copies in two different locations and two agents simultaneously
launch a command to remove one copy each, they have removed all copies by their
common actions and this was achieved indirectly (since each command caused only
one of several software agents to execute).

The work presented here could be extended in several directions. One of them
is to find a complete axiomatization of what has been defined in the semantics.
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Annex

Proof of (-DM). We can define a model M and a world w such that M,w |
JBrigceau) (¢ A ) and there exists i : a in Act such that Ry (.0 (w, ], w)) and
(1) M,w{ = ¢ A —p. Then, we have: M,w} = —(¢ A1). Since it is assumed
that there is more than one act in Act we can also define j : 8 in Act such that
Rau, g8 (w, wy, wy) and (2) M,wh = ¢ A —¢. Then, we have: M, why = =(¢ A ).

In w! we have ¢ A —), which is not an inconsistent formula because it is assumed
that we have [~ ¢ — 1. In the same way in wj we have —¢ A 1, which is not an
inconsistent formula because it is assumed that £~ ¢ — ¢. From (1) we can infer
M, w = —JBri g an)(¢) because the condition 2) in the Definition 4 is not satisfied.
For the same reason, from (2) we can infer M,w = =J Bri gy i (¥)-

Finally we have: M, w ): JBriAct[All] ((b/\’lﬂ)/\—\JBTZ‘ACt[A”] ((ﬁ)/\—'JB’r”L'ACt[A”] ('Lﬂ)
Therefore we have: [= JBrigejam (¢ AY) = (JBrigcian® V JBriaegany). End of
proof.

The intuitive idea of the proof is that when JB7igqai(¢ A ) holds, in all the
counterfactual worlds w” we have (¢ A 1), that is either ¢ or ¢ is false. That is
consistent with the fact that in some counterfactual worlds, like w/, ¢ is true, and
wy is not a counterfactual world for JBriqian¢. In a similar way wy is not a
counterfactual world for JB7igcsa11%-
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Abstract

An Ehoop is a generalization of hoops, where the top element is not guar-
anteed. In this paper, we study states and internal states on Ehoops with a
bottom element. We present the notions of Bosbach states and RieCan states
on Ehoops with a bottom element, and derive that these two kinds of states
are consistent. It is shown that every Ehoop with a bottom element admits
a Bosbach/Riecan state. Moreover, we investigated internal states on Ehoops
with a bottom element. Also, prime state ideal theorem is given. Using prime
state ideals, we establish a topological space.

Keyword: Ehoop, Bosbach state, RieCan state, State-morphism, Internal state,
Prime state ideal.

1 Introduction

Hoops are basic residuated algebraic structures, which were introduced by Biichi and
Owens in [7]. MV-algebras and BL-algebras are special cases of hoops. Recently,
many researchers have studied hoops and derived many results. For example, many
works on filters of hoops were in [21, 24, 25]. Also, Borzooei and Aaly Kologani
([3]) investigated right, left and product stabilizers on hoops. In addition, Aaly
Kologani and Borzooei ([1]) introduced the notion of ideals in hoops, as a dual notion
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of filters. They studied implicative (maximal, prime) ideals and the relationships
between these ideals in hoops.

Dvurecenskij and Zahiri ([16]) introduced EMV-algebras, which are generaliza-
tions of MV-algebras and generalized Boolean algebras. The top element of an
EMV-algebra is not assumed. It was said that each EMV-algebra can be embedded
into an EMV-algebra with a top element. Liu (][22]) presented the notion of EBL-
algebras, as extensions of BL-algebras and EMV-algebras. It was proved that the
set of all ideals of an EBL-algebra is in a one-to-one correspondence with the set of
all congruences on an EBL-algebra. Also, under some condition, every EBL-algebra
can be embedded into an EBL-algebra with a top element. In [27], we introduced
Ehoops as a generalization of hoops. An Ehoop locally resembles hoops, which does
not necessarily have a top element. In Ehoops, disjunction and multiplication exist
but implication exists only in a local sense. It is known that a hoop is equivalent to
an Ehoop with a top element and vice-versa. We investigated filters and ideals in
Ehoops and defined congruences by ideals and filters respectively. When an Ehoop
A satisfies the double negation property, the set of all ideals of A are in a one-to-one
correspondence with the set of all congruences on A. Since the top element is not
guaranteed for each Ehoop, there are some difficulties in the study of filters of an
Ehoop.

A state plays a great role in the theory of quantum structures. Therefore, it
is a natural problem to study states in many kinds of fuzzy structures. We note
that states were studied in many different algebras, such as MV-algebras ([23]), BL-
algebras ([26]), Rf-monoids ([15]) and their non-commutative cases. Recently, in
[17], Dvurecenskij and Zahiri investigated states on EMV-algebras.

As we all know, pseudo-hoops and semihoops are extensions of hoops. Some
researchers also studied states in these algebraic structures. Ciungu ([8]) studied
Bosbach and Riecan states on pseudo-hoops. It was proved that each Bosbach state
on a good pseudo-hoop is a Riecan state and the two kinds of states are the same
thing on a bounded Wajsberg pseudo-hoop. Bosbach states on subinterval algebras
of a pseudo-hoop were also studied. Later, Ciungu in [9] studied state pseudo-hoops
and state-morphism pseudo-hoops. In addition, Ciungu and Kiihr ([11]) investigated
the generalized states in bounded pseudo-BCK algebras and bounded pseudo-hoops.
He, Zhao and Xin introduced the notions of Bosbach states, Riecan states and
internal states on bounded semihoops in [20]. They showed that Bosbach states are
Riecan states on bounded semihoops but the converse is not true in general. When
the semihoops satisfies Glivenko property, the two kinds of states coincide. They
also established a topological space applying prime state filters. In order to further
study Ehoops, we shall introduce the notions of states and internal states on Ehoops
and investigate their properties.
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This paper is organized as follows. In Sect. 2, we gather some notions and results
to be used. In Sect. 3, we investigate Bosbach states and Riecan states on Ehoops
with a bottom element. State-morphisms on Ehoops with a bottom element are also
studied. Applying the relationship between state-morphisms and maximal filters of
an Ehoop with a bottom element, we prove that each Ehoop with a bottom element
admits at least one Bosbach/Riecan state. We introduce the notion of internal states
on an Ehoop with a bottom element in Sect. 4. In addition, some properties of state
ideals and prime state ideals on state Ehoops are given. Applying prime state ideals
on state Ehoops, we establish the topological structures.

2 Preliminaries

In this section, we shall recall some notions and results on hoops and Ehoops.

Definition 2.1. [2, 7] A hoop is an algebra (A,®,—,1) of type (2,2,0) with the
following axioms for any x,y,z € A:

(i) (A, ®,1) is a commutative monoid;
(i) x 5 x =1;

(iii) (xOy) > z=2— (y — 2);

(iv) 20 (x = y) =y O (y — o).

A hoop is said to be bounded if there is a bottom element 0. In this case, we
write x~ instead of x — 0 for any x € A. A bounded hoop A satisfies the double
negation property if x=~ = z for all x € A.

For any semigroup (A4, ®), we say that x € A is idempotent if x ©® 2 = z. Use
Id(A) to denote the set {z € Alx ® x = z}. Due to [14, Proposition 3.1], we note
that the element b of a hoop A is idempotent if and only if x © b = x A b for any
x € A

The following are some properties of hoops which will be used in this paper.

Proposition 2.2. [4, 5, 10, 18 Let A be a hoop. For all z,y,z € A, we have:

zf:c<y, thenx ®z <y® z, y—>z<x—>zandz—>x<z—>y,
a:—)y<(y—>z)—>(x—>z),a:—>y§(z—>a:)—>(z—>y),
y—(z—2)=z—(y—2);

z=(@xANy)=(z—2)A\(z—>y);

if A is bounded, then x ®x~ =0, x <z~ andx™ "~ =z ;
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(ix) if A is bounded, then z Oy =0z <y~ ;
(x) if A is bounded, then (y - x)" " =y~ —a~ .

Definition 2.3. [27] An Ehoop is an algebra (A, A\, ®) of type (2,2) such that:

(i) (A, A) is a A-semilattice;
(ii) (A, ®) is a commutative semigroup;
(iii) for all a € Id(A), z =4 y = maz{z € Azl © z < y} exists for any x,y € A,,
and (Aq, ®, —q,a) is a hoop, where A, = {z € Alz < a};
(iv) there are enough idempotent elements in A, that is, for all z,y € A, there
exists a € Id(A) with x,y < a.

Let A be an Ehoop. Define 2" = 2" ! @ z for all z € A, where the integer n
satisfies n > 2. If a € Id(A), we define x <, y & = —, y = a for any z,y € A,.
Then <, is a partial order on A,. For any z,y € A, any a,b € Id(A) with z,y < a
and z,y < b, wegetthat r <,y e r<{ysrsAhy=r&zyandr Ay =
zO(x —=qy) =20 (x—py).

Suppose that there is a bottom element 0 in A. If a € Id(A), we define x 7= =
x—q0and 26,y = a7 =,y for any z,y € A,. Forany xz,y € A, if (xOQy) e =
x7eme @y o7 for all a € Id(A) with z,y < a, we say that the Ehoop A is normal.
If A, satisfies the double negation property for all a € Id(A), A is an Ehoop with
the double negation property. It is clear that an Ehoop with the double negation
property is normal.

Proposition 2.4. [27] Let A be an Fhoop. If a,b € Id(A) and a < b, the following
properties hold for any x,y,z € Ag:

(i) 2 =20y =(z=py) Na;
(i) (x =qy) 2a 2 < (=5 y) = 2.

Proposition 2.5. [27] Let A be an Ehoop with a bottom element 0. The following
properties hold for all a € Id(A), for any x,y, z,z; € Ag:

(i) z,y <z Sqy;
) ifx <y, thenrSa2<yYOaz and z S, < 2S5, y;
(iii) of A is normal, ©, is associative;
) if A satisfies the double negation property, ©, is commutative;
) if A satisfies the double negation property, x ©q (Nicrzi) = Nicr(x Oq 2;), when
NicI%i exists;
(vi) if A satisfies the double negation property, x A (21 ©q4 22 g+ OS¢ 2n) < (T A
21) Oa (TN 22) Oq -+ Oa (T A 2).
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Let A be an Ehoop with a bottom element 0. When A is normal, we define
20 = Y©Sa s 3aY = Y©Sa (YSay) s Nay =Y Sa (n — 1)ay, where y € A and
a € Id(A) such that y < a. Also, define 4] 1¥i = Y1 Sa Y2 Sq - - - Sa Yn for any
Y1,Y2, ,Yn € Aq, where n € N\{0} and a € Id(A).

A subalgebra B of an Ehoop A is a subset of A with conditions: (i) B is closed
under A and @, (ii) for any b € Id(A) N B, By = {x € Blz < b} is a subalgebra of
Ap, and (iii) for any x,y € B, there exists b € Id(A) N B with x,y < b.

A function f : Ay — As between two Ehoops A; and As is called an Ehoop
homomorphism if f preserves A and @, and for all a € Id(A) and for any z,y € A,,
we have f(z —ba 3) = £(2) > 1(a) £(9).

Let A be an Ehoop. A congruence 6 on A is an equivalence relation satisfying the
conditions: (i) @ is compatible with A and ®, and (ii) 6 N (A, X A,) is a congruence
on A, for any a € Id(A). If 6 is a congruence on A, define A/0 = {z/0 | z € A},
where z/0 = {y € A | (z,y) € 0}. It is shown that the quotient algebra (A/0, A, ®)
is an Ehoop, where

z/ONy/0=(xAy)/0 and z/0Cy/0=(xCy)/0,

for all /0,y/60 € A/0. In addition, for any x/0,y/0 € (A/0),/s With a € Id(A) and
z,y < a, we have 2/0 —, /9 y/0 = (v —4y)/0.

Let A be an Ehoop with a bottom element 0. An ideal I of A is a subset of A
which satisfies: (i) if z,y € I, then x ©, y € I for all a € Id(A) with z,y < a, and
(ii) if x <y and y € I, then = € I.

A filter F of A is a non-empty subset of A satisfying the conditions: (i) for any
x € A, there exists a € Id(A)NF with z < a, (ii) for any z,y € A, z <yand xz € F
imply y € F, and (iii) F is closed under ®. Equivalently, a non-empty subset F' of A
is a filter iff F' satisfies that (i) for any = € A, there exists a € Id(A) N F with x < a
and (ii) for any =,y € A, for all b € Id(A) such that x,y < b, if z,x —p y € F, then
y € F. Denote by (X] the filter of A generated by the subset X of A. A filter F' of
A is called maximal if (F U {z}] = A for all x € A\F. A filter F of A is said to be
proper if F' # A. Let F be a filter of A. Define the relation 6z on A by (z,y) € 0p
if and only if there is a € Id(A) with z,y < a and © —, ¥,y —4 © € F. Then 0 is
a congruence on A. The corresponding quotient Ehoop A/6p is denoted by A/F.

Proposition 2.6. [27] Let F' be a filter of an Ehoop A. Then F' is maximal iff for
allz € A, if v ¢ F, then for any y € A, there exist n € N\{0} and b € Id(A) with
z,y <bandx™ —py e F.

Remark 2.7. Let F' be a filter of an Fhoop A with a bottom element 0. Then F
is maximal iff for any v € A, if x ¢ F, there exist n € N\{0} and b € Id(A) with
x <b such that x™ —, 0 € F.
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3 States on Ehoops

In this section, we give the notions of Bosbach states and Riecan states on Ehoops
with a bottom element. It is shown that Bosbach states are consistent with Riecan
states on Ehoops with a bottom element. In addition, we introduce the notion of
state-morphisms on Ehoops with a bottom element. The relationships between state-
morphisms and maximal filters on Ehoops with a bottom element are investigated.
Finally, we show that each Ehoop with a bottom element admits a Bosbach state
and a Riecan state.

Definition 3.1. Let A be an Fhoop with a bottom element 0. A Bosbach state on
A is a mapping s : A — [0, 1] satisfying the following conditions:

(i) s(0) =0;
(ii) there exists xo € A such that s(zg) = 1;
(iii) s(x)+s(x =4 y) = s(y)+s(y —q x) for any x,y € A, a € Id(A) with z,y < a.

Remark 3.2. If A has a top element 1, then it is a hoop. A Bosbach state on a
bounded hoop A is a mapping s : A — [0,1] such that s(0) = 0, s(1) = 1 and
s(z) +s(z =1 y) = s(y) + sy =1 @) for any z,y € A.

Example 3.3. Let A be the set {0, 2, 2= ... 2=21.2 3 ...} with the natural

'n—1° n—1° ' n—17
order, where the integer n satisfies n > 2. Define ©® and A as follows:

uAv=min{u,v},

(u+v—=1)VvV0, ifu,vel01],
UV = u, ifuel0,1], v>2
v, ifu>v>2.

When a = 1 € Id(A), defineu —1 v = (v—u—+ 1) A1l for any u,v € [0,1]. If
a € Id(A) with a > 2, for any u,v € A,, set

a, ifu<w,
v—u+1, f0<v<u<l,
U —q V= ;
v, if0<v<1<u,
v, ifl<ov<u.

By [27, Example 3.6/, (A, \,®) is an Ehoop. Define a mapping s : A — [0,1] by

) ow, dfuel0,1],
5(”)_{ 1, ifu>1.

Then s is a Bosbach state on A.
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Example 3.4. Let A1 = {0,a,b,¢c,d,1} be the hoop from [24, Example 3.2(ii)],
where the operations are defined as follows:

— | 0 a b ¢ d 1 ® | 0 a b ¢ d 1
0 1 1 1 1 1 1 o | 0 0 0 0 0 0
a c 1 b ¢ b 1 a | 0 a d 0 d a
b d a 1 b a |1 b 0 d ¢ ¢ 0 b
c a a 1 1 a 1 c 0 0 ¢ ¢ 0 c
d b 1 1 b 1 1 d | 0 d 0 0 0 d
1 0 a b ¢ d 1 1 0 a b ¢ d 1
Define a mapping s1 : Ay — [0,1] by

0, =0,

%?:L':a’7

évxzbu

si(x) =4 °

%7$:C7

%,x:d,

1, z=1.

Let As be the Ehoop from Example 3.3. Then Ay x As is also an Ehoop. Define
s’ Ay x Ay — [0,1] by §'(z,y) = As1(x) + (1 — N)s(y), where (z,y) € A X Ag,
A is a real number such that 0 < A < 1 and s is the mapping in Example 3.5. We
can check that s' is a Bosbach state on Ay x As. In particular, set X = % Then

s'(z,y) = %sl(x) + %s(y) is a Bosbach state on Ay X Aj.

Next, we give some properties of Bosbach states on an Ehoop A with a bottom
element.

Proposition 3.5. Let s be a Bosbach state on an Ehoop A with a bottom element
0. For all z,y,z € A, we have

o)

) s(z) < s(a) and s(x™*) = s(a) — s(z), for any a € Id(A) with x < a;
) s(z7e7a) = s(x), for any a € Id(A) with x < a;
(iii) if z <y, then s(x) < s(y);
) s(x =4 y) = s(y =4 ) <= s(x) = s(y), for any a € Id(A) with z,y < a;
)
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(Vi) s(z —q y7 o) = s(z7o7* =4 y) = s(z —q y), for any a € Id(A) with
z,y < a;
(vii) s(z7e =4y~ ) = s(y —a ), for any a € Id(A) with z,y < a;
(viii) s(x =4 (Y7 =4 279)) = s(x =4 (2 =4 V), forany a € Id(A) with x,y,z < a;
(ix) s(z ®y) = s(a) — s(x =4 y~), for any a € Id(A) with z,y < a.

Proof. (i) Since s is a Bosbach state on A, we have s(z7*) + s(z) = s(0) + s(0 —4
z) = 0+ s(a). Thus, s(z7*) = s(a) — s(x). It follows from s(z~*) > 0 that
s(z) < s(a).

(if) By (i), s(z727) = s(a) = s(z7) = s(a) = (s(a) — s(z)) = s(x).
(iii) Let x < vy. For any a € Id(A) with z,y < a, we get that s(z) + s(a) =

s(z) + (& =a y) = s(y) + s(y —a x). Then s(x) — s(y) = s(y —a ) —s(a). By (i),

the inequality y —, = < a implies s(y —4 =) < s(a) and so s(z) — s(y) < 0.

(iv) It is straightforward.

(v) Applying (ii), we obtain

s(x7e7 =, 1) + s(x)

s(x7eTe =4 ) + s(zTeT9)
s(z)+s(x =gz 27 9)
s(x) + s(a),

which yields s(z7*7* —, z) = s(a).

(vi) As y <y oo, we get that © —, y <z —4 y . Hence, s((x —4 y) —
(x =4 y7*7)) = s(a). The inequality y™*7* =,y < (T =4 ¥y *7%) =4 (T =4 Y)
together with (iii) and (v) implies s(a) = s(y7* 7@ =4 y) < s((x =4 y727%) =4
(x =4 y)) < s(a). Thus, s((z =4 Yy~ *7%) =4 (x =4 y)) = s(a). Then

s(z—=ay ") +s(a) =s(z =ay ) +s((x =0y ) —a (T —ay))
=s(@ 2ay) +s((@ =ay) —a (@ —ay "))
= s(z —q y) + s(a).

It follows that s(z —, y~**) = s(x —4 y). Similarly, we can show s(z7*7* —,
y) =s(@ =ay).

(vii) By Proposition 2.2(vi) and (vi), we have s(x7™* —, y7¢) = s(y —q 277 %) =
s(y —q ).

(viii) From (vii) we get that s(y™* —, 27%) = s(z —4 y). This together with
(iv) and Proposition 2.2(v) implies that

s((W™ =a27") 2a (2 20 y)) = 5((2 2ay) =a (Y7 =0 277)) = s(a).
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Since (Y7 —4 27%) =4 (2 =0 Y) < (2 =4 (Y7 =4 27%)) =4 (2 =4 (2 20 y)) < a,
we have

s(a) =s((y™* —a 27*) 2a (2 =ay))
<s((@—a (¥ 20 27%)) =a (T —=a (2 20 )
< s(a),

which entails s((z —¢ (y7¢ =4 27%)) =4 (z =4 (2 =4 y))) = s(a). In a similar
way, we can show s((z =4 (2 =4 Y)) —a (¥ =4 (Y% —4 27%))) = s(a). By (iv),
s(x —=q (Y7 =4 279)) = s(x =4 (2 =4 y)).

(ix) Obviously, we have s(z@y)+s((z@y)™*) = s(0)+5(0 =, (z@y)) = 0+s(a).
This implies s(z © y) = s(a) — s((x ©y)~*) = s(a) — s(x =4 y~ ). O

Theorem 3.6. Let A be an Ehoop with a bottom element 0. If s : A — [0,1]
is a mapping such that s(0) = 0 and there exists xg € A with s(xg) = 1, then the
following conditions are equivalent:

(i) s is a Bosbach state;
(ii) foranyx,y € A, ifv <y, then s(y —4 z) = s(a)+s(x)—s(y), where a € Id(A)
with z,y < a;
(iii) for any x,y € A, s(y =4 x) = s(a) + s(z AN y) — s(y), where a € 1d(A) with
z,y < a.

Proof. (i) = (ii) Let s be a Bosbach state. Suppose z < y and a € Id(A) with
z,y < a. Then the equality s(z) + s(a) = s(z) + s(z =4 y) = s(y) + s(y =4 @)
implies s(y —q ) = s(z) + s(a) — s(y).

(ii) = (iii) Suppose that condition (ii) holds. Let z,y € A and a € Id(A) such
that z,y < a. By the assumption, we have

s(y —ax) =5((y waz)Na)
=5((y 2a ) ANy =0 y))
=5s(y =4 (zAy)) (by Proposition 2.2(vii))
=s(a) +s(z ANy) —s(y).
(iii) = (i) Let z,y € A and a € Id(A) such that x,y < a. The condition (iii)
implies that s(z) + s(z —4 y) = s(z) + s(a) + s(z Ay) — s(z) = s(a) + s(z A y).

Similarly, s(y) + s(y —q ) = s(a) + s(z A y). Hence, we have s(z) + s(x —4 y) =
s(y) + s(y —4 ), which completes the proof. O

Proposition 3.7. Let s be a Bosbach state on an Ehoop A with a bottom element
0. Then the following statements hold:
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(i) Ker(s) ={x € Als(x) =1} is a filter of A;
(ﬁ) (.Z',y) € aKer(s) — S(.%') = S(y) = 8([1} A y);
(iii) (A/Ker(s),®, = ger(s), Ker(s)) is a hoop, where Ker(s) is the top element of
A/Ker(s);
(iv) there exists a unique Bosbach state § on the hoop A/Ker(s) with §(x/Ker(s)) =
s(x) for any x € A.

Proof. (i) Since s is a Bosbach state, there exists zy € A such that s(xg) = 1. For
any « € A, choose b € Id(A) such that x,z9 <b. Then s(b) = 1. Therefore, for any
x € A, there exists b € Id(A) N Ker(s) such that x <b. Let x,y € A and a € Id(A)
such that x,y < a. Suppose that x € Ker(s) and z —, y € Ker(s). Asz 0y < z,
ie. © <y —4 x, we have s(x) < s(y —, z) and so s(y —, x) = 1. It follows from
s(x) + s(x =4 y) = s(y) + s(y =4 x) that s(y) = 1, i.e. y € Ker(s). Therefore,
Ker(s) is a filter of A.

(ii) Suppose (7,y) € Oker(s)- There exists a € Id(A) such that z,y < a and
T —q Y, Y —a ¢ € Ker(s). By Proposition 3.5(iv), s(z) = s(y). The inequality
x —q y < a implies s(a) = 1. It follows from Theorem 3.6 that s(z A y) = s(y —4
z) = s(a) + s(y) =1—1+s(y) = s(y) = s(x).

Conversely, suppose z,y € A and s(x) = s(y) = s(x Ay). For any a € Id(A)
with z,y < a, we have s(y —, =) = s(a) + s(x Ay) — s(y) = s(a) by Theorem 3.6.
In a similar way, s(z —, y) = s(a) and so s(x —, y) = s(y =4 ) = s(a). Since
there is ¢y € A such that s(x¢) = 1, we have b € Id(A) such that x,y, 9 < b. Then
s(b) =1and so s(z —py) = sy =pz) =s(b) =1,ie. x =y, y = v € Ker(s).
Thus, (7,y) € Oger(s)-

(iii) Since Ker(s) is a filter of A, there is a € Id(A) N Ker(s) such that z < a
for any x € A. Then x/Ker(s) < a/Ker(s). From (ii) it follows that a/Ker(s) =
{z € Als(z) = s(a) = s(z Na)} = Ker(s). Thus, Ker(s) is the top element in the
Ehoop A/Ker(s) and so (A/Ker(s),®, = kers), Ker(s)) is a hoop.

(iv) Clearly, 5(0/Ker(s)) = s(0) = 0. Since there exists 9 € A such that s(zg) =
1, we have 5(zg/Ker(s)) = s(xg) = 1. By Remark 3.2, it suffices to show that
for any z,y € A, 3(x/Ker(s)) + 8(z/Ker(s) = ger(s) y/Ker(s)) = 3(y/Ker(s)) +
5(y/Ker(s) = ger(s) v/ Ker(s)). Let z,y € A. There exists b € Id(A)N Ker(s) such
that z,y < b. Hence, we have b/Ker(s) = Ker(s) and so

$(z/Ker(s)) + 3(z/Ker(s) = ker(s) y/Ker(s)) = s(z) + 8((x —p y)/Ker(s))
s(z) + s(x —p y).

In a similar way, 3(y/Ker(s)) +3(y/Ker(s) — ger(s) /Ker(s)) = s(y) + s(y = ©).
As s(z) + s(x —=p y) = s(y) + s(y =4 x), § is a Bosbach state. O
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Let A be an Ehoop with a bottom element 0 and x,y € A. If there exists
a € Id(A) such that z,y < a and y=* = < x7*, the two elements x,y are called
orthogonal and we write x L y. Obviously, for any x,y € A, we have x L y iff y L x.

Proposition 3.8. Let A be an Fhoop with a bottom element 0. The following
conditions are equivalent for any x,y € A:

(i) z Ly;

(ii) for any a € Id(A) with x,y < a, we have y~ 2"+ < x7¢;
(iii) for any a € Id(A) with x,y < a, we have z™* @ ®y o~ =(;
(iv) z0y =0.

Proof. (i) = (ii) Suppose x L y. There exists a € Id(A) with z,y < a and
y e"e < g7+, Hence, 7o ¢ <y e e"e =gy7ao Let b be an arbitrary idempotent
element of A such that z,y < b. We shall show that y~¢7 < z7¢. Choose ¢ € Id(A)
with a,b < ¢. Due to Proposition 2.4(i), we have x < 727« < y~* < y~¢, which
yields z < y7¢ Ab = y~t. It follows that y™* —. 0 < x —. 0 in the hoop A..
Therefore, (y7° = 0) Ab < (x =, 0)AD, ie. y vt < xb.

(ii) = (i) It is obvious.

(ii) <= (iii) For any a € Id(A) with z,y < a, we have that y7¢7¢ < z7¢ =
xmeTeTe jff yTeTe ©pTeTe = 0.

(iii) = (iv) Let a € Id(A) such that x,y < a. By (ili), Oy <z e+ e @y * o =
0. Thus, x ®y = 0.

(iv) = (i) Suppose x ® y = 0. Let a € Id(A) such that z,y < a. We have
<y *andsoy e <. O

Let A be an Ehoop with a bottom element 0. If z L y, we define +, by z 4,y =
7 =4 y *"* on A, where a is an arbitrary idempotent element with z,y < a.
Clearly, z +,y = (z7* Oy )" =y +q

Definition 3.9. Let A be an Ehoop with a bottom element 0. A Riecan state is a
mapping s : A — [0, 1] satisfying the following conditions:

(i) there exists xg € A such that s(zg) = 1;
(i) if x Ly, for any a € Id(A) with z,y < a we have s(x +,y) = s(x) + s(y).

Example 3.10. We can check that the mapping s in Example 3.3 and the mapping
s' in Example 3./ are also Riecan states.

Proposition 3.11. Let A be an FEhoop with a bottom element 0 and s a Riecan
state. Then

(i) s(0) =0;
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(ii) for any x € A, a € Id(A) with x < a, we have s(z) < s(a) and s(x™*) =
8(0,) - 8(.’1)),’

(iii) for any x € A, a € Id(A) with x < a, we have s(x™*"*) = s(x);

(iv) for any xz,y € A, x <y implies s(z) < s(y).

Proof. (i) For any a € Id(A), we have s(0 +,0) = s(0) 4+ s(0). This together with
5(0440) = s(07* =, 0727 ¢) = s(a —4 0) = s(0) implies s(0) = s(0) + s(0). Thus,
s(0) = 0.

(ii) Let a € Id(A) with x < a. Then z7¢ L x and 27 +,2 = z7¢7* —,
x7e"e = a. It follows that s(a) = s(z7® +4 ) = s(x™*) + s(z), which entails
s(z7*) = s(a) — s(x) > 0 and so s(z) < s(a).

(iif) By (ii), s(z77) = s(a) = s(z7) = s(a) — (s(a) — s(x)) = s(x).

(iv) Suppose z < y. For any a € Id(A) such that z < y < a, we obtain
y o ee = y~e < g7ae. That is, L y~o. Thus, s(z +4y %) = s(x) + s(y™ ) =
s(z) + s(a) — s(y) and so s(x) — s(y) = s(x +4y =) — s(a). Since = +,y = < a, we
have s(x +4y~*) < s(a) by (ii), which means s(z) — s(y) < 0. O

The following theorem illustrates the relationship between Bosbach states and
Riecan states on Ehoops with a bottom element.

Theorem 3.12. Let A be an Ehoop with a bottom element 0. Then Bosbach states
and Riecan states on A coincide.

Proof. Suppose that s is a Bosbach state on A. There exists g € A such that
s(xg) = 1. Let © L y. For any a € Id(A) with z,y < a, we have y~ o7+ < x7* ie.
Yy o7 =4 27 = a. By Proposition 3.5(i) and (ii), it follows from s(x™*)+s(z7¢ —,
y o) =s(y ) + sy —axme) that s(a) —s(x) + s(x +ay) = s(y) + s(a).
Therefore, s(x 44 y) = s(z) + s(y) and so s is a Riecan state.

Conversely, suppose that s is a Riecan state on A. Let x,y € A. Since x Ay < x,
for any a € Id(A) such that z,y < a, we have (zAy)7e7 <z~ ie. xz7* L (xAy).
Then s(z™* 4+, (x Ay)) = s(x™*) + s(x Ay) = s(a) — s(x) + s(x A y). Moreover, it
follows from Proposition 2.2(vii), (x) and Proposition 3.11(iii) that s(z™*+4(zAy)) =
s(xTome =, (xAy) ) =s((z —e (xAY)) o) =s(x =4 (T AY) = s(x =4 1),
which entails s(x —4 y) = s(a) — s(z) + s(z A y). By Theorem 3.6, s is a Bosbach
state. O

Use [0, 1], to denote the hoop ([0, 1], ®, —, 1), where z @y = (x +y — 1) V0 and
r—y=(y—x+1)Alforany z,ye€[0,1].

Definition 3.13. Let A be an Fhoop with a bottom element 0. A state-morphism
on A is a mapping s : A — [0, 1]y, satisfying the following conditions:

618



STATES AND INTERNAL STATES ON EHOOPS

(i) for any z,y € A, s(x Ny) = s(z) A s(y);
(ii) for any z,y € A, s(z ©y) = s(x) ® s(y);
(iii) for any b € Id(A), z,y € Ay = {z € Alz < b}, s(x =4 y) = (s(x) —
s(y)) A s(b);
(iv) s(0) = 0 and there exists zg € A such that s(zg) = 1.

We note that a state-morphism s on an Ehoop A with a bottom element 0 is an
Ehoop homomorphism from A into [0, 1]y, which satisfies that there exists zg € A
such that s(zp) =1 and s(0) = 0.

Example 3.14. Let M be the set of all finite subsets of Ny, where Ny is the set of
positive integers. Set N =© =N on M. By [27, Example 3.5], M is an Ehoop. For
any positive integer n, we define s, : M — [0, 1]y, by

)1, ifneX,
S”(X)_{o, ifn¢ X.

We can check that s1, s, S3,- -+ are state-morphisms on M.

Example 3.15. Put X = Ay xMxMx---x M, where Ay is the hoop from Example
3.4 and M is the Ehoop from Example 3.14. Then X is an Fhoop. Define a mapping
s: Ay — [0, 1] as follows:

0, =
s(z)=1 3, x=
1, =z

Define a mapping h : X — [0, 1]y, by h(z1, 2,23, ,&pn, -+ ) = (s(x1), s1(x2), s2(
x3)y  ySn—1(Tpn), ), wherex1 € Ay, 2,23, ,Tpn, -+ € M and s1,82,+ ,Sp, " -
are mappings from Example 3.1/. Then h is a state-morphism on X.

Proposition 3.16. Let s be a state-morphism on an Ehoop A with a bottom element
0. Then

(i) for any x € A, a € Id(A) with v < a, we have s(x) < s(a) and s(x™*) =
s(a) = s(z);
(ii) for any x € A, a € Id(A) with x < a, we have s(x™*"*) = s(x);
(iii) for any a € Id(A), s(a) = {0,1};
(iv) for any xz,y € A, x <y implies s(z) < s(y).

619



FE1 XiE AND HONGXING LiU

Proof. (i) Let z € A and a € Id(A) such that z < a. Since s(a) = s(a ® a) =
s(a) ® s(a), we obtain s(a) € Id([0,1]s,), which yields that

s(z™*) = (s(x) — s(0)) A s(a)
= (s(z) = 0)©s(a) (by s(a) € Id([0,1]r))
= (=s(z) +1) © s(a)
(—s(x)+1+s(a) —1)VO
= (s(a) — s(z)) v 0.

Moreover, we have s(z) = s(x A a) = s(x) A s(a), so that s(z) < s(a). This implies
that s(z+) = s(a) — 5(z).

(ii) It is obvious by (i).

(iii) Let a € Id(A). Then s(a) € Id([0,1]s) and s(a)
s(a) — 1) v 0. If s(a) # 0, then (s(a) + s(a) —1) VO >
s(a) ® s(a) = s(a) + s(a) —1 > 0. Thus, s(a) =1

(iv) For any z,y € A, there exists a € Id(A) such that z,y < a. Then s(a) =
{0,1}. As z <y, x =, y = a. It follows that s(a) = s(x —4 y) = (s(x) = s(y)) A
s(a), i.e. s(a) < s(x) — s(y). If s(a) = 0, the property (i) entails s(z) = s(y) = 0.
If s(a) = 1, we have s(x) — s(y) = s(a) =1, i.e. s(x) < s(y), which completes the
proof. O

s(a) @ s(a) = (s(a) +

0, which means s(a) =

Proposition 3.17. Let s be a state-morphism on an Ehoop A with a bottom element
0. Then s is a Bosbach state and Riecan state on A.

Proof. Let z,y € A. If z L y, for any a € Id(A) with z,y < a, we have x 7o 7 < y 7o,
It follows from Proposition 3.16 that

s(r+qy) =s(x™® =gy 2 9)
= (s(z7*) = s(y)) A s(a)

= (s(y) =s(z7*) +1) A1 As(a)

= (s(y) — (s(a) — s(z)) + 1) A s(a)

= (s(y) — s(a) +s(x) +1) © s(a)  (by s(a) € 1d([0,1]1.))

= (s(y) —s(a) +s(z)+1+s(a) —1) VO

= s(z) +s(y)
Therefore, s is a Riecan state on A. By Theorem 3.12, s is also a Bosbach state on
A. O

Proposition 3.18. Let s be a state-morphism on an Ehoop A with a bottom element
0. Then Ker(s) ={x € A|s(z) = 1} is a mazimal filter of A.
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Proof. Suppose z,y € A such that x < y and x € Ker(s). It follows from
Proposition 3.16(iv) that s(y) = 1, i.e. y € Ker(s). Let z,y € Ker(s). Then
s(zroy) =s(x) ©s(y) =11 =1. That is, x ©® y € Ker(s). Since there exists
xo € A such that s(xg) = 1, we have a € Id(A) such that zg,z < a for any = € A.
It follows that s(xg) < s(a) and so s(a) = 1, i.e. a € Ker(s). Therefore, for any
x € A, there exists a € Id(A) N Ker(s) such that x < a. Hence, Ker(s) is a filter of
A.

As s(0) =0, Ker(s) # A. Suppose x ¢ Ker(s), i.e. s(x) # 1. For any u € A, we
have s(u)" = (ns(u) —(n—1)) V0 by mathematical induction, where n € N\{0}. Let
s(x) = % < 1, where p, q are positive integers and % is irreducible. Then ¢ < p —1
and s(z)? = (ps(x) —(p—1)) V0O = (¢g—p+1) V0 =0. That is to say, when
s(x) # 1, there exists n € N\{0} such that s(x)” = 0. It follows from Proposition
3.16(i) that s(z™ —p 0) = s(b) — s(x)™ = s(b) for any b € Id(A) such that x < b.
Since there is zg € A such that s(zp) = 1, we have ¢ € Id(A) such that z,zy < c.
Then s(x¢) < s(c¢) and so s(¢) = 1. Therefore, there exist n € N\{0} and ¢ € Id(A)
with < ¢ such that s(z” —. 0) = s(c) = 1, i.e. 2™ —. 0 € Ker(s). By Remark
2.7, Ker(s) is a maximal filter of A. O

Proposition 3.19. If F' is a maximal filter of an Ehoop A, then A/F is a simple
hoop. In particular, if the hoop A/F is bounded, it can be viewed as a linear MV-
algebra.

Proof. Let F' be a maximal filter of an Ehoop A. For any x € A, there exists
a € Id(A) N F such that z < a. Then z/F < a/F = F, which means that F is the
top element of the Ehoop A/F. Hence, A/F is a hoop. Let H be a proper filter
of A/F. Then H # A/F and F' € H. Set F={zc Alz/F € H}. Obviously,
F C F and F is a filter of A. Suppose that there exists z € F'\ F, i.e. #/F € K
and x ¢ F. Choose y € A such that y/F ¢ H. By Proposition 2.6, there exist
n € N\{0} and b € Id(A) with z,y < b such that 2™ —, y € F. This together
with 2™ —4 y < b implies b € F. Therefore, (2" — y)/F = F = b/F. It follows
that 2" /F —yp y/F = (2" — y)/F = b/F and so 2" /F <;/p y/F in the hoop
(A/F)yp = {r € A/F|x < b/F}. That is, 2"/F < y/F. By y/F ¢ 3, we have
2" /F ¢ K, ie. z™ ¢ F, which is a contradiction. Thus, F = {z € Alz/F e H} = F
and so H = {F}. This proves that the hoop A/F has only two filters: {F'} and
A/F. Therefore, A/F is a simple hoop.

If A/F is bounded, A/F is a linear Wajsberg hoop and can be embedded into
[0,1] by [13, Theorem 2.1]. Due to [10, Remark 2.2], each bounded Wajsberg hoop
satisfies the double negation property. By [19, Proposition 4.9, 4.10], any bounded
Wajsberg hoop can be viewed as an MV-algebra. This proves that when A/F is
bounded, it is a linear MV-algebra. O
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Proposition 3.20. Let A be an Fhoop with a bottom element 0 and s1,s2 be two
state-morphisms on A. Then Ker(s1) = Ker(sa) if and only if s1 = sa.

Proof. If s1 = s9, it is obvious that Ker(s;) = Ker(sz). Conversely, suppose
Ker(s1) = Ker(s2). Since A/Ker(s1) and A/Ker(s2) are bounded, they can be
viewed as linear MV-algebras by Proposition 3.19. It follows from Proposition 3.17
that s; and so are Bosbach states on A. Define §1 and $3 according to Proposition
3.7(iv). It can be known that $; and $3 are state-morphisms. Set 4; = §;(A4/Ker(s;))
for i = 1,2. Then Ay, Ay are MV-subalgebras of the standard MV-algebra. Similar
to the proof of [12, Proposition 4.5], we can also get that s; = so. O

Proposition 3.21. Let F be a maximal filter of an Ehoop A with a bottom element
0. Then there is a unique state-morphism s on A such that Ker(s) = F.

Proof. By Proposition 3.19 and its proof, we can assume that A/F = [0, 1]g. Define
the mapping s : A — A/F by s(z) = z/F for any x € A. Clearly, s is an Ehoop
homomorphism. For any z € F', since F'is the top element of A/F, we have s(x) = 1.
Therefore, the mapping s is a state-morphism such that Ker(s) = F.

If there exists another state-morphism s’ on A such that Ker(s') = F. Then
Ker(s) = Ker(s'). By Proposition 3.20, we have s = s’, which proves the uniqueness
of s. O

Due to [6], a hoop does not necessarily have a maximal filter. Therefore, a
maximal filter does not always exist in each Ehoop. According to the notion of
strong units of pseudo-hoops in [6], we give the notion of strong units of Ehoops.
An element u of the Ehoop A is said to be a strong unit of A if the filter of A
generated by u is equal to A. If the Ehoop A has a bottom element 0, we can say
that 0 is a strong unit of A. A value V of g € A is a maximal element of the set
{F|F is a filter and g ¢ F'}.

Lemma 3.22. If the Fhoop A has a strong unit, then there is at least one mazximal
filter in A.

Proof. Suppose that u is a strong unit of A. Set F = {F|F is a filter of A and u ¢
F}. If {F;|i € I} is a chain in &, it can be easily shown that U{F}|i € I} is a filter of
A. We claim that u ¢ U{F;|i € I}. Otherwise, there exists ¢ € I such that u € Fj,
which is a contradiction. Thus, U{F;|i € I} € F. By Zorn’s Lemma, there exists a
maximal element V in F. Hence, V is a value of u. If there is a filter G of A such
that V' is strictly contained in G, then u € G and so the filter of A generated by u
is contained in . Since w is a strong unit, we have G = A, which means that V is
a maximal filter of A. O
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Theorem 3.23. Each Fhoop with a bottom element 0 admits a Bosbach state and
a Riecan state.

Proof. Let A be an Ehoop with a bottom element 0. It is obvious that 0 is a strong
unit. By Lemma 3.22, there is at least a maximal filter F' of A. It follows from
Proposition 3.21 that there is a state-morphism s on A. By Proposition 3.17, s is a
Bosbach state and a Riecan state. O

4 Internal states on Ehoops

In this section, we introduce the notion of internal states on Ehoops with a bottom
element. Prime state ideal theorem on state Ehoops is given. Also, it is proved that
if a state Ehoop (A, 7) satisfies the double negation property, the set of all prime
state ideals of (A, 7) is a topological space.

Definition 4.1. Let A be an Ehoop with a bottom element 0. An internal state on
A is a mapping T : A — A which satisfies the following conditions:

(IS1) 7(0) = 0;
(I152) for any x,y € A, for any a € Id(A) with z,y < a, T(x =4 y) = T(T) —r(q)
(

1S3) for any x,y € A, for any a € Id(A) with z,y < a, T(z ®y) = 7(x) © 7(x =,
rOY));

154) for any x,y € A, 7(7(z) ©7(y)) = 7(z) © 7(y);

1S5) for any x,y € A, 7(7(z) AN7(y)) = 7(x) A T(Yy).

The pair (4, 7) is called a state Ehoop.

Example 4.2. Let A, B be two Ehoops with a bottom element. Define T : AX B —

A x B by 1(x,y) = (x,0) for any (z,y) € A x B. Then 7 is an internal state on
A x B.

Example 4.3. Let A be the Ehoop from Example 3.3. Define a mappingT: A — A
by

) ou, difuel0,1],
T(“)_{ 2, ifu> 1.

We can check that T is an internal state on A.
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Example 4.4. Let M be the Ehoop from Example 3.14. Define a mapping T : M —
M as follows:
{3,5}, if3,5¢€ X,
] ) i#3ex 5¢x,
"= 5y fsex 3¢ x
0, fX=00or35¢X.

Then T is an internal state on M.

Next, we give some properties of internal states on Ehoops with a bottom ele-
ment.

Proposition 4.5. Let 7 be an internal state on an Fhoop A with a bottom element
0. Then the following properties hold:

i) for any a € Id(A), 7(a) € Id(A);
(ii) for any z,y € A, if x <y, then 7(x) < 7(y);
(iii) for any x € A, for any a € Id(A) with v < a, T(z7) = 7(x) —7(a) 0;
(iv) foranyz,y € A, 7(x®y) > 7(2)O7(y); if Oy = 0, then T(xOy) = 7(2)OT(y);
v) for any x,y € A, for any a € Id(A) with z,y < a, we have T(x —4 y) <
7(2) =7 T(y). Ifx andy are comparable, then T(x —4 y) = 7(x) —r@) T(Y);
(vi) for any x € A, 73(x) = 7(x);
(vii) for any z,y € A, ifx Ly, then 7(x) L 7(y);
(viii) for any z,y € A, if x Ly, then 7(7(x) +7(a) T(y)) = 7() +7(0) T(y), where a
is an arbitrary idempotent element of A such that x,y < a;
() 7(4) = {z € Alr(z) = 2}
(x) for any x,y € A, for any a € Id(A) such that x,y < a, 7(x) © T(x =4 y) =
T(y) O7(y —a x) =7(x ANY);
(xi) for any z,y € A, for any a € Id(A) with z,y < a, T(2 O, y) < 7(T) Or(0) T(Y)-
If x=2 and y are comparable, then 7(x 4 y) = 7(T) O7(a) T(¥)-

Proof. (i) Let a € Id(A). The condition (/53) implies 7(a) = 7(a ® a) = 7(a) ®
7(a =4 (a®a)) = 7(a) ® 7(a). That is, 7(a) € Id(A).

(ii) Let < y. For any a € Id(A) with z,y < a, we have x = xAy = yO(y —, ).
It follows from (1.S3) that 7(z) = 7(y © (y =a ) = 7(y) O 7(y =0 (YO (¥ —a
2))) < ().

(iii) By (1S1) and (152), we have 7(z7%) = 7(z) —7(o) T(x A0) = 7(2) =7 0.

(iv) Let x,y € Aand a € Id(A) such that z,y < a. Asy <z —, (xOy), we have
7(y) < 7(z =4 (z®y)), which yields 7(zOy) = 7(2) O7(x =4 (xOY)) > 7(z)OT(y)
by (IS3). If z ®y = 0, then 7(z ©®y) = 0. Since 0 = 7(z O y) > 7(x) © 7(y), we
have 7(z ©y) = 7(z) © 7(y).
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(v) Suppose z,y € A and a € Id(A) such that z,y < a. Then 7(z —4 y) =

7(2) =70 T(® Ay). From 7(x Ay) < 7(y) it follows that 7(z =4 y) < 7(2) —r(q)
T(y). If x < y, then 7(x) < 7(y) and so 7(x) —,(4) 7(y) = 7(a). This together with
(& =0 y) = 7(2) =7(0) T(@ AY) = 7(2) =) T(2) = 7(a) implies 7(z =4 y) =

(x
() =7 T(y). fy <, then 7(x =4 y) = 7(2) =70 T(@AY) = T(2) =) T(Y),
which completes the proof.
(vi) Let z € A and a € Id(A) such that x < a. Applying (155), we have

m(z) = 7(7(2)) = 7(7(2) A 7(a)) = T(2) A7(a) = 7(2).
(vii) Suppose x L y. For any a € Id(A) such that z,y < a, we have y *7¢ < x7@
and so 7(y~*7) < 7(27). That is, (7(y) —r@) 0) =r@ 0 < 7(2) =70 0. As

7(x),7(y) < 7(a) € Id(A), 7(x) L 7(y).
(Vm) Let L y. Then 7(x) L 7(y). For all a € Id(A) with z,y < a, we have

T(y~*7e) < 7(x7*). It follows that

T(T(2) +r(a) T(y)) = T(T(2) 7@ = (o) T(y) 7@ 7))
=7(1(@7) =@ T(y7e7))  (by (iii))

(a7 —>T(a> T(T(x‘“)Ar(y‘a‘a)) (by (1S2))
(27%) =@ Ty ) (by Ty o) < 7(a))
(™) =7 Ty %)

() +7(a) T(Y)-

|
\]

|
\]

T
T

(ix) Clearly, {z € A|r(x) = x} C 7(A). Conversely, suppose y € 7(A). There
exists x € A such that 7(z) = y, which entails 7(y) = 7(7(z)) = 7(z) = y and so
y € {z € A|lr(z) = z}. This means that 7(4) C {z € A|r(z) = z}. Therefore,
T(A) ={z € A|r(z) = z}.

(x) Let z,y € A and a € Id(A) such that z,y < a. The condition (I53) implies

In a similar way, we can show 7(x Ay) = 7(y) © 7(y —4 ).

(xi) Let 2,y € A and a € Id(A) such that z,y < a. By (iii) and (v), we have
T2 Say) = 7@ =0 y) S 7(27) 2r@) T(Y) = (T(2) 21(0) 0) 27 ) m(y) =
7(2) O7(a) T(y). If 272 and y are comparable, we obtain 7(zx ©q y) = 7(¥) O7) 7(y)
by (v). O
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Lemma 4.6. Let A be an Ehoop with a bottom element 0 and T an internal state
on A. Then 7(A) is a subalgebra of A.

Proof. By (I154) and (155), 7(A) is closed under ® and A. For any b € Id(A)N7(A),
we shall show that 7(A) is closed under —,. Suppose u,v € 7(A) and u,v < b. There
exist x,y € A such that u = 7(z) < b and v = 7(y) < b. Since b € 7(A), we have
7(b) = b by Proposition 4.5(ix). It follows that

T(u =y v) = 7(r(2) = 7(y))
=7(7(x)) =7 T(1(x) AT(y))  (by (IS2))
=7(x) =) (T(@) A7(y))  (by (IS5))
=u—p (WAD)

=U—pV

and so u —, v € T7(A). Hence, it can be easily known that 7(A), = {z € 7(A4)|x < b}
is a hoop. Moreover, for any u,v € 7(A), there exist z,y € A such that 7(z) = u
and 7(y) = v. Set a € Id(A) such that z,y < a. Then 7(a) € Id(A)N7(A) such that
u=r7(x) <7(a) and v = 7(y) < 7(a). Therefore, 7(A) is a subalgebra of A. O

Let A be an Ehoop with a bottom element 0, 7 an internal state on A and s a
Riecan state on A. If 7(x) = 7(y) implies s(z) = s(y) for any z,y € A, the mapping
s is called 7-compatible. The set of all 7-compatible Riec¢an states on A is denoted
by S;[A].

Theorem 4.7. Let (A, 7) be a state Ehoop. Then there is a one-to-one correspon-
dence between the set of all T-compatible Riecan states on A and the set of all Riecan
states on T(A).

Proof. Denote the set of all Riecan states on 7(A) by S[7(A)]. Suppose s € S[T(A)].
The mapping ¢ : S[T(A)] — S;[A] is defined by ¢(s)(x) = s(7(x)) for any = € A.
Since s is a Riecan state on 7(A), there exists xg € 7(A) such that s(zg) = 1. Set
xo = 7(yo), where yo € A. Then ¢(s)(yo) = s(7(yo)) = s(zp) = 1. Suppose z,y € A
such that z L y. Then 7(x) L 7(y). For any b € Id(A) such that z,y < b, we
have 7(z +py) = T(270 = y770) = T(270) =0 T(TPAYTITY) = T(2TP) =)
T(y~*7?) = 7(x) +,) T(y), which yields

)+s(t(y)) (s is a Riecan state)
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Moreover, let z,y € A and 7(x) = 7(y). Then ¢(s)(x) = s(7(z)) = s(t(y)) =
©(s)(y). Therefore, (s) is a T-compatible Rie¢an state on A.

Suppose that m is a 7-compatible Rie¢an state on A. Define ¢ : S;[A] —
S[T(A)] by ¥(m)(7(x)) = m(x) for any = € A. We shall show that 1(m) is a Riecan
state on 7(A). Suppose z,y € A and 7(x) L 7(y). Let a € Id(A) N 7(A) with
7(z),7(y) < a. There exists b € A such that 7(b) = a. It follows from Proposition
L5(vii) that 7(r(z) +a 7(3)) = T(7(2) 41y 7W)) = 7)) +r(a) (T2()) =
T(z) +4 7(y) and so

Since m is a Riecan state on A, there exists g € A such that m(xzo) = 1. Then
w(m)(T(x0)) = m(xzg) = 1. Hence, ¥(m) is a Riecan state on 7(A).

Suppose mi,mg € S:[A] such that ¢)(m;) = ¥(mg). For any z € A, we have
Y(my)(r(x)) = Y(me)(7(x)), i.e. my(z) = mo(z). Hence, m; = mg and so ¥
is injective. Suppose that s is a Riecan state on 7(A). Then ¢ (¢(s))(7(z)) =
o(s)(x) = s(7(x)) for any = € A, i.e. ¥(p(s)) = s. Therefore, ¢ is surjective. We
prove that 1 is bijective. O

In what follows, we introduce state ideals of state Ehoops.

Definition 4.8. Let (A,7) be a state Ehoop. If I is an ideal of A satisfying that
x € I implies 7(x) € I for any v € A, I is called a state ideal of (A, T).

Example 4.9. Let M be the Fhoop from Example 8.14 and T the mapping from
Ezxample 4.4. By [27, Example 4.5], for any ) = M € M, the set of all subsets of
M is an ideal of M. Clearly, it is also a state ideal of (M, T).

Let (A, 7) be a state Ehoop. Clearly, the intersection of all state ideals of (A, 7) is
still a state ideal. Denote by SI(A) the set of all state ideals of (A, 7). If I € SI(A)
and I # A, I is said to be proper. For any subset X of A, the state ideal of (A, )
generated by X is denoted by < X >,. If X = {x}, we use < x >, instead of
<Az} >;.

Proposition 4.10. Let (A, 7) be a state Ehoop and x € A. For any a € Id(A) with
z,7(z) < a, we have < x >, =< xS, T(x) >;.

627



FE1 XiE AND HONGXING LiU

Proof. It is clear that x €< x >; and 7(z) €< x >,, which yield z6,7(z) €< z >,.
Then < x 6, 7(z) >,C< x >,. Since x < x O, 7(x), we obtain z €< x S, 7(x) >
and so <z >,C< xS, 7(x) >;. Thus, < x >,=< 26, 7(x) >-. O

Proposition 4.11. Let (A, 7) be a state Ehoop, x € A, X C A and I a state ideal
of (A, 7). If A is normal, we have

(i) <z>={ye A|y<ny(xe,7(x)), for somen € N\{0}, a € Id(A) with z,
T(z) < a};
(i) <X>={ycA|ly<210,7(21)0a2204T(22)Oa" - *CaTnOaT(Tn), for some
n € N\{0}, x1,z2, -+ ,x, € X, a € Id(A) with x1,7(x1),x2,7(x2), ", Tpn, T(
l‘n) S a};
(iil) < TU{x} >,= {y € Aly < Sul_ 1 (WiOaniq(20a7(2))), for somew; € I, I,n; €
N\{0}, and a € Id(A) with w;,z,7(x) < a}.

Proof. The proofs are obvious. O

Proposition 4.12. Let A be an Fhoop with the double negation property and T
an internal state on A. For any x,y € A, there exists a € Id(A) such that
z,7(x),y, 7(y) <aand < x >, N <y >,C< (26, 7(x)) A (y S0 7(y)) >r.

Proof. Let h €< © >, N < y >;. There exist s,t € N\{0}, a,b € Id(A) with
z,7(x) < a and y,7(y) < b such that h < s4(x S, 7(z)) and h < t(y ©p 7(y)).
Choose ¢ € Id(A) such that a,b < ¢. From Proposition 2.4(ii) and Proposition
2.5(vi) it follows that

h < sa(x S () AN tp(y S5 7(y))
(e T(2)) Nte(y ©c T(y))

(ts)e((z ©c T(2)) A (Y ©c T(1)))

ININ A

and so h €< (x &, 7(x)) A (y S 7(y)) >-. This proves that < z >, N <y >,C<
(@ Se7(2)) A (Y Oc 7(y)) >7- O

Proposition 4.13. Let (A, T) be a state Ehoop. For any x,y € A, any a,b € Id(A)
with z,7(z) < a and y,7(y) < b, we have < (xS, 7(x)) AN (y S 7(y)) >, C< z >,
N<y>r.

Proof. Let x,y € A and a,b € Id(A) such that x,7(x) < a and y,7(y) < b. Then we
have (x 6, 7(z)) ANy Sp7(y)) < x0,T(z) €<z > and (z 8, 7(x)) AN(yep7(y)) <
y Sy 7(y) €<y >;. Therefore, (x ©, 7(x)) A (y Sp 7(y)) €< 2 >; N < y >,. This
implies < (z 6, 7(2)) A (ySp7(y)) >:C< x>, N <y >, O
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Proposition 4.14. Let A be an FEhoop with the double negation property and T
an internal state on A. For any x,y € A, there exists a € Id(A) such that
z,7(2),y,7(y) Saand <z >; N <y >=< (264 7(z)) A (y Sa 7(y)) >~

Proof. By Proposition 4.12 and Proposition 4.13, the proof is straightforward. [

Proposition 4.15. Let A be an Ehoop with the double negation property, T an
internal state on A and I a state ideal of (A, 7). For any x,y € A, if there exists
a € Id(A) such that z,7(z),y,7(y) < a and (x S 7(x)) A (y Sa 7(y)) € I, then for
all b € Id(A) such that x,7(x),y,7(y) < b, we have (x &, 7(z)) A (y Sp 7(y)) € L.

Proof. Let z,y € A. Suppose (x S, 7(x)) A (y ©4 7(y)) € I, where a € Id(A)
such that z,7(z),y,7(y) < a. As z,7(z) < 6, 7(z) and y,7(y) < y S, 7(y),
we have x Ay, 7(z) ANy, z AT(y), 7(x) AN T(y) < (2 64 T(x)) A (y ©4 7(y)) and so
e ANy, 7(x) Ny, AT(y), 7(x) AT(y) € I. Let b be an arbitrary idempotent element
of A such that x,7(x),y,7(y) < b. It follows that (z A y) S (7(z) A y) Sp (x A
7(y)) S (t(z) A 7(y)) € I. By Proposition 2.5(vi), (z &, 7(z)) A (y ©p 7(y)) <

(xANy) Sy (T(x) Ny) S (x AT(y)) ©p (T(x) AT(y)). This together with I € SI(A)
implies (z Sy 7(2)) A (y Sp 7(y)) € 1. O

Definition 4.16. Let P be a state ideal of a state Ehoop (A, 7). If P is proper and
foranyx,y € A, any a € Id(A) withx,7(z),y,7(y) < a, (xS, 7(2))A\(ySa7(y)) € P
implies x € P ory € P, P is said to be a prime state ideal of (A, T).

Let (A, 7) be a state Ehoop. Denote by PSI(A) the set of all prime state ideals
of (A, 7).

Proposition 4.17. Let A be an Ehoop with the double negation property, T an
internal state on A and P a proper state ideal of (A, 7). Then P € PSI(A) if and
only if for any I, Iy € SI(A), I N Is C P implies I C P or Iy C P.

Proof. Let P € PSI(A). Suppose that Ij,ls € SI(A) such that Iy NIy C P,
I ¢ Pand I ¢ P. There exist z1,29 € A such that zy € [;\P and zy € I,\P.
For any a € Id(A) with z1,7(z1),22,7(z2) < a, we have x1 &, 7(x1) € I; and
X9 Oq T(x2) € Iz. It follows that (21 ©4 7(x1)) A (22 ©4 T(22)) € 1 N I3 C P. Since
P is prime, we obtain z1 € P or x9 € P, which is a contradiction. Therefore, for
any I1,Io € SI(A),if NI, C P, then I; C P or I, C P.

Conversely, suppose that for any I1,I, € SI(A), 1 NIy C P implies Iy C P
or Iy C P. Let z,y € A, a € Id(A) such that z,7(z),y,7(y) < a and (z S,
7(z)) A (y ©4 7(y)) € P. By Proposition 4.14, there exists b € Id(A) such that
z,7(z),y, 7(y) <band <z >, N<y>=< (xS, 7(x)) A (ySp 7(y)) >-. It follows
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from Proposition 4.15 that (x €, 7(2)) A (ySp7(y)) € Pandso <z >; N <y >,=<
(xop 7(x)) A (y Sy 7(y)) >-C P. By the assumption, we obtain < x >,C P or
<y >;C P. Thus, z € P or y € P. This proves that P is a prime state ideal of
(A, 7). O

Theorem 4.18. (Prime state ideal theorem) Let A be an Ehoop with the double
negation property and T an internal state on A. If I € SI(A) and x € A\I, then
there exists P € PSI(A) such that I C P and x ¢ P.

Proof. Set A = {Q € SI(A)|x ¢ Q and I C Q}. Then I € A and so A # (. By
Zorn’s Lemma, there is a maximal element P in A. Clearly, P # A. We claim
that P € PSI(A). Indeed, let u,v € A and a € Id(A) with u,v < a. Suppose
(uEe T(u)) A (VS T(v)) € P but u,v ¢ P. It is obvious that < PU{u} >,¢ A and
< PU{v} >;¢ A. Thus, z €< PU{u} >, and 2 €< PU{v} >,. Then we obtain
z < Opi_1(pi ©p nip(u ©p 7(u))), for some p; € I, s,n; € N\{0}, and b € Id(A) with
pi, u, 7(u) < b. Also, we have z < ©.!_,(q; Scmi(vE.T(v))), for some ¢; € I, t,m; €
N\{0}, and ¢ € Id(A) with g;,v,7(v) < ¢. Choose d € Id(A) such that b,c < d. Set
r = (8di_1pi) ©d (8d'_1qi) € P and n = maz{ni,na, - ,ns,mi,ma, - ,mi}. By
Proposition 2.4 and Proposition 2.5, we get that

& < Opi_1(pi b nip(u Sp T(1))) A Sef1 (¢ Sc Mic(v Sc 7(v)))
< Sdi—1(pi ©a nia(u ©q7(w))) A Sdimi (g ©a mig(v ©q7(v)))
< 84(r Sana(u o 7(w))) Ata(r Sana(v Sa 7(v)))
< (st)a((r ©a na(uSa () A (r S4na(v Sa 7(v))))
= (s)a(r ©4 (na(u ©a 7(u)) Ana(v ©47(v))))
< (st)g(r ©gn2q((u g m(u) A (vEq T(v)))).

It follows from Proposition 4.15 that (v ©4 7(u)) A (v &4 7(v)) € P. This together
with r € P implies x € P, which is a contradiction. Therefore, P € PSI(A). O

Let (A, 7) be a state Ehoop and X a subset of A. Set O(X) = {P € PSI(A)|X ¢
P}.

Proposition 4.19. Let (A,7) be a state Fhoop, X,Y C A and {X;}ier a family
subsets of A. Then

(i) X CY implies O(X) C O(Y);
(i) O(0) = O({0}) =0, O(Id(A)) = PSI(A);
(iii) of A satisfies the double negation property, O(X)NO(Y) = O(< X >, N <
Y >.);
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(iv) UierO(Xi) = O(Uier Xi);
(v) O(X) = O(< X >7);
(vi) if A satisfies the double negation property, O(X) =O(Y) iff < X >,=<Y >,.

Proof. (i) If I € O(X), then X ¢ I. This together with X C Y implies Y € I, i.e.
I € O(Y). Thus, O(X) C O(Y).

(ii) It is obvious that O(0) = O({0}) = 0. Let P € PSI(A). By P # A,
there is x € A\P. Since A has enough idempotent elements, there exists a € Id(A)
such that < a. It follows that a ¢ P and so Id(A) ¢ P, ie. P € O(Id(A)),
which means PSI(A) C O(Id(A)). Clearly, we have O(Id(A)) C PSI(A). Hence,
O(Id(A)) = PSI(A).

(iii) Suppose I € O(X) N O(Y). Then X,Y ¢ I and so < X >, <Y >.¢ L.
Applying Proposition 4.17, we get < X >, N <Y >, ¢ I. Thus, I € O(< X >,
N <Y >;), which means O(X)NO(Y) C O(< X >, N <Y >;). Conversely, if
ITeOKKX>N<KY > ) ie. <X >N<Y >¢ZI, wehave < X >, I
and <Y >,¢ I. Tt follows that X, Y ¢ I and so I € O(X) N O(Y). Therefore,
O<X>N<Y >)=0X)NnO(Y).

(iv) Since X; C UjerX; for any ¢ € I, we have O(X;) C O(U;erX;) and so
UierO(X;) C O(UjerX;). Conversely, if I € O(UjerX;), then UjerX; € I. There is
iop € I such that X;, € I. Hence, I € O(X;,) C U;e;O(X;) and so O(U;erX;) C
UieIO(Xi)' Thus, UieIO(Xi) = O(UielXi)-

(v)Let I € PSI(A). Thenl € O(X)iff X ¢ [iff < X >, Z [iff [ € O(< X >,).
Hence, O(X) = O(< X >,).

(vi) Suppose O(X) = O(Y). If < X >,;#<Y >, without loss of generality, we
can assume that there exists u €<Y >, \ < X >,. By Prime state ideal theorem,
there is P € PSI(A) such that w ¢ P and < X >;C P. Then < Y >.¢ P. It
follows that P ¢ O(< X >;) = O(X) and P € O(< Y >;) = O(Y), which is a
contradiction. Thus, < X >,.=<Y >,.

Conversely, the proof is straightforward by (v). O

Proposition 4.20. Let (A, T) be a state Ehoop. The following properties hold:

(i) if x,y € A and x <y, then O({z}) C O({y});
(ii) foranyx,y € A, any a € Id(A) withz,y < a, O({z})UO({y}) = O({zxS.y});
(iii) for any x € A, any a € Id(A) with x,7(z) < a, O({z}) = O({z S, 7(2)}).

Proof. (i) Let I € O({z}). Thatis, z ¢ I. As x < y, we have y ¢ I. Thus,

I'e O({y}) and so O({z}) € O({y})-
(ii) Let I € SI(A) and z,y € A. We claim that for any a € Id(A) with z,y < a,
x¢lory¢liff to,y ¢ I. In fact, suppose x ¢ I or y ¢ I. It follows from
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z,y < x 6,y that x 6,y ¢ I. Conversely, suppose x S,y ¢ I. If 2,y € I, we have
r6qy €I by I € SI(A), which is a contradiction. This means x ¢ I or y ¢ I.

Let P € PSI(A). Then P € O({z}))UO({y})iff z ¢ Pory ¢ Piff 1 Cay ¢ P
for any a € Id(A) such that z,y < a iff P € O({x &, y}) for any a € Id(A) such
that z,y < a. Hence, O({z}) UO({y}) = O({z 54 y}).

(iii) By Proposition 4.10 and Proposition 4.19(v), O({z ©, 7(z)}) = O(< = &,
T(z) >7) = 0(< z >;) = O({z}). O

Let (A,7) be a state Ehoop. Define I' = {O(X)|X C A}. If A satisfies the
double negation property, I' is a topology on PSI(A) by Proposition 4.19.

Theorem 4.21. Let A be an Ehoop with the double negation property and T an
internal state on A. Then (PSI(A),T') is a compact Ty-space.

Proof. We claim that {O({z})|x € A} is a basis for I'. Indeed, for any subset X of
A, we obtain O(X) = O(Uyex{u}) = UyexO({u}) by Proposition 4.19(iv), which
means that any open set in ' is the union of some elements of {O({z})|z € A}.

Suppose x € A and O({z}) = U;jc;O({z;}) = O(Ujer{x;}), where z; € A for
any i € I. Due to Proposition 4.19(vi), < & >,=< Ujer{z;} >, and so = €<
Ujer{x;} >,. By Proposition 4.11(ii), we have x < z;, ©4 7(24,) O4 Tiy, Oa T(Tiy) Sa
- Oq Ty, Oq T(x;,,) for some n € N\{0}, 1,12, -+ ,i, € I and a € Id(A) such that
Tiyy T(Tiy )y i, T(Tiy)y -+ Ty, T(x4,) < a. If follows from Proposition 4.20 that

O({z}) C O({z, ©a 7(%iy) Ga Tiy Oa T(Tiy) a -+ Oa Tiy, Oa T(i,)})
= O({i;, ©a 7(2i))}) UO{®i, ©a 7(wiy)}) U+ UO({ws, ©a 7(wi,)})
= O({z;,}) UO({ws,}) - - U O({ws,, }).-

This together with O({z;,;}) U O({zi,}) - UO({x;,}) C UierO{zi}) = O({x})
implies that O({z}) = O({xs,}) UO({xs,}) - UO({x;,}). Since {O({z})|x € A}
is a basis for I', I' is compact.

We shall show that I' is a Ty-space. Suppose I1,ls € PSI(A) and I} # Is.
Without loss of generality, we can assume that there exists € I;\Is. Set U =
O({z}). It follows that I; ¢ U and Iy € U. Thus, I is a Ty-space. O

5 Conclusion

In this paper, we present Bosbach states and Riecan states on Ehoops with a bottom
element. It is proved that these two kinds of states on Ehoops with a bottom element
are the same thing. The notion of state-morphisms on Ehoops with a bottom element
is also introduced. We investigate the relationship between state-morphisms and
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maximal filters of an Ehoop with a bottom element. In addition, we prove that each
Ehoop with a bottom element admits at least one Bosbach/Riecan state. Moreover,
we study internal states on Ehoops with a bottom element and give a prime state
ideal theorem. When a state Ehoop (A, 7) satisfies the double negation property,
we get a topological space using prime state ideals.

There are some topics for further study. (1) What is the relationship between
state-morphisms and maximal ideals of an Ehoop with a bottom element? (2) Can
we introduce the notions of state filters and prime state filters of an Ehoop with a
bottom element, and derive a topological space using prime state filters? (3) Give
more examples of Bosbach/Riecan states and internal states on an Ehoop with a
bottom element. (4) We shall study the existence of nontrivial internal states of an
Ehoop with a bottom element.
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Abstract

The Fwverett Bor is a device in which an observer and a lethal quantum
apparatus are isolated from the rest of the universe. On a regular basis, suc-
cessive trials occur, in each of which an automatic measurement of a quantum
superposition inside the apparatus either causes instant death or does nothing
to the observer. From the observer’s perspective, the chances of surviving m
trials monotonically decreases with increasing m. As a result, if the observer
is still alive for sufficiently large m she rejects any interpretation of quantum
mechanics which is not the many-worlds interpretation (MWT), since surviving
m trials becomes vanishingly unlikely in a single world, whereas a version of
her will necessarily survive in the branching MWI universe. That is, the MWI
is testable, at least privately. Here we ask whether this conclusion still holds if
rather than a classical understanding of limits built on classical logic we instead
require our physics to satisfy a computability requirement by investigating the
Everett Box in a model of a computational universe using a variety of construc-
tive logic, Recursive Constructive Mathematics. We show that although the
standard argument sketched above is no longer valid, we nevertheless can argue
that the MWI remains privately testable in a computable universe.

1 Introduction

The famously accurate predictions obtained by calculating solutions to the
Schrédinger equation do not depend upon the interpretation of quantum mechanics.
For a physicist who wants to distinguish between these interpretations, being told
to “shut up and calculate” misses the point: she is interested in ontology (what is

The author wishes to thank the referees of an earlier version of this paper for their insightful
comments, the responses to which have certainly improved the paper.
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real) not epistemology (what we can know). But since the predictions of all inter-
pretations are the same, given by an interpretion-free solution of the Schrédinger
equation, how can we distinguish between them experimentally? In particular, is the
many-worlds interpretation' (MWI) of Hugh Everett [18, 17] distinguishable from
other interpretations? More fundamentally, is it testable?

These questions were addressed by Tegmark in [33] (see also references therein
for more history of the questions). In particular, Tegmark argued that the MWI is
testable, and can be distinguished from other interpretations under extreme condi-
tions, at least for one observer. Tegmark’s argument (see also [34]) has two main
points:

T1 the MWTI is testable and can be distinguished from other interpretations through
experiment;

T2 the same experiment which can distinguish the MWI from other interpretations
should also be taken as evidence in support of the MWI for the experimenter
herself.?

Popular descriptions of the MWTI talk of the universe splitting into n branches
(or worlds) whenever a quantum measurement has n possible outcomes. However,
as emphasised by [33], this was never postulated by Everett himself. Indeed, the
core of the MWT is simply that the wavefunction never collapses and so the universe
can be taken to be governed by a single, objectively real, universal wave function.
However, the language of a splitting or branching universe, or observer, is a useful
tool, and since it is also a common one (see a brief discussion of its history in [22])
we will sometimes use that language herein.

One of the better-known thought experiments which claims to establish T'1 and
T2 is a variant of the classic Schrodinger’s cat experiment in which the cat, or rather
a human in place of the cat, is the observer [34, 33, 22]. The life of the observer
depends upon the outcome of an automatic measurement of a qubit called a trial.
Many trials occur, one after the other on a regular basis. We describe in detail
in §2 how this Everett Box? is able to establish T1 and T2. The argument is a
probabilistic one: though the observer might get lucky and survive a few trials,
continued survival in a non-MWI universe is extremely unlikely. On the other hand,
a version of the observer is guaranteed to survive with probability 1 in one branch of
an MWTI universe, guaranteeing the so-called Quantum Immortality of that observer.

'So named by Bryce DeWitt [15, 16].

2In the language of [22], the MWT is privately testable, if not publicly testable.

3Named in homage to the genesis of these ideas in Everett’s seminal thesis [18] even though
Everett himself never formulated them.
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From the private perspective of the observer, her continuing survival therefore counts
as evidence in support of the MWI, establishing both T2 and T1, non-MWTI options
being rejected as being too unlikely.

We call the line of argument summarised above and presented in §2 the Quantum
Immortality Argument (QIA), and refer to its conclusion as Quantum Immortality.
Although Everett never formally defined this experiment, variants of it have been
given independently by several authors [31, 33]. Neither the argument nor its con-
clusion is universally accepted. The QIA has been attacked from various directions,
not least in terms of its real-world applicability, for instance around the definition
of death (or at least of a discrete binary distinction between “alive” and “dead”)
— see [34, 33]. From the philosophical perspective we see critiques® based on the
classical philosophical problem of individual identity and its persistence, what it
means to “expect” a subjective outcome like one’s own death as opposed to predict-
ing an objective event, the distinction between actual and probable events, and the
meaning of probabilistic thinking in the MWI context®; see [14, 22, 27, 1, 30, 35],
and references therein. Everett himself anticipated some of these objections in [18].

There are two other ways in which the QIA is critiqued, both of which are much
more general in their scope. They concern (1) the role of infinity and the infinitesimal
in physics, and (2) the role of the computable. A motivation for the first of these
is that if we live in a finite universe which has existed for finite time, and if the
fields, matter, time, and space of the universe are all discrete at sufficiently small
scales, then we should reject all objects and arguments which employ the infinite and
the infinitesimal. Such strictly finitist theories include digital physics [36], cellular
automata [38], loop quantum gravity [28], and more besides — see [29] and references
therein. The questionable role of infinity in the QIA has been highlighted by [34]
amongst others.

The second critique, namely that our current theories of physics are non-
computable, is the focus of the present work. Requiring a computable theory of
physics is essentially the same as requiring all knowledge to be obtained through an
algorithmic process in finite time. It is not the same as requiring only finite objects,
but it does necessitate working within so-called non-classical logics, as we outline in
detail below. The desirable quality of computability in the foundations of physics is
not obtained by classical logic.

Thus while probabilities and probabilistic thinking have been highlighted as po-
tential concerns with the QIA [22, 27], and while the role of the infinite and the

4Not all of the authors of these critiques reject the MWI even while rejecting the QIA; see for
example [14].

50f particular note here is the lack of an ensemble or “God’s eye” view of the experiment: there
is no vantage point from which an external obsever can quantify overall outcomes.
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infinitesimal in physics have also been called into question in this context [34], to
our knowledge no-one has examined the argument from a computable perspective
before, and in particular from within non-classical logic.

Here we show that the testability of the MWI and the subjective evidence in
support of the MWI given by the QIA are based on a classical understanding of
limiting behaviours of functions which need not hold in other, non-classical logics. In
particular, we show that the Quantum Immortality Argument fails in a constructive
logic called Recursive Constructive Mathematics, commonly referred to as RUSS,
in which all results are computable. Within RUSS, we show that the existence of
so-called pathological probability distributions mean that we must reject the QIA.
However, we are able to show through a new argument that a constructive version
of the QIA holds even in a universe (or universes) governed by such non-classical
logics, and thus that the MWI remains (privately) testable and distinguishable from
other interpretations of quantum mechanics.

In §2 we give a brief overview of the QIA, and in particular how the Everett Box
implies T1 and T2. Next, in §3 we define computability and outline the arguments
in favour of requiring computability in theories of physics, before giving a summary
of the main result from [24] on which we base the principal argument in this paper.
With this background we prove in §4 the Pathological Mortality Theorem, which
shows that the QIA does not work in RUSS. However, in §5 we present a constructive,
computable proof that Quantum Immortality nevertheless holds in a universe whose
logic is that of RUSS. We call this argument the computable Quantum Immortality
Argument. Tt shows that the MWTI is testable in a universe governed by computable
logic. Finally, we summarise and discuss our results in §6.

2  Quantum Immortality

A conscious observer is placed in a box with a lethal quantum apparatus. The
contents of the box are completely isolated from the rest of the universe. Although
this thought experiment does not depend on the details of the lethal apparatus,
a particularly clear example is given by [33] and called the “quantum gun”. The
quantum gun consists of a gun coupled to a quantum system of a particle in a
superposition of two states. At regular time intervals, a measurement of this qubit
is made automatically, and if it is found to be in one state the gun fires a bullet,
while if it is in the other it does not fire. After either firing or not firing, the quantum
gun resets: a new superposition is set up and the memoryless process repeats®. Each

5This slight variant of Tegmark’s quantum gun of [33] was given in [34]. Note that both of
Tegmark’s versions include an assistant in the box with the observer, but this is not a necessary

638



QUANTUM IMMORTALITY

independent occurrence of this process we call a trial. We take this or a similar lethal
setup to be indefinitely repeatable and to occur every second”. The apparatus and
the observer are isolated from the rest of the universe, and this setup constitutes
the Everett Box.

What is the experience of the observer? It is rather starkly illustrated by
Tegmark’s gun if we contrast the Everett Box with a similar experiment in which
instead of being aimed at the observer the gun merely fires or does not fire depending
on the measurement, and is aimed at a target in the box while the observer observes
the experiment from within the box. In this case, the observer can expect to hear a
random string of bangs and clicks: the bangs correspond to the gun firing, the clicks
to it not firing and the equipment resetting. Over time the relative proportion of
bangs and clicks will tend towards the relative likelihoods of those two outcomes. In
the standard formulation, both outcomes occur with equal probability and thus the
observer expects over time that 50% of the sounds will be bangs, and 50% clicks.
The QIA is actually independent of these likelihoods, which need not be either equal
or constant [18, 17, 34]. It is such a general case that we consider in this paper.

The immediately preceding description is not that of the Everett Box, because
the life and hence consciousness® of the observer does not depend upon the outcome
of the measurement of the qubit. In the Everett Box, the gun is aimed at the
observer in such a way that should it fire then death is certain and swift?. In this
case, what should the observer expect!0?

The answer depends upon which interpretation of quantum mechanics holds in
our universe. If there is only one world, then for the majority of interpretations each
trial involves the collapse of the wavefunction and a single outcome occurs for the
observer: either she hears a “click” or she is instantly killed (and so hears nothing)!!.
She might get lucky once, she might get lucky twice, but as time goes on and the
number of trials increases, the odds of her surviving decrease exponentially.

If, however, there are many worlds, the totality of which contain all possible
outcomes and histories, then by necessity there is always an observer alive after
any number of trials. For example, after one trial there are two versions of the

feature of the setup and has been omitted through automation here.

"The time interval is not important to the subsequent argument, other than to allow for many
repetitions within a human lifetime.

8Consciousness surviving death is not a part of the thought experiment.

“Both conditions are necessary as outlined in [33, 22].

10 Assuming that she has first verified that her apparatus is working by observing its operation
without being in the line of fire.

"'Note that even non-collapse interpretations such as Bohmian mechanics predict a single out-
come for the observer.
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observer, the universe'? having branched into two at the moment of the quantum
measurement. In one world the observer heard “click” while in the other she died.
After two seconds there are four worlds. In one of them, the observer’s history
shows that she heard “click-click”. In another world, she heard “click” and then
died on trial 2. In the third and fourth she died on trial 1!3. After three trials
there is an observer whose history is “click-click-click”, and after any number, m,
of trials there will always be one world in which the observer has survived to hear
m clicks. After a large number of trials there are many worlds, in all but one of
which the observer is dead, but crucially there remains one living observer. Thus
the subjective probability of surviving m trials is 1 for any m, because there is
a world in which the observer is still alive after any number of trials [22]. Note
that the 2™ worlds “created” in this branching process are not used for quantifying
the subjective probability of 1 that the the observer survives — at no point do we
calculate subjective probabilities over a set of universes in only some of which does
a subject exist [22].

Thus from the observer’s perspective'® this experiment can establish T1 and T2,
though the stakes are high. The argument runs as follows. The chances of remaining
alive after a large number of trials in a non-MWTI universe is monotonically and
exponentially decreasing because each trial is independent of the preceding trials.
Thus at some point the probability of being alive will be lower than some threshold
at which the still-alive observer can reject any non-MWTI interpretation purely on
the grounds of the low probability of such a sequence of events occurring. This
is a standard experimental approach, and as usual the threshold ¢ <« 1 could be
set to the traditional 5o-level, or indeed to a level of any stringency based on any
criterion'® due to the monotonically decreasing dependence on m of the probability
of remaining alive. Furthermore, with each subsequent survived trial the confidence
in rejecting any non-MWI interpretation increases. Of course, if we do not live in
an MWTI universe then the experiment simply kills the observer within a short time.
She does not know that she does not live in an MWI universe, but neither does she
know anything ever again.

In more rigorous terms, in non-MWI interpretations the probability of being
dead after m trials, P(m), in the standard presentation in which the probability of

120r at least, the observer.

13Here we assume that a predetermined number of trials occur regardless of whether the observer
is alive. This assumption is not actually necessary for the arguments which follow, and can easily
(though with some loss of elegance) be removed.

4 And from hers alone; an external observer opening the box after a pre-ordained number of
seconds (trials) will almost certainly find a corpse within the box. This footnote is the only point
in the present paper at which we quantify over a multiverse of branched universes.

151t is also possible to formulate a threshold based on a Bayesian analysis.
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death at each trial is 50%, is simply

pom=1- ()"

which tends to unity as m — oo. The same conclusion holds regardless of the
probability of staying alive on trial k£, which we denote pi. In this case, because
pr < 1 for all k we still have

P(m):l—Hpk%1 as  m — oo. (1)
k=1

While (1) will remain true throughout this paper, we will see that in the computable
logic RUSS we can no longer use it to conclude that the observer necessarily must
expect to be dead after any finite number of trials. First, we must review what it
means to be computable.

3 Computability and The Infinite Monkey Theorem

3.1 Computability and Logic

A problem is said to be computable if it can be solved in an effective manner, which
can be more formally defined in a number of models of computation [9, 12, 4].
Loosely speaking, computable problems are those which can be solved algorithmi-
cally in finite time. The major milestone in computability theory is the Turing-
Church thesis identifying computable functions on the natural numbers with func-
tions computable on a Turing machine [4, 8, 13, 12].

It is not simply the rise in computer simulations, nor the “shut-up-and-calculate”
instrumentalist approach to physics [25], which have led some authors to suggest that
computability should be a requirement for our theories of physics [39, 28, 29, 32, 19,
23, 38]. It is instead the notion of the effective method embedded in computability
that is important. A method is called effective for a class of problems when it
comprises a finite set of instructions which can be followed by a mechanical device'®,
that these instructions produce a correct answer, and that they finish after a finite
number of steps [12].

From a philosophical perspective, the desirability of computability in physics is
therefore a product of a desire to know, and a belief that the universe is ultimately
comprehensible to us. The reasoning in the syllogism goes that if we accept the two

$The idea here is not that they must be followed by such a device, but that even a human
following them needs no ingenuity in order to derive a correct answer.
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premises that (1) the universe is entirely comprehensible to the human mind, and
(2) there is nothing extra-computational happening in the human mind, then we
must accept the conclusion that physics is necessarily computable.

Moreover, from a practical point of view, the quantum calculations often used
to verify observations are based on the classical solution to systems of partial differ-
ential equations. Both the systems themselves, with their corresponding boundary
and initial conditions, and the numerical soltuions, are formulated and numerically
approximated using methods relying ultimately on classical logic — see for example
the discussion of the differential operator in [5], and other issues outlined in [8].

However, our current theories of physics are not computable, built as they are
on classical mathematical ideas which in turn rely on classical, non-computable,
logic [8]. There are two issues here. The first concerns the notion of infinity and
the related notion of continuity. Infinities abound in our physical theories, whether
they are in limiting behaviours (as examined in non-classical logics in the present
paper) or in the related idea of continuous matter or continuous fields. In the latter
case, even though we seem to know that neither matter nor fields are continuous
in our universe, we treat the “gap” between our continuous theories and discrete
nature as being essentially a rounding error: the high accuracy of predictions made
with the (presumptively Platonic) continuous theories is because our universe is
approximately continuous. It is, after all, perhaps only discrete below the Planck
length, or on time scales shorter than the Planck time.

The second issue, and the one that concerns us in this paper, is the notion of
the underlying logic of the universe. Classical logic is not computable, relying as
it does on non-computable notions such as the Law of Excluded Middle (LEM)
and omniscience principles [7, 8]. Why should we work with a logic that does not
allow for computability if we wish our physics to be computable? One answer is
similar to the response to continuity and infinity: because this logic works, to an
astonishing degree [37]. A second response is simply to reject the second premise
given above. Perhaps there is something extra-computational happening within the
human mind!?. This is consistent with a robustly Platonic vision of the universe. If
mathematical objects exist in a Platonic realm of forms to which our minds (some-
what mysteriously) have access, then the necessity of computability can be rejected.
This is also consistent with the view above that our physical universe is only an
(albeit excellent) approximation to one of Platonic forms.

If however we insist with the authors above that our logic must be computable,
then we necessarily have to work with non-classical logics which are computable.
In particular, we should work within so-called constructive interpretations of logic

" This perspective overlaps somewhat with the notion of hypercomputation [10, 11]
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[8], in which the classical interpretations of disjunction and existence are rejected
in favour of constructive ones. For example, the quantifier “there exists” becomes
“we can construct (that is, give an effective method for defining) an object for which
the given statement is true”. There are several varieties of constructive mathematics
[7]. It should be noted that not all varieties reject notions of infinity. Bishop’s Con-
structive Mathematics (referred to as BISH) [2], for example, admits many classical
mathematical objects which rely on infinities and continuity, but insists that proofs
using these objects must proceed constructively (and are therefore computable).
This illustrates the important distinction between the epistemological constructivism
of BISH which remains agnostic on the ontology of mathematical objects, and the
ontological constructivism of other varieties of constructive mathematics which insist
that both objects and proofs (procedures) must be computable [8, 7]. It has been
said that computable mathematics is simply mathematics done with intuitionistic
logic [8].

In order to subject the QIA to a strong scrutiny in a non-classical logic, we
here choose an ontologically constructive variety of constructive logic, Recursive
Constructive Mathematics, RUSS [8]. RUSS is a constructive version of recursive
function theory, in which functions on the natural numbers are defined recursively.
Essentially, RUSS takes the classical recursive analysis in the tradition of Turing
and Church but uses only intuitionistic logic.

We remind the reader that this paper is not an argument in support of construc-
tive methods in physics in general, neither of RUSS in particular. (The interested
reader is referred to [20, 26, 5, 6, 3] amongst others.) Rather, it seeks to examine
the QIA in a computable context, in anticipation either of reaching a testable im-
plication that the universe is computable, or of recasting the QIA in a computable
form. In the following subsection, we briefly outline the theorems of a recent work
in computable probability based on RUSS which will be central to the argument of
this paper.

3.2 The Infinite Monkey Theorem

Working in RUSS, [24] proved a seemingly counter-intuitive theorem, which we call
here the Infinite Monkey Theorem (IMT). To state the IMT we first need some
notation. The IMT was written in the playful language of the famous aphorism that
a large enough group of monkeys with typewriters will reproduce the complete works
of Shakespeare, but as is made clear in [24], the IMT is really about computable
probability distributions, as indeed is our focus in the present paper.

Retaining the metaphor of [24], we work in an alphabet A (of size |A|, including
punctuation) and call a w-string any string of characters of length w € N. For
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example, “ Fverett” is a T-string over the alphabet {E, e, r, t,v}. Each monkey works
on a computer keyboard with |A| unique keys and each monkey types a w-string
in finite time. We define M to be an infinite, enumerable set of monkeys (the
monkeyverse), and for any m € N the m-troop of monkeys to be the first m monkeys
in M. We then have

Theorem 1 (Infinite Monkey Theorem). Given a finite target w-string T,, and a
positive real number €, there exists a computable probability distribution on M of
producing w-strings such that:

(i) the classical probability that no monkey in M produces Ty, is 0; and
(ii) the probability of a monkey in any m-troop producing Ty, is less than e.

[24] established an even stronger, target-free version of this theorem, which re-
quires only a knowledge of w, not of T,.

The theorem and its proof are computable. The theorem shows that while it
is classically true that it is impossible that no monkey reproduces the works of
Shakespeare (part (1)), it is possible to construct a so-called pathological probability
distribution on the monkeyverse such that the chances of actually finding the monkey
that does so can be made arbitrarily small (part (ii)). The key point in part (ii)
is that this is true for any finite m-troop of monkeys; the pathological distribution
does not require knowledge of the size of the m-troop, it is simply pathological for
all finite sets.

The monkeys correspond to any finite black-box process occurring in finite time.
The general conclusion drawn in [24] is that in a computable universe the space of
all possible probability distributions on enumerable sets contains a non-empty set
of pathological distributions for which the IMT holds. This is in contradistinction
to a universe governed by classical logic in which the IMT does not hold. It is this
distinction that we exploit in the remainder of the paper, by examining the impact
of the existence of pathological distributions on the enumerable set of trials in the
Everett Box.

4 Pathological Distributions Imply the Rejection of the
Quantum Immortality Argument

With the notation from §2 we can state that the probability P(m) of dying within
m trials is given by

Pm)=1- [ m @)
k=1
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for any m € N, where pj is the probability of not dying on trial k. Note that
here, in contrast to the manner in which the Everett Box is normally described,
but in keeping with the more general case which Everett himself allowed for in [18],
we consider a quantum apparatus with variable probabilities at each trial. The
subsequent argument does not depend upon the unknowability in advance of the
probability of death at each trial, 1 — pg; after all, in the standard formulation,
pr = 0.5 for all k. Whatever the distribution of values of pg, the observer cannot
predict in advance whether she lives or dies on trial k, and her fate is determined
purely by the unknowable quantum state of the apparatus. We can now state the
following theorem.

Theorem 2 (Pathological Mortality Theorem). The QIA fails in RUSS.

Proof. The QIA relies upon the observer rejecting non-MWT interpretations once
1 — P(m), the probability of her surviving m trials, drops below some threshold.
She can always bound the number of trials required to drop below this threshold
even if she is ignorant of the distribution of py.

However, while classically 1 — P(m) — 0 as the number of trials tends to infinity,
there is a computable probability distribution on the trials such that the probability
that the observer is alive after any finite number of trials is arbitrarily close to 1.
This follows directly from the proof of the IMT in [24]. In particular, we place the
objects of the IMT and the objects of the Pathological Mortality Theorem (PMT)
in one-to-one correspondence as outlined in the following table.

y | IMT | PMT \

Pk probability that ™ monkey | probability of not dying on k™
fails to reproduce Shakespeare | trial

P(m) || probability that m-troop does | probability of dying within m
reproduce Shakespeare trials

Thus while classically it remains true that the observer’s probability of being
alive after m trials tends to 0 as m tends to infinity, the classical interpretation of
that result as being that after a certain finite number of trials the probability of the
observer being alive should be so small that she should be surprised at remaining
alive and reject any non-MWTI interpretation is not true in a computational sense,
in which that probability can remain arbitrarily close to 1 for any finite number of
trials. O

There is an apparent contradiction between the classical probability of remaining
alive tending to zero while it remains arbitrarily close to unity for any finite number
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of rials. However, as outlined in [24], it is important to note that the apparent con-
tradiction here is only between the classical notion of the limit and the existence of
computable pathological distributions within RUSS; we are deliberately comparing
results from non-commensurate logical systems in order to show that classical logic
may lead us astray in a computable universe.

The PMT says that in a universe run on computable logic'® the QIA is no
longer valid, and therefore if our universe is one governed by computable logic the
sole argument which claims to show that MWI is testable is no longer valid. If the
quantum apparatus happens to be governed by a pathological distribution then it is
no longer unlikely that the observer remains alive after any finite number of trials,
since that likelihood can remain arbitrarily close to 1. As a result, since the observer
can never know for sure that she is not in a pathological distribution, she cannot
surely state that remaining alive after any finite number of trials is unlikely and
so she can never reject non-MWTI interpretations of quantum mechanics. However,
in the next section we formulate a new version of the QIA which hold even in a
computable universe and even with the existence of the PMT.

5 Quantum Immortality Restored

We state our main result as a theorem.

Theorem 3 (computable Quantum Immortality Argument, cQIA). The Everett
Box implies that the MWI is testable and provides private evidence in support of the
MWI even in a computable universe modelled by RUSS.

Proof. Suppose an observer in an Everett Box in a RUSS-universe has survived many
trials. There are two situations to consider depending on whether the probability
distribution on the trials is pathological or not. To reiterate, the observer does not
know and has no way of knowing which situation holds.

First, if the probability distribution is not pathological then the standard,
classical-logic QIA holds, and the observer concludes that she must reject all non-
MWTI interpretations of quantum mechanics.

On the other hand, suppose that the distribution is pathological. Since Theorem
5 of [24] showed that such distributions are vanishingly rare then the observer must
reject all non-MWTI interpretations since in a single world the odds of being in such
a distribution are vanishingly small, whereas in the MWI there will always be a
branch of the observer alive in a pathological distribution. O

¥We take this to be equivalent to the requirement for computability in the logic we use in our
theories of physics.
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To state the proof in other terms, we note that in a classical universe, so the
original QIA goes, the observer rejects non-MWTI interpretations because the odds
of surviving repeated trials are so low, whereas in a RUSS computable universe she
rejects non-MWTI interpretations for the same reason if she happens to be in a non-
pathological distribution, or because the odds of being in a pathological situation
where the PMT holds in a single world are also vanishingly low. The observer
does not need, therefore, any knowledge of whether she is in such a pathological
experiment since either way she must reject non-MWTI interpretations on the same
basis: namely, the unlikelihood of being in that situation if there is only one world.

6 Discussion

Before a broader discussion, we once again reiterate that at no point does the ob-
server need to quantify probabilities over other worlds. She merely compares her
probability of surviving m trials given there is one world with a threshold set by some
standard criterion such as the common 5o-significance. In the cQIA, she makes two
comparisons. In the first, she compares to the threshold the likelihood of there being
only one world and in that world her equipment is governed by a non-pathological
distribution. In the second, she compares to the threshold the likelihood of there
being only one world and that in her world her equipment is governed by a patho-
logical distribution. In both cases, she can easily pass any threshold by running a
sufficient number of trials, and so she rejects the null hypotheses, thereby rejecting
the existence of a single world. This she takes as private evidence for the MWI,
which therefore remains testable even in a computable universe.

Therefore, we have argued that the Everett box is testable and provides evidence
in support of the MWTI interpretation of quantum mechanics even when the com-
putability requirement is added to physics through employing RUSS, a constructive,
computable logic. Our main point is therefore that those whose rejection of the MWI
depends on some future recasting of physics in a computable form do not have that
option if RUSS is the correct logic on which to base physics. We have shown, in
fact, that a computable version of the QIA which we call the cQIA still holds in at
least one computable logic. The case to be made against the MWI therefore must
be stronger than has previously been appreciated.

This naturally raises the question as to whether a similar argument holds in
other computable logics'®. For example, can we reproduce the argument in BISH,
a computable logic which preserves most classical mathematical objects, including
some of those which involve either infinity or continuity? What about in other logics

19Tn which case, perhaps the “c” in ¢cQIA would deserve capitalization.
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which do not allow for such objects? And of course, what happens in a completely
finitist universe?

We have two final points to make. The first is to point out that although the
argument here is given in a quantum context, the argument behind the proof of the
PMT works in any situation, quantum or otherwise, in which the probability of an
event occurring tending to 1 in the limit of an infinite sequence of trials is taken to
mean that the probability of that event not having happened in any finite sequence
of trials necessarily tends to 0. In RUSS, this is not true.

Finally, we remind the reader that the MWI does not assume that new universes
are “created” at each quantum decision — it takes the language of “branching”
as a useful metaphorical tool rather than a literal description of reality, a reality
simply described by a wavefunction which never collapses (see [33] and references
therein). In fact, Tegmark has argued ([33, 34] and elsewhere) that a non-collapsing
wavefunction plus decoherence strongly implies a platonic ontology in which the
wavefunction and other mathematical objects are truly real, in fact constitute the
only real things, and that the categories of human perceptions of the world are not to
be taken literally, since they are prejudiced by our evolutionary history (see also [21]).
This “Mathematical Universe Hypothesis” is an extreme form of platonism. We
note in closing that despite popular arguments to the contrary, a platonic ontology
is entirely compatible with a constructive epistemology — see [8].
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