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PROCEEDINGS OF THE THIRD WORKSHOP:
INTRODUCTION

KATALIN BIMBO
Department of Philosophy, University of Alberta, Edmonton, AB, Canada
<bimbo@ualberta.ca>, www.ualberta.ca/~bimbo

J. MiCHAEL DUNN
School of Informatics and Computing and Department of Philosophy,
Indiana University, Bloomington, IN, U.S.A.
<dunn@indiana.edu>

The present collection of papers resulted from the Third Workshop that was held
at the Department of Philosophy, University of Alberta, on May 16-17, 2016. Are
you wondering about when and where the Second and the First workshops took
place? Well, we should probably explain why the first workshop is the Third. Since
2014, we have been working on a research project (under the umbrella of an Insight
Grant) entitled “The third place is the charm: The emergence, the development
and the future of the ternary relational semantics for relevance and some other non-
classical logics.” To make a long story short, we took the salient word from the long
title of the project to create a short catchy brand for the workshop.

The “third place” refers to the third argument place of a three-place relation,
specifically, the third argument place of the ternary accessibility relation in the
semantics of relevance logics. In the contemporary literature, this semantics is often
referred to as “the Routley—Meyer semantics” of relevance logics. The idea of using
a ternary relation, instead of the familiar binary relation from the so-called Kripke
semantics for modal logic, is fascinating. Our own paper in this collection is an
attempt to give an outline of the history while we also aim at describing the variations
of the semantics that several logicians produced (quite independently from each
other).! We give the latter descriptions by “translating” all the semantics into a

The support of the Insight Grant #435-2014-0127, awarded by the Social Sciences and Humanities
Research Council of Canada, is gratefully acknowledged.

Tn addition to what we say in our paper in this proceedings about L. L. Maksimova’s work on
relational semantics, we wrote [11] concerning her contributions to relevance logics more generally.
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BmMBO AND DUNN

uniform language. Our hope is that this will facilitate a greater appreciation toward
the potential variations of the “standard” relational semantics.

The development of relational semantics did not stop in the mid 1970s. We
cannot give an exhaustive account of what happened later on in a couple of pages,
but we can list some pointers. On one hand, the idea of representing a binary op-
eration by a ternary relation can be separated from the aim of giving a semantics
for relevance logics. On the other hand, the relational semantics can be informally
explained.? Some binary operations that have been included into logics are simi-
lar to implications. Barwise considered channels between situations or information
states, sometimes identifying channels with situations that determine them (hence,
the ternary relation).® Another use of —’s is the arrows (i.e., the maps) of a category.
Van Benthem and Venema abstracted the idea of composable arrows into what they
labeled “arrow logic,” which can be given a ternary relational semantics.* Girard in-
troduced a “phase semantics” for his linear logic that used a binary operation, which
is of course a special case of a ternary relation. He gave a definition of implication
very similar to that of Urquhart, but Girard’s operation is not idempotent.’

An old idea—compared to situation theory, arrow logic or even the ternary rela-
tional semantics—is that grammaticality can be described by exploiting merely one
operation, namely, function application. Atomic components of a language (per-
haps, words) come with syntactic categories attached to them, and then several
words form grammatically a correct expression when their categories can be com-
bined together using function application. Lambek introduced his associative and
non-associative calculi in the late 1950s—early 1960s. The two inverses of the compo-
sition operation—denoted by \ and /—do share certain properties with —. Namely,
\ is monotone decreasing in its first, and monotone increasing in its second argu-
ment place. Similarly for /, but with the order of the arguments reversed. Ternary
relational semantics for Lambek calculi were given decades after Lambek’s work.%

At the beginning of the 1990s, Dunn created what he called “gaggle theory”
(spelling out “ggl” and abbreviating “generalized Galois logics”). The scope of the
theory extends the ternary relational semantics along two dimensions. First of all,
a connective in a logic may be n-ary (e.g., unary or quaternary) rather than binary.

2For an article outlining various interpretations of the ternary accessibility relation within the
context of relevance logic, see Beall et al. [4]. For an interpretation of the ternary relation in terms
of “relevance,” see Dunn [20]. Lastly, for a “catalog” of interpretations both inside and outside of
relevance logic, see [21].

3See [2], [3] and [18]. Tedder’s paper in this volume connects channel theory and the ternary
relational semantics, building on work by Restall.

*[28] gives an introduction into arrow logic. For further investigations, see [27] and [19)].

®See Girard’s first paper [24] on linear logic.

SLambek’s original papers are [25] and [26]. For semantics of Lambek calculi, see [12] and [15].
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PROCEEDINGS OF THE THIRD WORKSHOP: INTRODUCTION

Then, the modeling relation will have to have n 4+ 1 argument places. Secondly, the
algebra of the logic does not need to be (or to have as a reduct) a De Morgan lattice
(or even a distributive lattice), but it can be a stronger or weaker structure (e.g., a
Boolean algebra or a partial order).” An advantage of gaggle theory is that relational
semantics no longer appear to be ad hoc contraptions; they have certain components
for a reason. Gaggle theory opened the door to approaching the interpretation of
a wide range of intensional logics—from modal logics to combinatory logic—in a
systematic and uniform way.®

We cannot point to all the publications that belong to the gaggle paradigm; we
limit ourselves to briefly pointing out some papers—and be warned, our list is biased.
Allwein and Dunn in [1] gave a relational semantics for a group of logics that do
not prove the distributivity of disjunction and conjunction. Dunn and Meyer [23]
introduced structurally free logics (in which structural rules are replaced by rules
introducing combinators that trace structural changes), and they provided a ternary
relational semantics for them. Dunn in [18] gave a ternary relational semantics for
relation algebras (which works out smoothly, unlike the representation by binary
relations). Bimbd is interested in tweaking and dualizing the ternary relational
semantics; some fruits of her efforts are reported in [5, 6, 7, 10, 8] and [9].

This collection of papers is directly related to the Third Workshop, as we men-
tioned at the beginning. However, we should caution against a possible confusion.
Although all the authors were speakers at the workshop, not all speakers chose to
contribute a paper. Moreover, the papers in this volume are not exactly the papers
that their authors presented. On one hand, the papers were finalized months after
the workshop, which allowed the authors to absorb the reactions to their papers
— indeed, the workshop included lively interactions and plenty of discussion. On
the other hand, some authors decided to substitute another paper (with related
content).

We feel that we should explain the order of the papers. First of all, we would
like to provide an excuse for placing our own paper at the beginning by pointing out
that our paper provides the historical setting for the contemporary developments
that figure into the other papers.

Alasdair Urquhart utilizes the Routley—Meyer semantics for the logic KR di-
rectly. Arnon Avron uses the semantics to prove the cut theorem for his hyper-
sequent calculus for RM. Guillermo Badia looks at the language of the relational

"Dunn actually required an underlying distributive lattice as part of a gaggle in [13], his first
paper on gaggles. But he quickly came to work with “partial gaggles,” “Boolean gaggles,” “lattice
ordered gaggles,” etc.

8Dunn’s other papers on gaggle theory include [14, 15, 16] and [17]. Gaggles also figure into
[22], and they are the sole topic of [10].
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semantics from a model-theoretic point of view. Chrysafis Hartonas defines seman-
tics for logics that are based on a lattice. Edwin Mares and Shawn Standefer work
out an informal interpretation of the ternary relational semantics and motivate and
interpret logics in the neighborhood of E. Andrew Tedder considers the channel
interpretation of the ternary relation and its logics. Ross Brady summarizes his
worries about semantics in general, and the Routley-Meyer semantics in particular.
Bryson Brown looks at the ternary relational semantics from the point of view of
the preservationist approach. Nicholas Ferenz gives an informal interpretation of
the ternary relational semantics using a notion of ambiguity.

We wish to thank these authors for their contributions to this volume, and we
also thank the referees.
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Abstract

The early history of the relational (“possible world”) semantics for modal
logics is well investigated. Successful applications of a relational semantics for
relevance logics started to appear about a decade after the first set-theoretical
semantics for normal modal logics were designed. This paper gives a brief out-
line of the results from the late 1960s and the first years of the 1970s. We
provide an exposition of three types of attempts (by five people) to provide
set-theoretical semantics for relevance logics or some related logics—together
with some historical details. The crucial technical features of the semantics can
be characterized along the lines of the modeling of the implication connective,
in particular, whether the modeling derives from a binary operation or from a
ternary relation (which is not assumed to be an operation).

Keywords: entailment, relational semantics, relevant implication, relevance logic,
rigorous implication

1 Introduction

The use of a binary “accessibility” relation for what is commonly known as the
“Kripke semantics” or “possible world semantics” for modal logic is well-known.
There was once a lot of confusion about its origins, but now its history has been

Vol. 4 No. 3 2017
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written, or to be more precise, there are at least two histories. Copeland and Gold-
blatt have each written excellent accounts ([13] and [27], respectively) of the begin-
nings of the semantics for modal logic, and they agree on the basic history. What
is less well-known is the use of a ternary accessibility relation for the semantics of
relevance logic and various other non-classical logics. The aim of this paper is to
give a brief but relatively fulsome account of the history of this development, with
a focus on relevance logic.t

Relevance logics emerged in the late 1950s as a new attempt to restrict traditional
logic in order to exclude certain undesirable theorems, in particular, implications
where there was no “variable sharing” between antecedent and consequent, e.g., (p A
~p) = q. The logic of entailment (E) proved to be a coherent logic; so did the logic
of relevant implication (R). Many others followed. Relevance logics originated—
exactly like traditional logic, modal logics, etc.—as axiom systems, but natural
deduction and consecution calculi for various fragments were soon found too; then,
they were algebraized and their metatheory started to be developed.

The 1950s and 1960s had brought about a breakthrough and vast expansion in
terms of relational semantics for modal logics. The key idea was to define the modal
operators of necessity and possibility using the abstractions of “possible worlds” and
a binary relation R on them, which is called “accessibility” or “relative possibility.”
Valuations are then not simply assignments of truth values to sentences, but rather
assignments relativized to possible worlds. The key semantic clause for the necessity
operator is that [JA is true at a world w iff A is true at every world w’ such that
wRw', and of course, the clause for the possibility operator is that Q.A is true at a
world w iff A is true at some world w’ such that wRw’. Propositions can be viewed
as sets of possible worlds, and the proposition assigned to a sentence is the set of
possible worlds in which it is true.

The “Kripke semantics” did not stop with modal logic. Kripke in [34], and
independently Grzegorczyk in [30], used a binary accessibility relation to define
intuitionistic implication and negation. Kripke in his paper did not speak of “possible
worlds,” but rather of “evidential situations,” and Grzegorczyk spoke of “information
states.” Their core idea was the same. Following Kripke, we define an intuitionistic
model structure to be an ordered triple (G, K, R), where K is a non-empty set,
G € K, and R is a reflexive, transitive relation on K. An intuitionistic model on a
model structure (G, K, R) is a function ¢ assigning to each pair of an atomic sentence
pand an H € K a truth value T or F (¢(p, H) = T or F). Oops, that would be

'"Dunn has contributed his views on this early history before (see Anderson et al. [3, sec. 48.3]
and Dunn [17]), and the scholarly reader might want to go back and look at those. He regrets that
he did not say more about Larisa Maksimova’s role, but is glad he had the opportunity to correct
this here and in another forthcoming publication, Bimbé and Dunn [10].
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THE EMERGENCE OF SET-THEORETICAL SEMANTICS FOR RELEVANCE LOGICS. . .

a modal model for the modal logic S4. We must also add that if ¢(p, H) = T and
HRH’', then ¢(p, H') = T. This “Hereditary Condition” (as it would ultimately be
called by Routley and Meyer) is of extreme importance. It captures the idea that
once we have enough information to establish (“to prove”) that something is true,
it continues to hold as we increase our information; the Hereditary Condition was
shown using mathematical induction to extend to compound sentences.

Dunn in [16] showed how the Grzegorczyk—Kripke semantics for the intuitionistic
logic J could be extended to produce a semantics for the semi-relevant logic R-Mingle
(RM). RM is called “semi-relevant” because, as was shown by Meyer, if ~A is a
theorem and B is a theorem, then so is A — B, even if A and B do not share
a propositional variable (otherwise, they must). This means, for example, that
~(p — p) = (¢ — q) is a theorem of RM. This is surprising since RM is obtained
from R by simply adding the seemingly relevant 4 — (A — A) as an axiom schema.

Dunn modified the Grzegorczyk—Kripke semantics in five ways. First, the notion
of a model was extended to allow for a sentence to be assigned both of the values
T and F. Second, the Hereditary Condition was strengthened so as to require that
the relation R not only preserve the assignment of T to an atomic sentence but also
the assignment of F. Third, the satisfaction clause for implication (A — B) was
restated so as to not just requiring that truth be preserved from A to B, but also
that falsity be preserved from B to A. Fourth, negation is evaluated so that ~A is
assigned the value T if A is assigned the value F, and ~A is assigned the value F if
A is assigned the value T. So far the changes might be summarized as requiring that
evidential situations treat F even-handedly with T. But the fifth change is different,
and made for technical reasons. It requires that R be connected, i.e., that for every
H and H', either HRH' or H'RH.

Despite [16]’s publication date of 1976, it explains that this “Kripke style” se-
mantics for RM was first announced in a talk in the symposium “Natural Language
versus Formal Language” at a joint symposium of the Association for Symbolic Logic
and the American Philosophical Association in December 1969, and in June 1971,
it was presented at the Tarski Symposium at UC—Berkeley. As he confessed in the
published paper, Dunn was so “overwhelmed by the ingenuity and the power of
ternary semantics” that he considered for a while not publishing his binary seman-
tics for RM. But the result and the fact that they could not be extended to obtain
semantics for better known relevance logics such as R and E, implicitly showed the
limitations of a binary accessibility relation.

Because of their “Kripke semantics,” modal logic (and a bit later intuitionistic
logic) enjoyed a reinvigorated interest, but relevance logics were often overlooked.
Moreover, some quibbled about their lack of a concrete semantics. The last problem
in Alan Ross Anderson’s famous list of open problems [1] was the problem of finding
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a semantics for the Anderson—Belnap system E of entailment (p. 16), but despite its
being listed at the end, Anderson said that “the writer does not regard this question
as ‘minor’; it is rather the principal ‘large’ question remaining open.” That open
problem was solved in the late 1960s and early 1970s when several logicians quite
independently invented a “possible world” semantics for relevance logic. The scare
quotes are there because these “possible worlds” might be incomplete, inconsistent,
or both.?

The problem was not always solved for E (seemingly, Anderson’s favorite logic),
but rather the logicians who solved the problem of finding a concrete semantics for
relevance logics often put the system R of relevant implication on the operating
table as they explored solutions. But at least two of these logicians (Fine and
Maksimova) did solve the problem for E at the roughly the same time. Maybe,
Routley and Meyer had the ideas for a solution earlier, but they did not publish it
for another decade.

It ironic that despite the series of paper “Semantics of entailment I, IT, ITI, IV,”
and despite solving the problem for E4, the positive fragment of E in “I,” they
did not published a semantics for the whole system E until “IV,” which had a very
delayed publication and appeared as Appendix 1 of [52]. Routley and Meyer say
there (p. 430):

World semantics for system E were found not only by Routley and Meyer,
but also, though not independently of the similar earlier semantic for R
(of SE I), by Maksimova 73, and subsequently by Fine (see 74) who knew
of the first degree theory (of FD) which already included a key idea of
the operational semantics, the world-shift in making evaluations.?

2These last are certainly not the possible worlds envisaged in the semantics of modal logic, and
hence, researchers have variously called them “situations,” “set-ups,” “theories,” or “information
states.” And sometimes they have been called just “worlds,” or “incomplete or inconsistent worlds.”
We shall use the term “situations” when we want to be neutral among these.

3«Maksimova 73” is [37], and “Fine (see 74)” refers to [19]. “SE I” is of course [50]. Routley is
probably thinking of the fact that in the cited paper Maksimova does refer to Routley and Meyer’s
“I1” and “II1” (See footnote 11 about the attribution to Routley here.) But he does not mention,
and probably did not know about her earlier paper [36], which antedates all of the Routley—Meyer
papers. See the section on Maksimova below where we explain why we think this is the first discovery
of a ternary semantics for the systems E and R. Regarding Fine, when Routley says Fine “knew
of the first degree theory (of FD) which already included a key idea of the operational semantics,
the world-shift in making evaluations,” Routley is presumably claiming that Fine knew about the
use of the Routleys’ * to interpret negation in first-degree entailments. No evidence is given for
this, but it is not clear what the point would be anyway. At its heart, * is a binary relation, and
Fine must have known about the binary accessibility relation used by Kripke in his—by then very
well-known—semantics for modal logic, and where the evaluation of necessity and possibility at
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There is then an amazing footnote [52, fn. 4 on p. 430], which says:

As with other intellectual break-throughs, grand or small (e.g. modal
logic semantics, the infinitesimal calculus, relativity theory, etc.), so with
semantics for relevant logics, the time was ripe, e.g. requisite techniques
were sufficiently available, and several people somewhat independently
reached similar results at around the same time.

The sociologist of science Robert K. Merton in his famous 1961 article [41] wrote
about this general phenomenon of simultaneous discovery, labeling it as “multiples.”
He says (p. 473) that “[t]o say that discoveries occur when their time has come is
to say that they occur only under identifiable requisite conditions.” He goes on to
develop an explanation for independent simultaneous discoveries of essentially the
same scientific theories by appeal to the accumulation of the requisite conditions in
various places. In a similar spirit, we give a reconstruction of how five different (but
conceptually related) semantics for relevance logics were proposed independently by
a handful of logicians around 1970.

There are other researchers whom we could mention in connection to the inven-
tion of a (ternary) relational semantics for (relevance) logics, first of all, Dana Scott,
but more broadly Bjarni Jonsson and Alfred Tarski ([31] and [32]), and even Charles
S. Peirce (see e.g., [44, p. 148]).* However, because of limitations of space, we fo-
cus on the work of Robert K. Meyer, Richard Routley, Alasdair Urquhart, Larisa
L. Maksimova, and Kit Fine, as the most “relevant.”®> We shall also discuss some
related and independent work of Dov Gabbay from about the same time, which
though was not focused on relevance logic, still is “almost relevant.”

The authors we consider often used different and distinctive terminology and
symbols. This makes it difficult to pinpoint real similarities and real differences. We
will use a kind of “pidgin” of their languages and ours, hoping to convey something
of the essence of their original work with our interpretation of it. This paper contains
no proofs—difficult or easy. The reader who wants to consider proofs in more depth

a world involves a similar “world shift” in considering other worlds which are accessible from the
given world. The real issue is the ternary relation, and it seems that Fine came up with his version
of it independently. (See the section on Fine below.)

4We found out via communication with both Dov Gabbay and Dana Scott that Scott presented
his idea in a seminar at Stanford University when he was a postdoc there. (Gabbay was in the
audience.) Scott was thinking specifically about Lukasiewicz’s many-valued logic, thus the ternary
relation being x+y = z. What results is in effect an operational semantics, and it was not published
until 1974 as [53].

5Routley changed his name to Sylvan when he remarried in 1983, but we shall refer to him
as Routley given that this is the name he used when he did pioneering work on the semantics of
relevance logic, or “relevant logic,” as he and Meyer would call it.
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is referred to the papers by the original authors, or to [3], [17] and [9], as well as to
some further publications among the references.

Incidentally, while the problem of a semantics for the propositional relevance
logics was solved by several researchers about 1970, the problem for quantification
relevance logics was left open until some years later. Routley and Meyer had raised
the problem of proving completeness with respect to their ternary frames to which
a domain of individuals had been added that would be the same for each set-up
(so-called constant domain semantics). Fine in [22] showed that this does not work,
at least for EQ and RQ (he does mention that Routley had shown completeness
for the system BQ). We shall not discuss the details here but do cite a couple of
different ways of providing models that do work: first, Fine’s in [21], and later,
Goldblatt and Mares’s in [29] and Goldblatt’s in [28].

2 Logic and Algebras

Algebraization is a widely used and highly fruitful approach to increase the efficiency
of dealing with knowledge. The Lindenbaum algebra of a logic is the result of the
abstraction process that groups together formulas which are provably equivalent into
a single element in the algebra. In the case of a propositional logic (meaning a logic
with no quantifiers whatsoever), the algebraization typically leads to a structure that
is an algebra in a plain sense, that is, a set with finitely many finitary operations
(each of which is a total operation on the carrier set). A logic does not reduce to
its Lindenbaum algebra, for instance, because there can be different proof systems
for a logic with compelling properties. However, the Lindenbaum algebra can be
a stepping stone toward a semantics for the logic, exactly, because it focuses on
provably equivalent formulas.

The Lindenbaum algebra can serve as the blueprint for an algebraic semantics
for a logic. An advantage of an algebraic semantics is that it brings with itself
results and techniques from (universal) algebra, but it is sometimes perceived as
too abstract to constitute the meaning of the logical particles of a logic. Set theory
comes to rescue through concrete representations of abstract algebras.

The concrete set-based semantics are looked upon favorably, especially, when a
more or less informal interpretation is sought. In the case of traditional propositional
logic, a proposition A is the set of all those maximally consistent theories that contain
A. Equivalently, a proposition A is the set of all those (proper) prime filters that
contain [A] (the equivalence class of A).5

5This is the real backbone of Stone’s representation of Boolean algebras in his [54].
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Traditional logic has a certain simplicity, and this is very clear from facts such as
one (well-chosen) connective suffices for this whole logic and the concrete semantics
of sets does not need to be enriched with any new operations. We want to emphasize
that in the Stone representation of Boolean algebras the algebraic operations turn
into operations on sets.

It would be preferable to have (if possible) a set-theoretical semantics for rele-
vance logics, in which the connectives, especially, — (entailment or relevant implica-
tion), would be interpreted by an operation. Philosophically, it would allow us “to
read” the operation in the semantics as the interpretation of —, like U interprets
V. From a mathematical point of view, we would be dealing with an algebra of sets
over some underlying set U, which would be more simple than having to deal with a
relational structure. This can be done for classical logic with the so-called material
implication (A D B =4f 7AV B), where V is interpreted as U and — is interpreted as
complement relative to U. But we need some additional structure on the underlying
set U to help us define an operation corresponding to the relevant implication —.

Our running example will be propositional R. Although R was not necessar-
ily the logic each approach focused on, fixing a logic allows us to provide better
comparisons.

Definition 2.1. The language of R comprises a denumerable set of propositional

variables (P = { po, p1, ... }), a unary connective ~ (negation), binary connectives —
(implication), o (fusion), A (conjunction), V (disjunction) and a zero-ary connective
t (truth).

The set of well-formed formulas is generated by the following grammar, with the
proviso that P rewrites to any of its elements.

A=Plt]~A| (A= A | (Ao A) | (ANA) | (AVA.

We define R as an axiom system; its schemas and rules are (1)—(20).

(1) A=A

2) (A= B) = (B=C) = (A=0))
3) (A= (A= B)) = (A= DB)

4) (A= (B—=C)—=(B—=(A=C0)
(5) (AANB)— A

(6) (ANB) =B
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(7)) (A= B)YAN(A—=C)) = (A= (BAC))
(8) A— (AVDB)
(9) B—(AvEB

)
10) (A—=B)A(C—B)) = ((AVC)— B)

11) (AA(BVC)) = ((AAB)V (AAC))

12

13

(
(
(A= (B=C)) = ((AoB) = C)
(AeB) = C) = (A= (B—=C))
(

14) (A — ~B) = (B — ~A)

16) (A — ~A) = ~A

17) t

18 — (t— A)

19

(10)
(11)
(12)
(13)
(14)
(15) ~~A — A
(16)
(17)
(18) A
(19) A— B, A imply B
(20) A

20 imply AAB
A formula A is a theorem iff it has a proof, that is, if there is a finite sequence
of formulas ending with A, each element of which is either an instance of an axiom
or obtained from earlier elements of the sequence by an application of a rule.
Actually, the original system R did not have the propositional constant &, but it
plays an important role in Dunn’s algebraization of R in his Ph.D. Thesis [14] (see
also §28.2 by him in [2]). ¢ can be added conservatively, that is, in such a way that
no new theorems result that do not contain ¢. This constant in R corresponds to the
identity element of a monoid, and Dunn called the R algebras De Morgan monoids.
(The definition we give below is not the original one, but it is equivalent to that.
We use the same symbols for the operations in an algebra as for the connectives;
context always determines whether a symbol stands for a connective or an algebraic
operation.)

Definition 2.2. A De Morgan monoid is an algebra ® = (A;t,~,—,0,A,V) of
similarity type (0,1,2,2,2,2) that satisfies (1)-(5). (a,b and ¢ range over A.)
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(1) (A;A,V) is a distributive lattice;

(2) ~(anb)=~aV~b and ~(aVb)=r ~aA ~b;

(3) ~r~a =

(4) aob<c iff a<b—c (wherea<biff aNb=a);
(5) (A;t, o) is an Abelian monoid in which a < a o a.

We are now ready to start discussing the relational semantics of relevance logic.
We start with the so-called Routley—Meyer semantics, because it seems to be the
most widely known set-theoretical semantics for relevance logics.

3 Routley—Meyer Semantics: Ternary Relation

We have to “preface” our findings, especially in the case of the Routley—Meyer
semantics, with some explanations about what we could and what we could not
accomplish. The reconstruction of what Routley and Meyer did, respectively, runs
into some obstacles. Regrettably, both of them passed away some years ago. Several
other people who were privy to the relevant developments in the early 1970s moved to
other lines of work. However, we thank Nuel Belnap, Kit Fine, Dov Gabbay, Larisa
Maksimova, Sergei Odintsov and Alasdair Urquhart for providing the information
(sometimes even documentation) that they did, and we thank Michael McRobbie for
providing us with access to his archive that contains many manuscripts and preprints
from the time when he was a research assistant to Routley in the mid-1970s.

Historical sketch. The Routley—Meyer semantics was initiated by Routley, prob-
ably in 1970. He penned a 97-page manuscript in longhand, which he entitled as
“Semantical analysis of entailment and relevant implication, I.” Routley sent a copy
of this manuscript to Meyer, likely in January 1971, who was then on the faculty of
Indiana University in Bloomington. Both Meyer and Dunn were faculty members
in the Philosophy Department, and they discussed Routley’s manuscript. Routley’s
idea was to use an operation in the semantics. Meyer and Dunn discovered that the
operational semantics is not complete; then, Meyer set out to develop an idea that
was mentioned (but not worked out) by Routley: the use of a three-place relation
rather than of a binary operation. By mid February, Meyer has obtained sufficient
results to claim completeness for the semantics with a ternary relation. He com-
pleted an 11-page typescript on the completeness in the spring of 1971 (see [42]).”
On page 1 Meyer says:

"We have a copy of this typescript, thanks to Michael McRobbie.
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Fertile new ideas have recently been introduced into the semantical anal-
ysis of relevant implication and related concepts by Routley and by
Urquhart. The purpose of the present note, to be circulated informally
among those who care, is to recast these ideas in a way which yields a
simple and straightforward semantical completeness result, at least for R.
It is believed by me, anyway, and maybe by Dunn--that this is the first
investigation along these lines which actually does yield such a result,
though I freely acknowledge the priority of those who have suggested the
lines and wish them well in what seems to be their considerably more
intricate projects.®

Urquhart and Dunn met at the Temple University conference on alternative se-
mantics in December 1970, and kept in touch afterward. As a result, Urquhart
contacted Routley, who sent him a copy of his manuscript in early March 1971.° By
this time, Dunn informed Urquhart that Meyer claimed to have proved a complete-
ness result for the relational semantics.

According to Dunn, Meyer finished his manuscript on the ternary relational
semantics sometime in March, and this became the core of the paper [50], “The
semantics of entailment.” (Later on, an “I” was added to the title in references
to distinguish it from the papers with numbers II, III and IV, which are [47], [48]
and Appendix 1 in [52].) Also Meyer presented essentially the content of “I” at the
annual meeting of the Association for Symbolic Logic in December 1971, and an
abstract [49] was published.

These four papers develop their semantics for the R, E, and some related rele-
vance logics.'? They were all coauthored by Routley and Meyer, but the first three
seems to be more in the style of Meyer’s writings, whereas the fourth is more similar
to Routley’s style.!! The papers did not appear in the order in which they were

8Note (by Dunn): At the time I was completely convinced that both Routley’s and Urquhart’s
operational approaches were incomplete for all of R (after all Meyer and I together showed this),
and I was convinced that Meyer did have a completeness result for all of R. But I now believe
that Maksimova likely had the first completeness theorem. See more about this in the section on
Maksimova below.

9We have a scan of Urquhart’s copy of Routley’s manuscript.

OFach of the papers contains some interesting technical results using the semantics developed
in that paper. To give just two examples, “I” shows that Ackermann’s rule 7 is admissible in R,
and “II” shows that both R and NR. are reasonable in the sense of Halldén.

" The authorship of “Semantics of entailment, I, IT, ITI” is consistent with what Dunn remembers.
Also, the style and content of [50] is very similar to that of [42], which is headed “From the desk
of Robert K. Meyer.” “Semantics of entailment IV” is Appendix 1 of [52], and on p. xv of that
volume it says “The text has been almost entirely written by the first author, contributions from
other authors have been, to various degrees, overwritten by him.” The first author of that volume
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written, with the papers “II” and “III” appearing in 1972, outstripping “I,” which
appeared in 1973 (in a conference proceedings despite the fact that the paper was
not presented at that conference). “I” is devoted to developing a semantics for the
system R of relevant implication, though it is worth mentioning that it also extends
this to a ternary semantics for RM. It also examines the positive fragment R+ of
the system R and a version of R with propositional quantifiers. “II” is focused on
developing a semantics for the system NR (R with an S4-type necessity operator
N) by adding a binary relation S to interact with the ternary relation R. The system
NR was developed by Meyer earlier, with the hope that the entailment operator
in E would turn out to be equivalent to necessary relevant implication N(A — B).
Then, this would provide in effect a semantics for E. While the connection holds for
the implicational fragments, as Meyer showed, it unfortunately failed for the whole
E and NR, as was proved by Maksimova in [37]. “III” is devoted to developing a
semantics for the positive fragment E+ of E, along with semantics for other positive
relevance logics (R+, T+ and B+). Routley and Meyer say (p. 192):

The time has come to extend our semantical methods to other systems
of relevant logic besides the system R. We shall do so in two stages. The
present paper deals only with positive systems of entailment, since these
may be handled quite simply along previous lines; complications arising
from negation are put off until the sequel.

But the “sequel” did not appear until 1982, and not as a paper in the ordinary
sense, but rather as Appendix 1 of [52]. There is a long and somewhat personal
explanation of the delay given by Routley (cf. [52, p. 430]), but whatever the reason,
it seems that Routley and Meyer left the door open for someone else to claim the
first publication of a ternary semantics for E.

Now we turn to a standard formulation of the Routley—Meyer semantics for R.!2

Definition 3.1. A structure for R is a quintuple § = (U;<,I, R,*), where the
elements satisfy (1)—(7). (Lower-case Greek letters range over elements of U.)

(1) (U;<) is a quasi-ordered set;

is Richard Routley.

2We do not follow verbatim Routley and Meyer’s original papers, though the semantics we
present is essentially the same. Terminology and notation in logic has evolved in the last 40 years
or so, and we present the semantics in a slightly “modernized” fashion. Also, note that there is a
typo in their requirement p4 [50, p. 205] that R?abcd = Rabc. The first a should be 0, and the
postulate should look like R?0bcd = Rbed. Routley and Meyer abbreviate Je (Rabe & Recd) by
R2abed.

567



BiMBO AND DUNN

YO#AICU, RCUXxUxU, *:U—Uj;

) a<p iff JvelRap, (§<a&ky<ec& Rapfy) = Rifs;
4) o™ =, Rafy= Ravy*p*;
)
)
)

The last three conditions may be stated concisely as R?aBvyd = R2B(av)é,
R?aBy6 = R2a(Bv)s and Rafy = R2aBpBy.

Definition 3.2. A model for R is an ordered pair 9 = (§F, v), where § is a structure
for R, and v (of type v: P — P(U)) satisfies (8).

(8) If a € v(p) & a < 3, then S € v(p).
The satisfaction relation E emerges from v by clauses (9)—(15).

(9) Makp iff a€ov(p)in M

10) MakEt iff el <ainf;

11) MakE~A iff M ao*FE A

M, akE AoB iff there are 5,7 s.t. RGya and M, B E A and IMN, v E B;

14

)
)
)
12) MakE A — B iff forall 8,7, Rafy and M, B F A imply I, ~ F B;
)
) MaEAAB iff MakEA and M, aE B;

)

(
(
(
(13
(
(

15) MakEAVEB iff MakEA or M akB.

Remark 3.3. There are (hopefully) obvious similarities between the above defini-
tions and Kripke’s semantics for, let us say the modal logic S4 or the intuitionistic
logic J. U, the set of what Routley and Meyer called “set-ups,” is like W, the set
of possible worlds.'® < is an order relation, which occurs in both the semantics for
S4 (usually denoted as R), and in the semantics of J (often denoted as <). I, the

3Though it is interesting that in “Semantics of entailment TV” (Appendix 1 of [52]) they are
called “situations.”

568



THE EMERGENCE OF SET-THEORETICAL SEMANTICS FOR RELEVANCE LOGICS. . .

set of logical set-ups, is like { 0 }, the singleton set of the actual world. v is like the
valuation function in the semantics of J.

Some differences also exist; < here is not the relation that figures into the truth
condition for — or ~. The actual world in the semantics for S4 can be any possible
world and the ¢’s in I are special set-ups. ~ is not a complementation in a De
Morgan monoid, hence, the set-theoretical relative complement is not suitable as its
modeling, which leads to the addition of *.14

Incidentally, there are other ways to treat De Morgan negation, as discussed by
Dunn in [18]. First, we may use 4 truth values, which can be labeled as true, false,
both and neither. This is a generalization of the two truth values T' and F', by not
requiring that at least T" or F is assigned to a sentence, and not excluding that both
are assigned. Then these four truth values can be identified with the subsets of
{T, F}. Negation retains its property of flipping truth with falsity and vice versa.
The lattice 4 is characteristic for the implication-free logic of the De Morgan lattices
(i.e., for fde).

Second, we could use an orthogonality relation 1, that originated in Birkhoff
and von Neumann’s quantum logic. The negation of a proposition holds at a point
when that is orthogonal to all points in the proposition. An informal rendering of
“orthogonal” is to say that two points are incompatible. In terms of gaggle theory
(asin [9]), ~’s distibution type is taken to be V — A when we use the orthogonality
relation. However, De Morgan negation has the double negation property (negations
count mod 2), and it obeys the De Morgan laws. If we give a preference to the
De Morgan law ~(A A B) — (~A V ~B) over the other one, that is, we consider
negation with the distribution type ~: A — V, then we get yet another way to
model negation in De Morgan lattices, namely, using a compatibility relation.'®

The following theorem has a straightforward proof (which we omit).
Theorem 3.4. If Fr A, then in any MM for R, and for any « € I, M, F A.

As we mentioned above, the departure from an operational approach was mo-
tivated by the lack of a completeness result for Routley’s operational semantics.
Thus, it seems imperative that we give a flavor of what the completeness for the

The definition of negation using the involution * was used slightly earlier by Richard Routley,
together with Val Routley (later Plumwood) in [51] to obtain a semantics for first-degree entailments.
It is interesting that both Fine and Maksimova use an involution as well. This can be found much
earlier in an algebraic form in Bialnycki-Birula and Rasiowa’s 1957 [4] representation of what
they called “pseudo-Boolean algebras” (now commonly referred to as De Morgan lattices). Dunn
discussed these and other representations of De Morgan lattices, in 1966, in his dissertation [14]
and in [15].

5Tn addition to Dunn [18], see also Restall [46], and Mares’s [39, 40] on these further approaches.
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relational semantics hinges on. De Morgan monoids are teeming with patterns of
distributivity; beyond the usual A—V and the De Morgan laws for negation, both —
and o distribute in the underlying lattice. Moreover, — is a residual of o (what is
revealed by axioms (12) and (13) above).

Definition 3.5. The canonical frame is §. = (P; C, I, R, **), where the elements
are defined by (1)—(5).

1) P is the set of prime filters on the Lindenbaum algebra of R;
-

2 is the subset relation;

4

(1)

(2)

(B) I.={Pe?: [t]'CP}

(4) Reapy iff for any [A], [B], [Ao B] € v, when [A] € o and [B] € f;
(5)

5) a* ={[A]: [~A] ¢ a }.
The canonical valuation v, is defined by (6).

(6) ve(lp]) ={Pe?P:[ple P}

The proof of the next theorem is more elaborate and it crucially relies on there
being enough many prime filters, moreover, R being well-defined with respect to the
distribution type of o (which is o: V,V — V). Details of similar completeness proofs
may be found in Routley and Meyer’s papers, as well as in [17] and [9]. We only
mention a core lemma, which is sometimes labeled as squeeze lemma. The multitude
of prime filters, certainly, does not mean that all filters are prime. Moreover, taking
the fusion of two filters may not result in a prime filter. However, the relation R, is
in harmony with prime filters in the sense that the following is true.

(7) If Rlzyy (v € P), then there are «, § € P such that x C o, y C § and R f37.

By R, we denoted R, on the set of all filters defined like in (4) above, and we
assumed that x and y are filters (i.e., z,y € F). The squeeze lemma is essential in
proving that R, in the frame in Definition 3.5 has the properties that are special for
R, and in proving that v, is a valuation. Having set out some pointers, we state the
following (without giving a proof here).

Theorem 3.6. If Fr A, then there is an 9 for R in which there is an ¢ € I such
that O, L A.
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4 Urquhart’s Semi-lattice Semantics: Binary Operation

Historical sketch. Urquhart set out on a path similar to Routley’s original path
toward a semantics for entailment and relevant implication, namely, using a binary
operation. Urquhart told us that he recollects finding the *-semantics for first-degree
entailment in the spring of 1970, but was “quite down cast” when Alan Anderson told
him it was anticipated by Bialynicki-Birula and Rasiowa [4]. Sometime later in the
summer he hit upon the semilattice semantics and wrote something out in longhand
and showed it to Nuel Belnap. This showed completeness for some fragments of R
and E, and became the basis of a paper he wrote and submitted to the Journal of
Symbolic Logic. The journal received his paper on November 27, 1970. He told us
that “[n]aturally, I thought that it would be a piece of cake to put it [the semilattice
semantics| together with the *-semantics to get a semantical analysis for all of R.
But it was not to be!”

We have already mentioned that Urquhart and Dunn met at the Temple con-
ference in December. (As further “background information” we may mention that
Urquhart, Meyer and Dunn had the same Ph.D. advisor when they were students:
Nuel Belnap. However, Meyer and Dunn, who overlapped studying at Pitt, left by
the time Urquhart started his Ph.D. there.) Urquhart’s ideas were heavily influ-
enced by the natural deduction formulation calculi for the implicational fragments
of E and R. One may see a certain similarity between the union operation on the
index sets of formulas and the fusion of formulas; it seems that the latter moti-
vated Urquhart to introduce a semi-lattice right away. (Hence, the label by which
Urquhart’s semantics is often identified: semi-lattice semantics.)

Dunn received a copy of Urquhart’s submitted paper soon after the Temple
conference, and Meyer and he discovered that while the semantics indeed works for
the implicational fragments (even for the implication—conjunction fragments), if V
is added with a usual truth condition, then there is a formula that is valid in the
semi-lattice semantics, but it is not a theorem of R (let alone of E). Urquhart’s
paper was accepted for publication on June 1st, 1971, and the revised version was
received by the journal on June 21st, 1971. This is [55]. The semi-lattice semantics
also was at the heart of his dissertation [56], written under the supervision of Nuel
D. Belnap.

Now we outline the semi-lattice semantics. First, we restrict our language to
propositional variables and the arrow. The implicational fragment of R is denoted
by R_,, and it can be axiomatized by the first four axiom schemas above together
with detachment as the sole rule.

Definition 4.1. A structure for R_, is a three-tuple § = (U; L, u) satisfying (1)-(2).
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(1) (U;u) is a semi-lattice;
(2) Lva=aul =a.

Urquhart called the elements of U “pieces of information.” (It is tempting to
draw a parallel between pieces or bits of information and bits (in computers), but
instead of bits, tables, records or even databases would be a more appropriate analog
from computer science.)

Definition 4.2. A model for R_, is an ordered pair 9 = (§,v), where § is a
structure for R_,, and v: P — P(U). The satisfaction relation is defined by (3)—
(4), given a valuation v.

(3) MaEp iff «acv(p);
(4) MakEA— B iff forall 3, either M, 5 Aor M aulEB.

Remark 4.3. Set-theoretically speaking, all binary operations are ternary relations,
though of a special kind. Thus, it is instructive to glance at (4) written in a form
that resembles the matching satisfaction condition in the relational semantics.

4) MakEA— B iff forall 8,7, auf=vand M,BE A imply M, auE B.

We have not posited specifics about the informal metalanguage, and therefore,
we may keep it simple. Then we can rewrite “not—or” in (4) (which is close to
Urquhart’s original formulation) as “imply” in (4'). The other change we made was
the introduction of -, but it should be obvious that since u is an operation, v can
be eliminated in lieu of v u 3.

Theorem 4.4. If Fr . A, then in any 9 for R, M, L F A.

For the completeness proof, a canonical structure is defined. Urquhart works
with proofs rather than the algebra of R_,.

Definition 4.5. The canonical structure is §c = (Ugyn; 0, U), where (1)—(2) specify
the elements of the three-tuple.

(1) Ugy is the set of finite sets of formulas;

(2) @ and U have their usual set-theoretical meaning.

The canonical valuation v, is defined by (3).
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(3) ve(p) ={{Aos..., Ap} € Un: Fr, Ao — - A, > p}.

Remark 4.6. We commented on the irrelevant proofs in the axiomatic system for
R. For the implicational fragment, “relevant proofs” can be defined easily using a
natural deduction calculus. The first volume of Entailment practically starts off with
FR._,, the Fitch-style natural deduction calculus for R, (cf. [2, §3]), which does not
allow slipping in an extra (i.e., never used) hypothesis here or there. This should
explain the restriction to finite sets of formulas, which are the “premise sets” or the
“sets of hypotheses” from which a formula can be proved, for instance, in FR_,.

Theorem 4.7. If Fr_, A, then there is an M for R_, in which M, L ¥ A.

The proof is not difficult, because M, is obviously a semi-lattice with a zero.
Hence, what needs to be verified is that v, is a valuation according to (4). (We omit
the details which may be found in [55], which uses a slightly different notation.)

Urquhart’s idea was to add the usual satisfiability conditions for A and V, once
those connectives are included in the language. His clauses (in our notation) are
(5) and (6). (Due to our notational conventions, these two conditions are literally
the same as (14) and (15) in the Routley-Meyer semantics, but the 9t here is not
the same as the 9 there. Also, earlier, o was a set-up, but now, it is a piece of
information.)

(5) MakFAAB iff MakE A and M, aF B;
(6) MakFAVEB iff MaEAor MakB.

Urquhart noted that although soundness is provable, completeness fails.

Example 4.8. The counterexample developed by Dunn and Meyer that Dunn com-
municated to Urquhart in his letter of February 17th, 1971 is the following. We
added values for all subformulas on the line below the formula; the calculations are
carried out according to the matrix My, which may be found in [2, pp. 252-253].

(A= A)N{(AANB)>C)N(A—=(BV C)—A=C
+3+3+3 -0 3+0+0 -0-0 -0 +3+3 +0+3 -0 -3 +3 -3 -0

Since —3 is not a distinguished element in My, the formula is not a theorem of
R. On the other hand, the formula is valid on the semi-lattice semantics, when the
natural clause for V is added.

We quickly go through the validation of this formula in the semi-lattice semantics.
Let us assume that 1 does not satisfy the formula. (We omit mentioning 91, since it
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is the same everywhere.) By (4), there is an « that satisfies the antecedent, but not
the consequent. From the former, it is immediate that a F A - A, a F (AAB) — C
and a F A — (BVC). From the latter, we get that 5 F A whereas auf ¥ C, for some
B. Since a F A — Aand S F A, aupFE A. Similarly, we obtain that cu S E BV C.
But au g ¥ C, so it must be that au 8 F B. Combining auf E A and au g E B,
we have au 8 F A A B, hence, also o u 8 E C, which contradicts to what we have
already established. One can see how the subformulas allow us to “move around”
with a U 8 to arrive at a contradiction.'®

Although Meyer and Dunn showed that Urquhart’s semi-lattice semantics was
not complete for the positive fragment of the relevance logic R, the question re-
mained as to how the semi-lattice semantics might be axiomatized. This was first
addressed by Fine [20] and developed further by Charlwood in his Ph.D. thesis [11]
(directed by Urquhart and published in [12]), where he deployed a rule that might
charitably be said to be elegant in its complication. Charlwood also developed two
natural deduction systems, one with subscripts and the other without. This last is in
fact equivalent to the system of Prawitz [45], which Prawitz had wrongly conjectured
to be the same as the positive fragment of R.

5 Fine: Binary Operation Plus Partial Order

Historical sketch. Fine started to work on a semantics for R sometime during
1970 after attending a talk presented by Belnap, who spent a few months at Oxford
University. Belnap was visiting at Oxford as a senior research fellow, probably, from
January to March, or so, in 1971. He gave a talk at the Mathematical Institute, in
which he said the problem of finding a semantics for R was open. This stimulated
Fine to create his semantics and prove it complete. Fine recalls finishing the work
before his junior research fellowship at Oxford ended in June 1971. Fine submitted
two manuscripts (one of which was a version of his paper later published as [19]) to
an editor of the Journal of Symbolic Logic, who received them on April 17th, 1972.
About a year later, the editor informed Fine that he still had not received anything
from the referee and suggested that instead of waiting longer he send his paper to
the recently founded Journal of Philosophical Logic. A revised version of his paper—
including a brief comparison with the Routley—Meyer semantics—appeared in the
JPL in 1974.

In what follows, we consider Fine’s semantics for R; we do not follow his notation
or terminology though.

$There are shorter formulas that do the job. Urquhart gives ((A — (BV C)) A (B — D)) —
(A — (DV(C)) in [55], whereas Dunn provides ((4 = (BVC))A (B —C)) = (A — C) in [17, §4.6].
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Definition 5.1. A structure for R is a sextuple § = (T,U; <., -, —), where the
components have properties (1)-(10). (Lower-case Greek letters range over U,
whereas x,y, z, ... are elements of T.)

0LUCT, icT, TxT—T, —:U—U;

(T; - ,1) is a groupoid in which - is left monotone and i is its left identity;

(1)
(2) (T;<) is a poset;
(3)
(4)

z-y <« implies that there are 8,7 such that xt < & y <~ and -y <
a&z-v<aq

1 < a implies —a < a;
——a=a, o< implies —§< —q;
- (y-2)<(y-x) 2

Y-z

]
8
IN

€L

0g)
P RGN s
8
<
IN

(10) z-a < B implies z-—5 < —a.

Definition 5.2. A model for R is an ordered pair M = (§F, v), where § is a structure
for R and v satisfies (11).

(11) If z € v(p) & = < y, then y € v(p).

The satisfaction relation is defined from v by (12)—(17).17
12) Mo kEp iff z€ov(p)in My
13) Makt iff i<zing;

15

(12)

(13)

(14) Mz E~A iff forall o, x <« implies M, —a ¥ A;

(15) Mz FA— B iff forally, M ykE A implies M,z -y F B;
(16)

16) Mz EAAB if MaxEA and M, x E B.

"Fine did not consider fusion, hence we do not include a clause for that.
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Fine calls the members of T theories and the members of U consolidated or
saturated theories (many would call them prime theories because they correspond
to prime filters as we shall see). Unlike Routley and Meyer, Fine does not take V as
primitive, but defines AV B in a customary way as ~(~AA~B). It is straightforward
to show that (14) can be replaced with the much simpler clause (17) used by Routley
and Meyer.

(17) MakE~A iff —ak A,
from which the Routley-Meyer clause (18) follows.

(18) Mak AVEB iff MakEA or MakB.

Clause (14) might appear at first to have an intuitionistic flavor, but it should be
noted that A is evaluated at —a not at «. It is not difficult to see that Ra/~y in the
Routley—Meyer semantics corresponds to a - 5 < v here. Condition (4) guarantees
that elements of T" in a product when it is included in a saturated theory can be
replaced in one or the other argument place of - by elements of U, that is, saturated
theories. This stipulation is similar to what is established in the so-called “Squeeze
Lemma” in the Routley—Meyer semantics for the canonical frame. Fine must have
this as a postulate, because his frames contain two sorts of theories, which have to
relate to each other appropriately. The operation that Fine denotes as “—” is easily
seen to be the * in the Routley—Meyer semantics.

Remark 5.3. The missing satisfiability condition for o could be given as (19).
(19) M,z E Ao B iff there arey,zs.t.y-z<xand M yF Aand M,z FE B.
Theorem 5.4. If Fr A, then in any model 9 for R, M, i = A.

The presence of prime theories (i.e., the elements of U) in addition to theories
(the members of T') makes possible the simpler looking notion of validity by an
appeal to i alone.

Definition 5.5. The canonical frame is §. = (F,P; C,ic, ¢, —¢), where the elements
are defined by (1)—(6).

(1) F is the set of (non-empty, proper) filters on the algebra of R;
(2) P is the set of prime filters on the algebra of R;

(3) C is the subset relation;
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(4) dc is [¢]T;
(5) z-y={[B]: I[A] ey[A =Bl ea};
(6) —a={[A]: [~A] £ a}.
The canonical valuation v, is specified by (7).
(7) ve(p) ={F €F: [ple F}
Remark 5.6. If o is in the language of R, then (5) can be replaced by (5').
(5") @y ={[C]: I[AL[BI([A] €z & [B] € y & [Ao B] < [C]) }.

This may be viewed as a sort of explanation for the two-layered structure of
Fine’s semantics in which he uses both T" and U: the binary operation -, which is
straightforwardly definable from — or o is not an operation on the set that we want
to comprise our situations. « - 8 may not be an element of P, though it is surely
an element of F. This obstacle is not new or peculiar to relevance logics. Indeed, in
a normal modal logic (whether K or S5, or some other logic), the operation that is
directly definable from ¢ turns out not to be an operation on the set of prime theories
(also known in that context as maximally consistent theories or ultrafilters). Hence,
Kripke’s relational approach, in a sense, is necessitated for normal modal logics,
exactly as the ternary relational approach is entailed for relevance logics.

The proof of the following theorem can be reconstructed from Fine’s paper.

Theorem 5.7. If Fr A, then there is a model M for R in which i ¥ A.

6 Maksimova: A Variety of Ways

Historical sketch. We described in detail Larisa Maksimova’s work on semantics
for relevance logics in another paper [10] not long ago. Hence we will limit our
exposition here to emphasize the historical aspects. As you will see, Maksimova in a
sense did it all, for in various papers she used a ternary relation (much like Routley
and Meyer), and a combination of a binary operation and a binary relation (much
like Fine), and her early work was completely independent. Despite the “Cold War”
and the relative isolation of Novosibirsk, her work came to be known to Anderson
and Belnap and other relevance logicians largely through her many publications in
the journal Algebra i logika, more precisely, through the English translation of that
journal Algebra and Logic.
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Maksimova started to work on Ackermann’s IT' calculus and then on relevance
logics in 1963, and systematically investigated various features of those logics. First,
she dealt with questions about axiomatic formulations and deductions, then she
turned to algebraizations and algebraic semantics. She even isolated a sublogic,
which she called SE, within E that she proved decidable.

In 1969, she gave a talk at an algebraic conference in Novosibirsk, which attracted
participants from across the USSR. The abstract of her talk was published as [35],
and it makes clear that she was the first to hit on the idea of using a ternary
relation for the modeling of —. It is impossible to fully reconstruct her models
from the half-page abstract, but she stated the satisfiability condition for — clearly
and claimed soundness and completeness in the form of representation theorems for
algebraic models in terms of clopen subsets of a topological space with an involution
g, a partial-order < and a ternary relation 7. It seems that she never gives colorful
names to the points; she does not call them situations, set-ups, pieces of information,
theories, information states or whatever. Rather, she immediately proceeds with
the mathematics. Maksimova used an involution g on the space to define negation,
anticipating the Routleys’ *, and most importantly for our present paper, she defined
implication using a ternary relation 7 on the space. Here is her definition of —, first
verbatim, and then in a notation closer to what we have used above.

(i) S1 = Se={z:Vz,y((xr € S1 & 7(x,y,2)) =y € S2) };

(ii) M,vE A — B iff forall a, 8, R(a, B,7) and M, o E A imply M, 3 E B.

In her paper [36] from (1971), however, she in effect defines a ternary relation
using a groupoid operation and a partial order (much in the spirit of Fine, but there
is no reason to think she knew of his work, or vice versa). The semantics is developed
for use as a tool, to prove interpretation and separation theorems for fragments of
R and E. Despite its title “Interpretation and separation theorems for the logical
systems E and R,” it turns out that she examines only the implication, implication—
conjunction, and implication—conjunction—disjunction (E4, R+) fragments of these
systems, and provides semantics only for these. So we find no completeness theorem
for whole E (or R).

In [37], Maksimova provides a semantics for all of E (and for E4). Again she
has an application in mind, this time to provide a counterexample to Dag Prawitz’s
and Meyer’s independent conjecture that entailment in the system E can be defined
as necessary relevant implication. Maksimova uses an explicit ternary accessibility
relation to define relevant implication, and defines negation using an involution (just
like the * in the Routley-Meyer semantics).

578



THE EMERGENCE OF SET-THEORETICAL SEMANTICS FOR RELEVANCE LOGICS. . .

[38] from 1973, focuses on “strict implication lattices.” She calls them “strimplas”
for strict implication lattices.'® These are the underlying algebraic structures for
a wide variety of positive relevance logics, including E and R. They can also be
outfitted with De Morgan complement so as to get algebras (“strimplanas”—the
“n” is for negation) corresponding to the full logics E and R.!Y Maksimova gives
representation theorems for both the strimplas (using a ternary relation) and the
strimplanas (adding an involution), which amount to completeness theorems for E4,
E, R+ and R. She uses these to show that E is a conservative extension of E-,
and R is a conservative extension of R+. We suppose it is worth noting that this

paper cites Routley and Meyer’s “IT1” [48].20

7 Gabbay: Quaternary Relation

Historical sketch. A very interesting early contribution from 1972 is [23], whose
title is “A general theory of the conditional in terms of a ternary operator.” The
title sounds relevant until one reads it twice and notices that it says “ternary op-
erator,” not “ternary relation.” Gabbay’s goal here is to analyze the subjunctive
conditional (not the relevant conditional) A > B with the aim of reducing it to the
form O45(A — B). He wants this to be a special case of 04 5C, and he gives
a semantics for this in terms of a quaternary relation R. If S is a set of possible
worlds, the relation R is R C S x p(S) X p(S) x S, i.e., R relates a possible world
s, a set of possible worlds 01, a set of possible worlds ()2, and a possible world ¢.
Intuitively, s is the possible world at which the sentence (4 5C is being evaluated,
@1 is the set of possible worlds in which the sentence A is true, 2 is the same but
in relation to the sentence B, and t is a possible world accessible from these via the
relation R. The idea is that for [J4 5C to be true at s, C should be true at all such ¢.

Spelling this out, for an arbitrary sentence A, let | A| be the set of worlds in which
the sentence A is true. This is a standard way of representing a proposition expressed
by a sentence. Then the pair (|Al,|B|) determines the binary relation R4 5)
which holds between s and ¢ just when (s, |Al,|B|,t) € R. 04 5C is then a kind of

)

8Do not be confused by the term “strict implication lattice” (or “strimpla”) that Maksimova
uses in this paper. “Strict implication” is the English translation of the Russian term used to
translate Ackermann’s “strenge Implikation.” Anderson and Belnap translated this into English as
“rigorous implication” to avoid a confusion with Lewis’s “strict implication” (which is a necessary
material implication, requiring no connection between antecedent and consequent).

¥The R strimplanas are closely related to Dunn’s De Morgan monoids mentioned above.

20Ghe also cites Meyer’s [43] as containing a similar proof of the conservative extension result
for R/R+. It is interesting that Meyer did not prove this for E/E+ and it would seem to suggest
that Routley and Meyer as yet did not have a completeness theorem for E with respect to their
semantics.
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relativized necessity operator, whose binary accessibility relation is determined by
the propositions expressed by A and B.

(1) sk DAJgC iff Vvt (8R<|A|7|B|>t =te |C‘)

Gabbay introduces a ternary logical operator I+ so we can write A, B I+ C instead
of 0 48C. The satisfaction clause for this ternary operator (given in (2)) naturally
uses the quaternary relation.

(2) sE (A1, A2 IF B) iff for all ¢, such that (s, |A1|,|A2|,t) € R, t E B.

The simplest way to obtain an n-place relation R~ from an n + 1-place relation
R is to ignore one of the arguments; e.g., we can reduce R*zyy'z to R™xyz (where
R~ is ternary) by omitting y’. Gabbay does something similar—by ignoring |As|,
he in effect, simplifies the ternary operator A, As IF B to a binary operator A; — B
with the satisfaction clause (3).

(3) sE(A— B) iff forallt, such that (s,|Al,t) € R, t E B.

There is still some symbol pushing left to do. Let us define R’ so that R'sat iff
both (s,|Al,t) € R~ and a € | A|, i.e., a E A. It is now straightforward to show that
the clause above is equivalent to that in (4).

4) sk A— B iff forallt, if a F A and R'sat, then t = B.
(4)

This at least has the superficial form of the satisfaction clause for implication in
the Routley—Meyer semantics. We say “superficial” because it has hidden within it
the fact that the relation R’ depends upon the proposition |As|.

Communications with Gabbay have established that he worked out this semantics
while teaching a course called “63B Modal Logic” at Stanford University during the
Winter Term, January 4-March 25, 1971. In an email (6/10/2016) he wrote:

1. The whole course was devoted to the conditional and the results
were obtained while teaching it.

2. So after the course, time was needed to write the paper and more
time to get it typed it with symbols included. This was done in those
days by one secretary in the math dept using an IBM golf ball typewriter.
She did the job for everybody, and there was a queue and one had to
join the queue. So the timeline is correct. Note that the paper 19 was
received by Theoria in Dec 1971.
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Gabbay ends up in the photo finish in a way because it seems he worked out
the idea in the first couple of months of 1971, just like Meyer, and maybe like Fine.
Thus Gabbay’s contribution falls within that magical first several months of 1971,
just like Meyer’s bringing together the contribution by Routley and Meyer, and
Fine’s coming up with his version of the ternary semantics. But he does not really
end up in the photo finish because his contribution is not “relevant” (pun intended).
He was running in another race since he was not focused on relevant implication
but rather on the subjunctive conditional. Also his Theoria paper uses a 4-place
accessibility relation—RxzQ)1, Q2y, where x and y are possible worlds, and (); and
Qo are sets of worlds—mnot a ternary one. It does contain a ternary relation as a
special case, say when you ignore ()2, but as we saw above this seems to give only
superficially the Routley—Meyer method of evaluating conditionals.

Incidentally, this semantics is reproduced in Gabbay’s 1976 book [26], which also
contains a ternary semantics for relevance logic. Footnote 8 on page 301 credits the
idea of using a ternary relation to Scott, saying that it “first occurred to Scott in
196472 Tt goes on to say that “It was found independently and widely applied by
R. Routley, R. Meyer, A. Urquhart,” and then says to see Anderson and Belnap’s
Entailment, which is listed in the references as “to appear.” In fact, the published
first volume of the Entailment contains no mention of the ternary semantics. It took
vol. 2 to do that though vol. 1 does list the early papers on the semantics by those
whom we mentioned so far.

Some other papers of Gabbay that might be “relevant” (but we think are not)
include [24] and [25]. Section 1 of [24] is titled “General Entailment Type Logics.”
Also, that section does contain Routley—Meyer structures with a ternary relation
(and *) and gives truth conditions for — and ~ in just the way that Routley—Meyer
do. But the Bibliography contains [48], and the Introduction cites this paper (along
with a paper by Dana Scott, and another by Gabbay himself [25]), saying that
the general methods presented are abstracted from these. Because of this citation,
[25] is the other paper that attracted our attention as “perhaps relevant.” At the
first glance, we thought it might well be, because Definition 10 contains the idea of
defining a semantics for an n-ary “modality” 0. But a closer reading reveals that
there is no n + 1-place relation hiding behind the scenes.

So we conclude that despite the fact that Gabbay had some original ideas about
using relational semantics to interpret conditionals, he did not have relevant con-
ditionals as his primary target, rather he was aiming his modeling at subjunctive
conditionals. When he shortly thereafter began to discuss the ternary relational
semantics for relevance logic, he did so while citing the work of Routley and Meyer.

21But it was not published until 1974 in [53]. See footnote 4 above.
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Addendum: Gabbay sent us the following email on 10/18/2016 after reading the
draft above.

I remember in 1968 I wrote a Henkin Type completeness proof for
implicational relevance logic and gave the proof to Y. Bar-Hillel. Bar-
Hillel sent it to Nuel Belnap? (I think and not to Anderson) in a letter
saying (he showed me the letter) “I have this young fellow who can write
a completeness proof for anything.” The proof had to rely on the syntax,
i.e., A — B was a modality on B dependent on A, in modern notation
O4B. So the accessibility relation depended on the syntactical A. 1
never got a response from Belnap via Bar-Hillel. I did not think at the
time this was “Kosher,” and dismissed it.

It did not occur to me that maybe “A” can be identified as a set.

In 1971, T wrote the paper on conditional[s]. There I used dependence
on both A and B, but only because of examples like:

If New York were in Georgia then NY were in the South (Georgia
were in the North),
you need to see both A and B to evaluate. I did not consider relevance
logic, nor Bar Hillel, nor Belnap.

A few days later he warned us that in reading this we should be aware of “the
danger of anachronism. Later time way of thinking applied to the past.” He went
on to say:

Now let us be very accurate.
1. The facts I remember is that there was a proof (correct or not) treating
essentially “A — B” as a modality [A] B.
2. It was sent to Belnap by Bar-Hillel. (Try Anderson archive as well?)
3. This introduced the possibility of dependence on A which, if pursued
technically could lead to certain semantics.
4. T considered this “not kosher.” Bar-Hillel must have sensed something
there, and sent it to Belnap.
5. However, it may have been a preliminary in my mind for treating the
conditional in 1971.

So far neither Gabbay nor we have had any luck locating a copy of Bar-Hillel’s
letter, however, Gabbay sent us a reconstruction of some of his ideas about relevant
implication on 11/02/2016. The following is a sketch that shows the connections to
modality as well as syntax.
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Let us consider the implicational fragment of the logic R. The models are defined
over the set of finite sets of formulas. If I, A are such sets, then R4 is defined as
ARAT iff (' — A) — A is a theorem. Of course, I' — A is a finite set of formulas
itself, let us say {Ci,...,Cy }, and so we let (I' = A) — A be the formula (C; —
-+ (Cp = A)...). The order of the C’s does not matter in the set, nor does in matter
in the formula, because of the permutation axiom (axiom (4)) in R.

The “satisfiability” condition for formulas makes explicit both the role of syntax
and the necessity-like modality. If p is a proposition letter, then AFpiffFg . A —
p. For implicational formulas, we have the next definition with two reformulations.

AEA—B iff VI(ARAT =T E B)
if VI(F('—A)—> A=TEkDB)
if VO(F©® - A= AUBEB)

Then a theorem—which may be viewed as a version of the soundness and com-
pleteness theorem—may be proved. It says that A F A iff H A — A, and requires
that FA - (A — B) it VI'(FT' — A=+ AUT F B), which is true in R_,.

From this sketch, we can get soundness and completeness for R_,, by a straight-
forward induction. However, it seems that extending it to a semantics for E_, would
be difficult, despite entailment being the relevant connective that was thought by
Anderson and Belnap to incorporate some modality.

8 Conclusions

We gave a short overview of how four set-theoretical semantics were proposed for
relevance logics within a few years of each other (Routley—Meyer, Urquhart, Fine,
Maksimova), and how a related semantics was proposed by Gabbay about the same
time for subjunctive conditionals. There is a clear commonality in the starting
point in each case: the aim to provide a set-theoretical semantics for the condi-
tional, and the first four all had the relevant conditional as their target. It is quite
remarkable that logicians on four continents came up with comparable results. Our
presentation—using similar notation and terminology—intends to help making fur-
ther comparisons between the semantics. As we mentioned at the beginning of
Section 2, in our view the most interesting aspect for a comparison of these seman-
tics is whether they model the arrow from a binary operation or a ternary relation.
The ternary relation worked for Routley and Meyer. The binary operation failed
for Urquhart, at least for obtaining a semantics for the whole system R (and for
Routley too in his draft). Fine and Maksimova, in effect, by composing a binary
operation and a binary relation (<) to get a ternary relation achieved the “best of
both.” Gabbay had a different target and came up with a quaternary relation of
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mixed type, that includes a ternary accessibility relation, but again of mixed type
and so not really like the other four semantics.
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Abstract

This paper is a continuation of earlier work by the author on the connection
between the logic KR and projective geometry. It contains a simplified con-
struction of KR model structures; as a consequence, it extends the previous
results to a much more extensive class of projective spaces and the correspond-
ing modular lattices.

Keywords: KR, modular lattices, projective spaces, relation algebras, relevance
logic

1 The Logic KR

The logic KR occupies a rather unusual place in the family of relevant logics. In
fact, it is questionable whether it should even be classified as a relevant logic, since it
is the result of adding to R the axiom ez falso quodlibet, that is to say, (AA—A)— B.
This is of course one of the paradoxes of material implication that relevant logics
were devised specifically to avoid, a paradox of consistency. The other type of
paradox is a paradox of relevance, of which the paradigm case is the weakening
axiom A — (B — A). The surprising thing about KR is that although it contains
the first type of paradox, it avoids the second, contrary to what we might at first
suspect. In fact, it is a complex and highly non-trivial system. The credit for
its initial investigation belongs to Adrian Abraham, Robert K. Meyer and Richard
Routley [13].

The model theory for KR is elegantly simple. The usual ternary relational
semantics for R includes an operation * designed to deal with the truth condition
for negation
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The effect of adding ex falso quodlibet to R is to identify x and x*; this in turn has
a notable effect on the ternary accessibility relation. The postulates for an R model
structure include the following implication:

Rzryz = (Ryxz & Rxz"y").

The result of the identification of x and z* is that the ternary relation in a KR
model structure (KRms) is totally symmetric. In detail, a KRms K = (S, R,0) is a
3-place relation R on a set containing a distinguished element 0, and satisfying the
postulates:

1. ROab < a =b;

2. Raaa;

3. Rabc = (Rbac & Racb) (total symmetry);

4. (Rabc & Rede) = 3f(Radf & Rfbe) (Pasch’s postulate).

The result of adding the weakening axiom A — (B — A) to R is a collapse into
classical logic. The addition of (A A =A) — B does not result in such a collapse —
but is the result a trivial or uninteresting system? This is very far from the case, as
we shall see in the next section.

2 KR and Modular Lattices

Given a KR model structure K = (S, R, 0), we can define an algebra 2((K) as follows:

Definition 2.1. The algebra A(K) = (P(S),N,U,~, T, L,t,0) is defined on the
Boolean algebra (P(S),N,U,—, T, L) of all subsets of S, where T = S, L = (),
t = {0}, and the operator A o B is defined by

AoB={c:Ja€ A3b e B(Rabc) }.

The algebra A(K) is a De Morgan monoid [1], [4] in which aA@ = L, where L is
the least element of the monoid; we shall call any such algebra a KR -algebra. Hence
the fusion operator A o B is associative, commutative, and monotone. In addition,
it satisfies the square-increasing property, and ¢ is the monoid identity:

Ao(Bo(C)=(AoB)oC,
AoB=DBoA,
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(ACBACCD) = AoCC BoD,
AC Ao A,
Aot =A.

In what follows, we shall assume basic results from the theory of De Morgan monoids,
referring the reader to the expositions in Anderson and Belnap [1] and Dunn and
Restall [4] for more background. We have defined KR-algebras above as arising
from De Morgan monoids by the addition of the axiom a A@ = 1. However, we
could also have defined them using the construction of Definition 2.1, since any
KR-algebra can be represented as a subalgebra of an algebra produced by that
construction. This is not hard to prove by using the known representation theorems
for De Morgan monoids — see for example [19]. KR-algebras are closely related
to relation algebras. In fact, they can be defined as square-increasing symmetric
relation algebras — for basic definitions the reader can consult the monograph [12]
by Roger Maddux.

In a KR-algebra, we can single out a subset of the elements that form a lattice;
this lattice plays a key role in the analysis of the logic KR.

Definition 2.2. Let 2 be a KR-algebra. The family £(2() is defined to be the
elements of 2 that are > ¢ and idempotent, that is to say, a € L(2) if and only
ifaca=aandt <a If Kisa KR model structure, then we define £L(K) to be
LAK)).

The following lemma provides a useful characterization of the elements of £(2l);
it is based on some old observations of Bob Meyer.

Lemma 2.3. Let A be a KR-algebra. Then the following conditions are equivalent:
1. a € L(A);
2. a=(a—a);
3. dbla = (b—b)].
Proof. (1 = 2= 3): Since t < a, we have t < (a — a) — a, t o (a = a) < a, hence
(a—a) <a. Since aoa < a,a< (a—a),soa=(a— a), proving the second and
hence the third condition.

(3 = 1): First, we have t < (b—b) = a. Second, (b—b) < (b—b) — (b—b), so
(b—b)o(b—b) < (b—10), that is to say, aoca < a,so aoa =a. O
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If £ = (S, R,0) is a KR model structure, then a subset A of S is a linear subspace
if it satisfies the condition

(a,b € AN Rabc) = ce€ A.
A lattice is modular if it satisfies the implication
x>z = xzAN(yVvVz)=(xAy)Vz.

For background on modular lattice theory, the reader can consult the texts of
Birkhoff [2] or Grétzer [7].

We require a few basic lattice-theoretic definitions here. A chain in a lattice L
is a totally ordered subset of L; the length of a finite chain C is |C| — 1. A chain
C in a lattice L is mazimal if for any chain D in L, if C C D then C' = D. If L is
a lattice, a,b € L and a < b, then the interval [a,b] is defined to be the sublattice
{c:a<c<b}.

Let L be a lattice with least element 0. We define the height function: for a € L,
let h(a) denote the length of a longest maximal chain in [0,a] if there is a finite
longest maximal chain; otherwise put h(a) = co. If L has a largest element 1, and
h(1) < oo, then L has finite height.

Let L be a modular lattice with 0 of finite height. Then for a € L, h(a) is the
length of any maximal chain in [0, a]. In addition, the height function in L satisfies
the condition

h(a) + h(b) = h(a Ab) + h(a V b),

for all a,b € L. For a lattice of finite height, this last condition is equivalent to
modularity. These results are proved in the text of Gréatzer [7, Chapter IV, §2].

Lemma 2.4. If K is a KR model structure, then the elements of L(K) are exactly
the non-empty linear subspaces of K.

Proof. The lemma follows from the definition of A o B and the fact that Raa0 and
Raaa hold in any KR model structure. O

Theorem 2.5. If 2 is a KR-algebra, then L(2), ordered by containment, forms
a modular lattice, with least element t, and the lattice operations of join and meet
defined by a Ab and aob.

Proof. The fact that £(2() forms a lattice, with A as the lattice meet and o as the
lattice join, can be proved from the basic properties of De Morgan lattices.
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We now prove modularity; in the following computation, we use juxtaposition ab
for meet a A b, and @ for the Boolean complement. Note that aV b is the extensional
(Boolean) join, not the lattice join in £(2A). If a > ¢, then

a(boc) = a[(baVba)oc]
= al(baoc)V (baoc)
< al(baoc)V (aoa)
= a(ba oc)Vaa
< abo

The opposite inequality abo ¢ < a(bo ¢) follows from the lattice properties of £(2l),
so a(boc) = aboc. In the fourth line above, the equation @ o a = @ follows from
Lemma 2.3, since for a € L(A),a=a—a,s0a=a—a=aoa. O

Theorem 2.5 is closely related to Theorem 2.18 of Chin and Tarski [3], [14, p. 268].
The result also appears in a paper of Jénsson [9] from 1959. The result of Chin and
Tarski appears somewhat more general than Theorem 2.5 since it does not rely on
the square-increasing postulate. However, an examination of the proof above shows
that this postulate is not used in the proof, and in fact, the calculation goes through
in a more general class of algebras — see, for example, Lemma 5.5 of [18].

The preceding theorem shows that there is a modular lattice canonically asso-
ciated with any KR-algebra. It is natural to ask the question: how general is this
construction? That is to say, which modular lattices arise in this way? In earlier pa-
pers [15, 16, 17], I provided a partial answer to this question by showing that a very
large family of modular lattices, closely connected with classical projective geome-
tries, can be represented as the lattices £(K) associated with KR model structures.
This construction made possible the solution of some long-standing problems in the
area of relevance logic, particularly those of decidability and interpolability.

The lattices arising from projective spaces, however, are of a rather special type,
and the construction given in my earlier work does not make clear whether more
general modular lattices can be represented. In this section, I give a very simple
construction for KR model structures showing that any modular lattice can be
represented as a sublattice of a lattice L(K). The earlier representation of geometric
lattices can be obtained as a direct corollary of this construction, as is shown in
Section 4.

Definition 2.6. Let L be a lattice with least element 0. Define a ternary relation
R on the elements of L by:

Rabc & avb=bVc=aVe,
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bvec

anc

Figure 1: 915: The five-element non-modular lattice

and let (L) be (L, R,0).
Theorem 2.7. K(L) is a KR model structure if and only if L is modular.

Proof. The first three postulates for a KR model structure follow immediately from
the definition of R, using only the fact that L is a lattice. Now assume that L is
modular; we need to verify the last postulate (the Pasch postulate). Assume that
Rabc and Rcde, that is to say, aVb=bVc=aVcand cVd=cVe=dVe.
Define f = (aV d) A (bV e). We need to show that Radf and Rfbe, that is to say,
aVf=aVd=dV fandbV f=bVe=eV f. We compute

aVf = aViaVvd) A(DVe) (1)
(avVd)AN(aVbVe) (2)
(aVd)A(aVeVe) (3)
(aVd)A(aVeVd) (4)

= aVd, (5)

where the equality (2) follows by modularity. The remaining three equalities follow
by an exactly symmetrical argument.

For the converse implication, assume that the Pasch postulate holds, but L is not
modular. Then L has a sublattice isomorphic to 95, the five-element nonmodular
lattice (see Figure 1). In M5, we have R(a,c,aVc) and (bVe, b, c). Since aVe=0bVe,
it follows by the Pasch postulate that there is an f so that R(a,b, f) and R(f,c,c).
Then f <aVf=aVb=a,and f < fVec=cVec=c¢ s0of <aAc Thus
bV f<bV(aAc); hence,a <aVb=0bV f <bV(aAc)=Db, contradicting a >b. O

In Definition 2.6, if a, b and ¢ are distinct points in a projective space, then Rabc
holds if and only if the three points are collinear. Hence, the defined ternary relation
can be considered as a generalized notion of collinearity that applies to any elements
in a modular lattice.
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Definition 2.8. If L is a lattice, then an ideal of L is a non-empty subset I of L
such that

1. Ifa,be I thenaVbel;
2. If be I and a < b, then a € I.

The family of ideals of a lattice L, ordered by containment, forms a complete
lattice I(L). The original lattice L is embedded in I(L) by mapping an element
a € L into the principal ideal containing a, (a] = {b: b < a}. It is easy to verify
that the mapping a — (a] is a lattice isomorphism between L and a sublattice
of I(L).

Theorem 2.9. Let L be a modular lattice with least element 0, and K(L) = (L, R, 0)
the KR model structure constructed from L. Then L(K(L)) is identical with the
lattice of ideals of L.

Proof. We need to show that the non-empty linear subspaces of IC(L) are exactly
the ideals of L. Let S C L be a non-empty linear subspace of L. If a,b € S, and
aVb=c, then Rabc,soc € S. If a < band b € S, then Rbba, so that a € S, showing
that S is an ideal. Conversely, assume that .S is an ideal of L. By definition, S is
non-empty. If a,b € S and Rabc, then aVb=aVce S,soce S, sincec<aVe 0O

Corollary 2.10. Any modular lattice of finite height (hence any finite modular
lattice) is representable as L(K), for some KR model structure K. In addition,
any modular lattice is representable as a sublattice of L(K), for some KR model
structure IC.

The preceding theorem and corollary constitute a general representation theory
for modular lattices. Faigle and Herrmann [5] provided a related representation
theorem for modular lattices of finite height. They define a set of axioms for a
projective geometry as an incidence structure on partially ordered sets of “points”
and “lines,” and show that every modular lattice of finite length is isomorphic to
the lattice of linear subsets of some finite-dimensional projective geometry.

3 Anticipations of the Main Construction

The construction of Definition 2.6 is very simple and natural, and it is not surprising
that it has occurred earlier in the mathematical literature. In a paper of 1959 [9,
p. 463], Bjarni Jonsson asked whether every modular lattice is isomorphic to a lat-
tice of commuting equivalence elements of some relation algebra. His question was
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answered affirmatively by Roger Maddux in a paper published in 1981 [11]. The
construction that he used to answer Jénsson’s question is the same as that of Defi-
nition 2.6; his paper also contains a version of Theorem 2.9. Maddux’s monograph
on relation algebras also describes the construction [12, pp. 501-502].

A surprising anticipation of Maddux’s construction can be found in a paper by
D. K. Harrison [8] published in 1979. Harrison defines a Pasch geometry (also known
as a multigroup) to be a set A with a distinguished element e and a ternary relation
A defined on A satisfying four postulates. His first postulate is:

For each a € A, there exists a unique b € A with (a,b,e) € A; denote b
by a*.

In Harrison’s terminology, a KR model structure is a Pasch geometry in which
a? = a, for all a € A. Proposition 8 of his paper shows that if the construction
of Definition 2.6 is applied to a lattice L with least element e, then the resulting
structure (L, A, e) is a Pasch geometry if and only if L is modular. The second part
of Theorem 2.7 above is adapted from Harrison’s proof of his Proposition 8.

4 KR and Projective Spaces

In an earlier paper [15], I showed that there is a close connection between KR
and projective geometry. More precisely, I proved that every lattice arising from
a broad class of projective spaces can be represented as L(K) for some KR model
structure K. The proof proceeded by a direct construction of a model structure from
a projective space; the construction is essentially the same as that given earlier by
Roger C. Lyndon [10] to produce examples of non-representable relation algebras.
In the 1983 paper [15], the construction is only sketched; my paper on interpolation
from 1993 [17] contains a full exposition.

The present section gives a new proof of the earlier results, based on Theorems 2.7
and 2.9. Before giving the proof, we need some definitions and results relating to
projective spaces and the lattices that arise from them; they are adapted from the
text of Gratzer [7, Chapter IV, §5].

Definition 4.1. Let A be a set and L a collection of subsets of A. The pair (A, L)
is a projective space iff the following properties hold:

1. Every [ € L has at least two elements;

2. For any two distinct p, ¢ € A, there is exactly one [ € L so that p,q € [;
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Figure 2: The Pasch Postulate

3. Pasch Postulate: For a,b,c,d,e € A and ly,ls € L satistying a,b,c € [ and
c,d,e € ls, there exist f € A and l3,l4 € L satisfying a,d, f € I3 and b, e, f € 4.

We call the members of A points and those of L lines. For p,q € A, p # q, let
p + q denote the unique line containing p and ¢; if p = ¢, set p+ ¢ = {p}. Apart
from degenerate cases, the Pasch Postulate states that if a line b 4 e intersects two
sides, a+ ¢ and ¢+ d of the triangle { a, ¢, d }, then it intersects the third side, a + d;
see Figure 2.

If L is a lattice with least element 0, then a € L is an atom if h(a) = 1. An
element a of a complete lattice L is compact if and only if ¢ < \/ X for some X C L
implies that a < VY for some finite Y C X.

Definition 4.2. A lattice L is a modular geometric lattice iff L is complete, every
element of L is a join of atoms, all atoms are compact, and L is modular.

A subset X of the set of atoms of a projective space is a linear subspace iff
p+ q C X whenever p,q € X.

Theorem 4.3. The linear subspaces of a projective space form a modular geometric
lattice, where ANB =ANDB and

AVB=|J{a+b:acAbeB}.
Proof. See Grétzer [7, Chapter IV, §5, Theorem 5]. O

The construction of a modular geometric lattice from a projective space can be
reversed. Given such a lattice L, define a geometry G(L) by defining the points to
be the set of atoms of L, while the lines are the elements of L with height 2.
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Theorem 4.4. If L is a modular geometric lattice, then G(L) is a projective space,
and L is isomorphic to the lattice of linear subspaces of G(L).

Proof. See Gritzer [7, Chapter IV, §5]. O

The two preceding theorems show that there is an exact correspondence between
projective spaces and modular geometric lattices.

Lemma 4.5. Let L be a modular geometric lattice. Then the set F' of elements of
L of finite height is an ideal of L, and every element of I is a finite join of atoms.
L is isomorphic to I(F), the lattice of all ideals of F'.

Proof. See Grétzer [7, Corollary 2, p. 179]. O

Theorem 4.6. Let L be a modular geometric lattice. Then L is isomorphic to L(KC),
for some KR model structure IC.

Proof. Let F' be the family of elements of L of finite height. Then F' forms a
modular lattice, so we can construct a KR model structure C(F') by Definition 2.6.
By Theorem 2.9 and Lemma 4.5, L is isomorphic to L(K(F)). O

Figure 3: The Fano Plane

The preceding theorem includes the results of [15], but in fact goes further,
because the earlier results omitted certain projective spaces and the corresponding
geometries. In particular, the construction of KR model structures in my 1984 paper
required that the underlying projective spaces have at least four points on each line
(the construction of Lyndon [10] has the same restriction). This restriction means
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that the important special case of geometries constructed from the two-element field
are not represented. In particular, the best known example of a finite geometry, the
Fano plane (Figure 3), is not included in the family of lattices represented in the
construction of [15]. The present construction is not only much simpler, but includes
these geometries in its scope.

Roger Maddux has reminded me of the fact that Lyndon does treat the case
of geometries over the two-element field, though only as an aside [10, p. 24]. The
difficulty in the case of the two-element field arises from contraction. If we assume
the second postulate in the definition of a KR model structure, Raaa, then there
are not enough points on a line to validate the Pasch postulate. If we omit this
postulate, though, we can construct models for contraction-free logics, following
Lyndon’s method.

5 An Application, a Problem and Acknowledgments

The simple construction of this paper indicates that further results about KR and
other relevant logics can very likely be obtained by adapting ideas from the well
developed and deep theory of modular lattices. As a minor application illustrating
these possibilities, we show that if 2A(G) is a KR-algebra freely generated by G, then
there is a set G* C L(A(G)) so that G* freely generates a sublattice of L(2A(G)).
No doubt other such applications can be found, and we include as an open problem
another possible use for the construction.

Theorem 5.1. Let 2 be a KR-algebra, and G o subset that freely generates . If
G*={a—a:a€G}, then G* freely generates a sublattice of L(A).

Proof. Let L be the sublattice of £(2) generated by G*. If M is a modular lattice
with least element 0, and f: G* — M a function from G* to M, then we need to
show that f can be extended to a lattice homomorphism from L to M.

Using Definition 2.6, we can define the KR model structure C(M), and hence by
Definition 2.1, the KR-algebra B = A(K(M)). For a € G, define g(a) = f(a — a).
Since G freely generates 2, g can be extended to a homomorphism h from 2 to
B. By Theorem 2.9, £(*8) is identical with the lattice of ideals of M, so that we
can identify M with a sublattice of £L(8) by the embedding a = (a] that maps an
element a € M into the principal ideal generated by a.

For a € G*,let a =b— b, for b € GG. Then

h(a) = h(b - b) = h(b) = h(b) = g(b) = g(b)
= f(b—b) = f(b—b) = f(a) > f(a) = J(a).
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Thus, h restricted to L is a lattice homomorphism from L to M extending f, showing
that G* freely generates L. O

Corollary 5.2. In the logic KR, there are infinitely many distinct formulas built
from the formulas p—p,q— q,7 — 1 and s — s using only the connectives A\ and o.

Proof. Theorem 5.1 shows that the formulas p — p,q — ¢, — r and s — s generate
an algebra of formulas isomorphic to the free modular lattice on four generators.
This algebra is infinite [2, p. 64]. O

Beth’s theorem equating implicit and explicit definability is known to fail in
many of the well known relevant logics such as R. However, the proof of this result
[20] depends on the fact that classical Boolean negation is missing from these logics,
and so does not apply to KR.

Problem 5.3. Does Beth’s definability theorem hold in the logic KR?

The construction of this paper suggests a way to attack this problem. The
algebraic counterpart of the Beth definability theorem in a variety of algebras is
the property that epimorphisms are surjective. Ralph Freese [6, Theorem 3.3] has
shown that this property fails in the category of modular lattices and lattice homo-
morphisms. Consequently, a possible strategy to attack this problem would be to
adapt Freese’s proof to the algebra of KR.

This paper was presented at a special session on algebraic logic (organized by
Nick Galatos and Peter Jipsen) at the regional meeting of the AMS in Denver, Octo-
ber 2016. At my talk, Roger Maddux told me of his earlier work on the construction
of §2; I am indebted to him for his comments on this paper, and for providing the
list of references in §3.
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CUT-ELIMINATION IN RM PROVED SEMANTICALLY
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Abstract

A purely semantic proof is presented for the admissibility of the Cut rule in
the hypersequential Gentzen-type system for RM.

Keywords: cut admissibility, hypersequents, relevant logics, semi-relevance, Sugi-
hara matrices

1 Introduction

There are essentially two main approaches to proving cut-elimination for a given
Gentzen-type system G. One is Gentzen’s original proof-theoretic method (from
[12]). The other is semantic; one shows that the system without the Cut rule is
complete for some semantics for which the full system (that is, the system with the
Cut rule) is sound. The first method has the advantage that it usually provides an
algorithm for converting a proof with cuts to a cut-free proof of the same sequent. In
contrast, the semantic method only guarantees the admissibility of Cut, but usually
does not provide a clue how to extract a cut-free proof from a given proof that
contains cuts. On the other hand, the proof-theoretic method is notoriously difficult
to verify, and very error-prone. Due to his very bad experience with mistakes in
syntactic proofs of cut-elimination (of himself and of others), the author of this
paper tends in recent years to trust semantic proofs of cut-elimination much more
than he trusts syntactic ones, to the point in which he simply does not believe a
cut-elimination theorem for some system if only syntactic proofs are known for it.
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What was said above is particularly true for hypersequential Gentzen-type sys-
tems (that is, Gentzen-type systems which employ hypersequents rather than ordi-
nary sequents).! A good example is provided by the original proof of cut-elimination
for GRM (the hypersequential system for RM) in [3]. That proof is extremely
complicated (and its author himself, who is thirty years older now, cannot read it
anymore), practically impossible to be fully checked, and at best looks correct (as
the referee of that paper has said in his/her review). To be confident of the validity
of this theorem, this paper presents a new, semantic proof of it. Though one cannot
claim it is very simple, its main advantage is that it leaves no gaps, and can be (and
has been) fully checked to the last detail.

2 The Logic RM and its Characteristic Matrix

The semi-relevant logic RM was introduced by Dunn and McCall (see e.g., [1, 11] for
more information about RM, its history and motivation). It was later extensively
investigated by Meyer and Dunn. As noted in [11], it is “by far the best understood
of the Anderson—Belnap style systems.” A recent detailed description of RM and
its properties can be found in [9]. We assume that the reader is acquainted with
RM, and so we review here only material which is needed later in this paper.

In the sequel, £ denotes a propositional language. The set of well-formed for-
mulas of £ is denoted by W(L), and ¢, 1,0 vary over its elements. 7T varies over
theories of £ (where by a ‘theory’ we mean simply a subset of W(L)). We denote
by Atoms the set of atomic formulas of £, and by Atoms(¢) (Atoms(7)) the set of
atomic formulas that appear in ¢ (in formulas of 7).

Definition 2.1. Let £ be a propositional language.
e A matrixz for L is a triple M = (V, D, O), where

— V is a non-empty set of truth values;
— D is a non-empty proper subset of V (the designated elements of V);
— O is a function that associates an n-ary function Spq: V* — V with every

n-ary connective ¢ of L.

We say that M is (in)finite, if so is V.

'This type of systems was first introduced in [15], and independently in [3]. Since then the
framework of hypersequential calculi has been applied to many logics of different sorts ([7]). In
particular, it is the main framework for the proof theory of fuzzy logics ([14]).
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o Let M = (V,D,0) be a matrix for L. An M-valuation for £ is a function
v: W(L) — V such that for every n-ary connective ¢ of £ and every ¢1, ..., 1,

in W(L), v(o(t1,- -, 9n)) = Sp(v (1), - v(¢hn)).

e An M-valuation v is an M-model of a formula v, or v M-satisfies 1 (notation:
vEM W), if v(Y) € D. We say that v is an M-model of a theory T (notation:
vEMT), if it is an M-model of every element of T.

o Let M be a matrix for £. Fay, the consequence relation that is induced by
M, is defined by T Faq ¢ if every M-model of T is an M-model of ¥. We
shall denote by L the logic (£, ) which is induced by M.

Definition 2.2.

e A Sugihara chain is a triple S = (V, <, —) such that V has at least two ele-
ments, < is a linear order on V, and — is an involution for < on V (i.e., for
every a,b € V, ——a =a and —b < —a whenever a < b).

e Let S = (V,<,—) be a Sugihara chain, and let a,b € V.

—a<bifa<banda#b.
— |a] = max(—a,a).
— a <y b iff either |a| < |b], or |a|] = |b| and a < b.
e Let S = (V,<,—) be a Sugihara chain. The Sugihara matriz M(S) is the
matrix (V, D, O) for the language Lryr = {—, A, V, —} in which:
-~ D={aeV:a>—a};
— The functions that O associates with the connectives of Lpp; are the
following:
x S(a) = —a;
* a Ab=min(a,b) and a V b = max(a, b);

* a = b=max<_(—a,b).

Definition 2.3. M(Z) is the Sugihara matrix M((Z, <,—)), where Z is the set of
the integers, < is the standard order relation on Z, and — is the standard involution
on Z. (Note that in M(Z), D ={n € Z: n > 0}.)

Note 2.4. The intensional disjunction + is frequently defined in relevance logics by
© 4+ =gt 7 — 1. Obviously, in M(Z) a + b = max<, (a,b). It is also easy to see
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that the above definition of = in Sugihara matrices is equivalent to the following
original definition of Sugihara ([16]):

. max(—a,b) ifa<b,
a—=b=
min(—a,b) ifa>b.
It easily follows that a = b € D iff a <b.
The following key theorem has been proved by Meyer. (See [9] for a proof.)

Theorem 2.5. If T is a finite theory then T Frwm ¢ iff T Fpaqzy) ¢ In particular,
M(Z) is weakly characteristic for RM.

The following observation proved in [9] will also be useful in the sequel.

Proposition 2.6. Let S = (V,<,—) be a Sugihara chain, and let a € V. Suppose
that v1 and vy are valuations in M(S) such that the following holds for every atom
p: if max{ |vi(p)|,|v2(p)|} > a, then vi(p) = va(p). Then for every formula ¢, if
max{ [1(p)], [ra(p)| } = a, then vi(p) = va(p).

Another important fact from [9] that we need (originally proved in [2]) is that
RM has an implication respecting the classical-intuitionistic deduction theorem.

Definition 2.7. ¢ D ¢ =4t (¢ — ¥) V 1.

Proposition 2.8. T Frye DY iff T, o FrMm ¥.

3 The System GRM

Definition 3.1. Let £ be a propositional language. By a sequent for £, we mean in
this paper a construct of the form I' = A, where I', A denote finite sets of formulas.
A hypersequent for L is a non-empty, finite multiset of sequents.

Notation 3.2. In the sequel, I', A, and ¥ vary over finite sets of formulas, s varies
over sequents, and G varies over hypersequents. We denote by s1 | so | -+ | s, the
hypersequent (that is, a multiset) whose elements are s1, Sa, ..., Sp.

Figure 1 presents a hypersequential Gentzen-type proof system GRM for RM.
I', A denote finite sets of formulas. The short names [EC], [EW], [Mi], and [Sp| stand
for External Contraction, External Weakening, Mingle, and Splitting, respectively.
The next proposition provides several useful properties of GRM.
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Axioms: G|y =

Logical rules:

GII'=Ap Glp,I'=A
] S B
G|—|QO,F$A G|F:>A,_|g0
G|y = Ay G|, Iy = Ay G|T, o= A
[—=] [=—]
G|T1,To,0 = = A1, A GIT=A0—1
=] G| p=A G|T,¢=A
GllLony=A G|T,pAyp=A
G|T= A, G|I'= A,
=] | v | 0
G|T=ApA0
G|T,p=A G|T,9v=A
V=] -
[T,V = A
=] G|T=Ap G|T=A
G|T=A¢pVY) G|T=ApVY
Structural rules:
G|s|s G
[EC] [EW]
Gls G|s
[S] G|F1,F2:>A1,A2 [M} G|F1:>A1 G|F2:>A2
i
P G|F1:>A1‘F2:>A2 G’Fl,F2:>A1,A2
G|T'1 = Ay, Gl I's = A
(Cut] | T 1, | o, T2 2

G|T'1,T2= Ay, Ay

Figure 1: The proof system GRM

Proposition 3.3.

1

2
3

[ TN

. FGRMG‘—!()O,F#A

. FGRMG|F:>A,—|QO

@ﬁ FGRMG‘F:>A,QO.

lﬁ l_GRMG ‘ QO,P:>A.

R G T = A0 = iff Farm G|, T = A1

. FGRMG‘(p/\w,F#A

. FGRMG|F$A,QOA1/J

Zﬁ FGRMG‘LP,F#A"Lﬂ,FéA.

iff '_GRMG|F:>A,QO and FGRMG|F:>A,1/).
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6. FGRMG|90\/1/),F:>A Zﬁc FGRMG|(,0,F:>A and FGRMG|’¢,F:>A.

7. FGRMG‘F=>A,§O\/’¢ Zﬁ FGRMG|F=>A,()0‘F=>A,¢.

Proof. We show the last item as an example, leaving the others to the reader. One
direction is easy; G | I' = A, pVp isderived in GRM from G |I'= Ao | ' = A9
by using two applications of [= V], followed by an application of [EC]. For the
converse, note that ¢ = 1 | ©» = ¢ can be derived from ¢ = ¢ and ¥ = 1 using
[Mi] and [Sp|, and then ¢ V¢ = 9 | ¢ V¢ = ¢ can be derived from these three
sequents by using two applications of [V =]. A cut on ¢ V ¢ of this sequent and
G|T=ApViyields G| oV = ¢|I = A¢. Another cut on ¢ V 9 of this
last sequent and G |I' = A,V yields G | G | T = A, ¢ | I' = A, 1. From this
G|T'= A,p|I'= A, ¢ can be derived using applications of [EC]. O

Note 3.4. Proposition 3.3 can be used for reducing the provability of a hypersequent
G to the provability of a finite set of hypersequents, the components of each have only
atomic formulas on their right-hand side, and only atomic formulas or implications
on their left-hand side.

Next we turn our attention to the semantics of the hypersequents of GRM.
Definition 3.5. Let v be a valuation in M(Z).
e Let I' = A be a non-empty sequent. Define

— dy(T' = A) =gr max{ |[v(¢)|: p e TUA}
d,(I' = A) if Jpel(v(p)=—d,(I'=A)),
—v(l=A)=4d, (T = A) if e Av(y)=4d,(T = A)),
—dy,(I' = A) otherwise.
e We say that v is a model of a sequent I' = A (in symbols, v E "' = A), if either
I' = A is empty and there is an atom p such that v(p) =0, or I' = A is not

empty and v(I' = A) > 0 (i.e., there is ¢ € I' such that v(¢) = —d,(I' = A),
or ¢ € A such that v(¢) = d,(I' = A)).

e We say that v is a model of a hypersequent G (in symbols, v F G), if v is a
model of at least one component of G.

Definition 3.6 (RM-validity of hypersequents). A hypersequent G is RM-valid if
every valuation in M(Z) is a model of G.
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Note 3.7. Let the translation og of s = ¢1,...,¢n = ¥1,..., ¢, (where n+k > 0)
be the sentence -1 + -+ + =@, + 91 + -+ - + 9, and let the translation og of a
hypersequent G be the V-disjunction of the translations of its components. It is
easy to check that v E G iff v E og. In particular, if ¢ is a sentence then v E ¢
iff v F = ¢. Hence, = ¢ is RM-valid iff ¢ is valid in M(Z). By Theorem 2.5, this
implies that = ¢ is RM-valid iff Frm .

Proposition 3.8 (Soundness of GRM). Let G be a hypersequent in L.
If Fory G, then G is RM-valid.

Proof. Using an induction on the length of proofs, we can prove something stronger,
namely, that if G follows in GRM from a set S of hypersequents, then every model
v (in M(Z)) of all the elements of S is also a model of G. For this, we need to show
that all axioms of GRM are RM-valid, and that if a valuation v in M(Z) is a model
of all premises of some application of a rule of GRM, then it is also a model of the
conclusion of that application. This is straightforward but tedious, so we omit the
details. We only note one case that requires special attention. An application of the
cut rule in the unusual case in which both of the contexts I'1 = Ay and I's = Ay
are empty. In that case, G | = is derived from G | = ¢ and G | ¢p=. Let v be a
model of the premises. Then either it is a model of some component of G, in which
case it is a model of G | = too, or it is a model of both = ¢ and ¢ =-. The latter is
possible only if v(¢) = 0. A necessary condition for this is that v(p) = 0 for some
atom p € Atoms(p). Hence, in that case v is model of =, and so also of G | =. [

4 Completeness and the Admissibility of Cut

In this section, we simultaneously show that GRM is also complete, and that the
cut-elimination theorem holds for it. We do this by constructing a refuting M (Z)-
valuation for every hypersequent G that does not have a cut-free proof in GRM.
This is done by first extending G to a hypersequent G*, for which a refuting valuation
v can be constructed in stages from its components and formulas. For this, we define
a strictly decreasing (and so finite) sequence of natural numbers ki, ko, . .., ky, and
a corresponding sequence vy, o, . .., Uy, of partial valuations. The desired v is vy,
the last element of the latter sequence. The construction of k; and v; is done in a
way that ensures that v; has the following properties for each i (1 <i < m):

1. If ¢ < m, then v;;; is a proper extension of v;;

2. if v(yp) is defined, then k; < |v(¢)| < ki;
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3. every component of G* which contains a formula ¢ such that v;(¢) is defined
is necessarily refuted by any M (Z)-valuation which extends v;.

Let us turn to the details.
Notation 4.1. l—g ry G means that G has a cut-free proof in GRM.
Lemma 4.2. If 3 # () and Atoms(TU A) C %, then by, 5,7 = A, 3.

Proof. Induction on the complexity of I'UA. The base case, where ['UA consists of
Atoms, is proved using the Mingle rule. The induction steps are straightforward. [

Definition 4.3. A hypersequent G is mazximal, if }‘gRM G but I—gRM G | s when
e s consists only of subformulas of formulas in G;
e s is not a component of G.

Lemma 4.4. If }‘gRM G, then G can be extended to a maximal hypersequent G*.

Proof. This follows from the fact that the number of hypersequents which consist
only of subformulas of formulas in G is finite. O

Definition 4.5. Let v be a partial function from Atoms to Z. We call v a k-
semivaluation, if the following two conditions are satisfied:

1. |v(p)| > k, for every p € Dom(v).
2. If Dom(v) # Atoms, then #(Atoms — Dom(v)) < k.

Note 4.6. If v is a 0-semivaluation or a 1-semivaluation, then v is a full valuation,
i.e., v: Atoms — Z.

Definition 4.7. A valuation v*: Atoms — Z is a k-completion of a k-semivaluation
v, if v*(p) = v(p), for p € Dom(v), while |v*(p)| < k, otherwise.

Definition 4.8. Let v be an I-semivaluation, and let k£ > [. A formula ¢ is a Vl<k—

formula (in symbols, ¢ € VL), if [v*(p)| < k for every I-completion v* of v. ¢ is a
VL, -formula (in symbols, ¢ € v4,), if [v*(p)| > k for every l-completion v* of v.
is a vej-formula (in symbols, ¢ € vo;) or a vs;-formula (in symbols, ¢ € vsy), if it

l<l or Vél—formula, respectively.

isav
Lemma 4.9. Let v be an l-semivaluation, and let k > 1.

1. Every formula is either a Vik—formula or a l/lzk—formula.
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2. ¢ is a Vs, -formula iff |v*(p)| > k for some l-completion v* of v.
¢ is a V. -formula, if [v*(p)| < k for some l-completion v* of v.

3. Let vy and vy be l-completions of v. If ¢ is an Vék—formula, then v1(p) = 1a(p).
Proof. Immediate from Proposition 2.6. 0

Definition 4.10. Let G be a hypersequent, and v be a k-semivaluation. We say
that v is k-adequate for G, if the following conditions are satisfied:

1. If I' = A is a component of G, and I' U A contains some v>j-formula, then
every k-completion of v refutes I' = A.

2. If k = 0 and the empty sequent = is a component of G, then v(p) # 0 for
every p € Atoms.

3. Let ¥ be the set of atoms for which v is not defined. Suppose ¥ # (), and
that I' = A is a component of G which consists only of v g-formulas. Then
Loy Gl o, S = Sfor g el and b, G| S = ,¢ for ¢ € A. (By using
repeated applications of Mingle, this implies that I—gRM G| XTI =A%
whenever IV C T and A’ C A.)

Lemma 4.11. If G is a mazimal hypersequent, and v is a k-semivaluation which
1s k-adequate for G, then v has a k-completion which is not a model of G.

Proof. By induction on k.

The case k = 0 is trivial, since if v is a 0-semivaluation, then v is a full valuation,
and every formula is a vso-formula. Hence, if v is 0-adequate for G, then (by
definition) v is a 0-completion of itself which is not a model of G.

Similarly, the case where £ > 0 and Dom(r) = Atoms is trivial, since in this case
v is a k-completion of itself, every formula is a v>g-formula, and v(p) # 0 for every
p. Hence, the k-adequacy of v implies that v itself is a k-completion as required. It
follows that the lemma is true in the particular case where k = 1.

Now assume that & > 1, and the claim is true for every [ < k. Let v be
a k-semivaluation such that Dom(v) # Atoms, and v is k-adequate for G. Let
I={T;=A;:1<j<m} be the set of all components of G which consist only of
v<p-formulas.

Suppose first that [ is empty (i.e., m = 0). Then every component of G' contains
some vsp-formula, and so every k-completion of v refutes G, by definition of k-
adequacy.

Now assume that I is not empty, and let T'o = Uj<j<, I, Ao = Ui<j<m A5
Suppose that I'g = Ag is not a component of G. Then the maximality of G entails
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that there exists a cut-free proof in GRM of 'y = A¢ | G. By using the Splitting
rule [Sp|, we can get from such a proof a cut-free proof of I | G, and so of G (since
I C G). A contradiction. It follows that I'g = Ag € G. Since this sequent consists
only of v p-formulas, this entails that I'g = Ag € I, and so it is actually the maximal
element of I. Let ¥ be the set of atoms for which v is not defined. Since ¥ # ) by our
assumption, and v is k-adequate for GG, the third item of Definition 4.10 implies that
I—CGfRM ¥, Lo = Ay, X | G. It follows that Y& =% —TynAgis not empty, because
otherwise ¥,y = Ag, ¥ | G is identical to G. Let X(<) =% — %= =¥ NN Ay,
and let | = 1+ (X)), Now 0 < I < k, since (<) is a proper subset of %,
while §(X) < k, because v is a k-semivaluation. Extend v to a semivaluation 7 on
Dom(v) U X(=) as follows:

v(p) if p € Dom(v),
v(p) =<1 if pex® NIy,
—1  if pex® —Ty.

Note that (<) is the set of atoms for which 7 is not defined. It follows that &
is an [-semivaluation, and its definition implies that every l-completion of 7 is a
k-completion of v. Moreover, for every [-completion v* of U and every ¢, either
|v*(p)] >k, or [v*(p)| < 1. Now we show that the following two claims are true for
every ¢ € ['g U Ag and every l-completion v* of U:

(a) If ¢ € T'g, then v*(¢) =1, or ¢ € iy and l_gRM go,E(<) - N | G.
(b) If ¢ € Ay, then v*(¢) = —1, or ¢ € Iy and I—gRM »<) = Z(<),4p | G.

What follows is a proof of these claims by an induction on the complexity of .
We assume that v* is some [-completion of 7, and so also a k-completion of v. By
Lemma 4.9, this implies that |v* ()| <l iff ¢ € iy, and [v*(p)| < k iff p € TL .

¢ €'y, and ¢ is atomic.
Then ¢ € ¥, because v is a k-semivaluation, and so an atom is a vp-formula
iff v is not defined for it. It follows that either ¢ € 2(5) NIy, or ¢ € X(<). In
the first case v*(¢) = [, by definition of . In the second ¢ € U (since ¥ is an
l-semivaluation, and 2(<) is the set of atoms for which 7 is not defined), and
¢, %) = %), Hence, FCGfRM 0, %) = %) | @, by using [Mi] and [EW].

v € Ag, and ¢ is atomic.
Then ¢ € ¥, and so either ¢ € (=) — Ty, or p € (<), In the first case,
v* }gp) = — [, by definition of . In the second case, ¢ € U, and again we have
Fdpy 2 = 29 o | G, by using [Mi] and [EW].
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4 €T, and = .

Then ¢ is a veg- formula and so ¢ is a veg-formula, since |v*(=))| = [v*(¢)|.
It is 1mp0831b1e that I—GRM Iy = Ap, v | G, since otherwise, we would have
got that I—GRM G, by using (- =). It follows that I'y = Ag, ¥ is in G (because
G is maximal), and since it consists only of vi-formulas, necessarily 1 € Ay.
Therefore, we get by the induction hypothesis on v that either v*(¢) = — 1,
or I—CGfRM »(<) = %) 4 | G and 9 € ioy. Hence, either v*(¢) =1, or ¢ € vy
and (using [-=]) I—gRM 0,2 = %) | G

v € Ag, and ¢ = ).
This case is similar to the previous one.

p €lp, and ¢ =0 — Y.

Then ¢ is a vog-formula, and so 1 and o are v.p-formulas, because V¥ ()| =
max{|v* ()], |u (0)|} in this case. It is impossible that both I—GRM P, Lo =
Ay | G and I—GRM Ty = Ag,0 | G, since otherwise, we would have gotten
that I—CGfRM G, by using [~ =-]. Assume e.g., that J’égRM v, To = Ay | G.
Then 1, T’y = Ay is in G (because G is maximal), and since it consists only of
v<j-formulas, necessarily ¥ € T'g. It follows by the induction hypothesis on
that either v*(¢)) = [, or ¥ € v and I—CGfRM Y, %) = %< | G. In the first
case, v*(¢) = [ (since o is a vp-formula, and so |[v*(0)| < 1). In the second
case, we consider the following two subcases:

e Suppose that o ¢ Ap. Then I'y = Ag,o0 ¢ I, and since this sequent
consists only of v g-formulas, Ty = Ap,0 ¢ G. Hence, I—gRM I'y =
Ay, o | G. Using [— =], this and our assumption I—CGfRM Y, () = 29 |
G imply I—gRM 0,2 Ty = Ag, 29 | G. Since, (<) C Ty N Ay, and
p € 'y, we get that I—gRM G. A contradiction. Hence, this subcase is
actually impossible.

e If o € Ay, then by the induction hypothesis, either v*(0) = — [, or o € v
and there is a cut-free proof of 2(<) = 2(<) o | G. In the first case, again
v*(p) = I. In the second case, ¢ € v (because Y € U and 0 € D),
and we can get a cut-free proof of ¢, E( ) = (<) | G by applying [— =]
to 1, 2(<) = %< | G and £ = £ 5 | G.

v € Ag,and p =0 — .
Then ¢ is a v.-formula, and so ¥ and o are vp-formulas. It is impossible that
I—gRM Toy,0 = Ap, 9 | G, since otherwise, we would have got that I—gRM G by
using [= —|. Hence, I'g,0 = Ag,? is in G, and since it consists only of v -
formulas, necessarily ¥ € Ag and o € I'g. Hence, by the induction hypothesis

615



AVRON

(b) applies to ¥ and (a) to o. If v*(¢) = —1 and v*(0) = [, or v*(¢p) = —1
and |v*(0)| < I, or v*(0) = [ and |v*(¢)| < I, then v*(p) = —1. Otherwise,
b€ ey, 0 € Dy, by, B9 = 29 4 | G and F Ly, 0,39 = 29 | G
It follows that ¢ € 17<l, and I—GRM o, Z( ) = (9 4 | G (using Mingle). B
using [= —|, we get '_GRM ¥ =3 ¢ G,

p€ely, and p =¥ Vo.

It is impossible that I—gRM ¥, To= Ag | G and I—gRM 0,y = Ag | G are both
true, since this would have implied l—g ry G by using [V =]. Assume e.g., that
J’égRM ¥, To = A¢ | G. Then ¢, Ty = Ap is in G. Assume for contradiction
that ¢ € v>j. Then v* refutes ¢, I'y = Ag (since v* is a k-completion of v, and
v is k-adequate). This is possible only if v*(1)) > k, because I'g N Ay C vy,
and so v*(¢,Tg = Ap) = —v*(¢) under our assumptions. But in such a
case, also v*(p) > k, contradicting the fact that ¢ € T'y, and so ¢ € voi. It
follows that 1 € v, hence, ¥, 'y = Ag € I, and so ¥ € ['g. By applying the
induction hypothesw to 1, we get that either v*(¢)) = [, or ¥ € v (and so
lv*(¢)| < 1) and I—GRM ¥, 2(<) = %) | G. In the first case, v*(¢) > I, and
since ¢ € vy, (because ¢ € T'y), v*(¢) = [. In the second case, we consider
the following three subcases:

e Assume that o € vsg. Then either v*(0) > k or v*(0) < —k. In the
first case, also v*(y) > k as well, contradicting the fact that ¢ € v.g. So
v*(0) < — k. Since |[v*(p)| < [ for every p € (<), v*(g, %) = 0(<)) =
—v*(0) > k in this case, and so v* is a model of the sequent o, 2(<) =
»(<). Hence, 0, (<) = 2(<) is not in G (since v is k-adequate for G, v*
is a k- completion of v, and o, »(<) é »(<) contains the v>p-formula o).
It follows that l—é R y 0,2 = B(<) | G. From this and our assumption
that &y ¢, 2 = 5 | G, it follows that F ., ¢, %) = 2 | @
(using [V =]). Moreover, [v*(¢)| < [ because v*(0) < —k < —l while
|v*(¢)| < 1. Hence, ¢ € Uy.

e Assume that v*(0) = [. Then v*(¢) =1 (since |[v*(¢)| < 1).

e Assume that 0 € v and v*(0) # [. Then v*(c) = —1 or [v*(0)| < I
(recall that |[v*(a)| > k or [v*(a)| < I, for every «). In the first case,
v*(p) = v*(¢) and so [v*(¢)| < I. In the second case, our assumption
on v* (1) again implies that |v* ( ) <l It remams to prove that I—GRM

0, %) = %) | G Since FGRM Y, 2 = »(<) | @G, it suffices to
prove that I—GRM 0,2 = %) | G. If o € Ty, this would follow from
our induction hypothesis applied to o, since v*(0) # . If o ¢ T’y then
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0,2 = 29 is not in I, and since we are assuming that o € vy, it
follows that o, 2(<) = %(<) is not in G. Hence, the maximality of G
implies that I—CGfRM 0,2(<) = %) | G in this case too.

=1 Voand p € Ay.

Without a loss of generality, we may assume that v*(o) < v*(¢), and so
v () = v*(¢). Now ¢ € Ag C vy, and so |[v*(¢)| < k. It follows that
lv*(¢)| < k, and so ¢ € vok. Suppose that ¢ ¢ Ag. Then I'g = Ag, ¥ is not
in I, and since this sequent consists only of formulas in v, I'g = Ag, ) is not
in G either. Hence, FgRM Iy = Ag,¢ | G, and so FgRM G (by using [= V]).
A contradiction. It follows that @ € Ag, and so by the induction hypothesis
either v*(¢) = — [, or ¢ € U; and FgRM »(<) = %) 4 | G. In the first case,
v*(¢) = — 1. In the second case, |[v*(¢)| = |v*(¢)| <, and so ¢ € v.;. Using
[= V], that FgRM (<) = %) ¢ | G in this case follows from the assumption
that F&p,, 29 = 2 4 | G.

p=1vY Ao and p €T).
The proof in this case is similar to that in the previous one.

=1 Ao and p € Ay.
The proof is similar to the case where ¢ =1 V o and ¢ € I'y.

This concludes the proof of (a) and (b). Next we show that o is l-adequate for
G. Since | < k, this will end the proof of the lemma by the induction hypothesis for
! (and the fact that any I-completion of 7 is a k-completion of v).

Now the second condition in Definition 4.10 is vacuously satisfied (since [ > 0),
while the third is immediate from (a) and (b), since if I' = A is a component of G
which consists only of 7 j-formulas, then I' C Ty and A C Ag. This follows from
the definitions of I, I'g, and Ay, and the fact that . C Vo = vep.

To show the first condition, assume that v* is an [-completion of 7, ' = A is a
component of G, and 'UA contains some o> ;-formula. If I' = A ¢ I, then v* refutes
I' = A, because v is k-adequate, and v* is a k-completion of v. If I' = A € I, then
I' €Ty and A C Ay, and so (a) and (b) imply that v*(¢) = [ for every ¥>;-formula

¢ € I', and v*(¢) = —1 for every Us;-formula ¢ € A. Now since I' U A contains
some U>;-formula, only such formulas determine whether v* is a model of I' = A or
not. It follows that v* refutes I' = A. O

Theorem 4.12. Let G be hypersequent in Lr. Then either I—gRM G, or G is not
RM-valid.
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Proof. Suppose that }‘gRM G. Let % be the set of atomic formulas which occur
in G, and assume that the number of elements in 3 is n. Let G* be a maximal
hypersequent which extends G (Lemma 4.4). Define v(p) = n + 1 for every p €
Atoms — ¥.. Obviously, v is an n + 1-semivaluation, and if ¢ occurs in G*, then ¢ is
a Veny1-formula such that Atoms(y) C X. These facts and Lemma 4.2 easily imply
(using Fxternal Weakenings) that v is n + l-adequate for G*. Therefore, it follows
from Lemma 4.11 that v has an n + 1-completion v* which is not a model of G*,
and so not a model of G either. Hence, G is not RM-valid. O

Theorem 4.13 (Adequacy of GRM). tgrym G iff G is RM-valid.

Proof. Immediate from Proposition 3.8 and Theorem 4.12. O
Corollary 4.14. Fgry =@ iff FrM -

Proof. Immediate from Theorem 4.13 and Note 3.7. O

Corollary 4.14 shows how GRM can be used to characterize the validity of for-
mulas in RM. The next theorem generalizes it by showing how GRM can be used to
characterize the consequence relation of RM. Since the latter is finitary, it suffices
to treat the case of inferences from finite theories.

Theorem 4.15. Let T = {p1,...,¢n}. Then T Frwm ¥ iff the hypersequent o1 =
Y- | on =1 | =1 is provable in GRM.

Proof. Since D (Definition 2.7) is an implication for RM (Proposition 2.8), and A
is a conjunction for it, 7 Frm ¢ iff FrRM 01 A -+ A @ D 9. By Corollary 4.14,
this is equivalent to Fgrar = @1 A -+ Ay D ¥, which in turn is equivalent to
Ferv 1= 0 |-+ | on = ¥ | =1, by Proposition 3.3 and the Definition of D. [

Theorem 4.16 (Cut-elimination for GRM). If Fgrym G, then G has in GRM a
cut-free proof.

Proof. Immediate from Proposition 3.8 and Theorem 4.12. O

Note 4.17. Theorems 4.12, 4.13 and 4.16 and their proofs can easily be generalized
to derivations from a set of hypersequents. Thus a hypersequent G follows in GRM
from a set S of hypersequents iff every model of § is a model of G. Moreover, the
strong cut-elimination theorem applies to GRM. That is, if S Fgrar G, then there
is a proof in GRM of G from § in which all cuts are on formulas from Jycs FH,
where Fp is the set of formulas (not subformulas!) which appear in some component
of H.
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Note 4.18. We have proved that Fgras ¢ iff FrM ¢ by using the semantics of the
systems. However, it is not difficult to prove it syntactically, by directly showing
that Fory G iff ey o (see Note 3.7), where H RM is the standard Hilbert-type
system for RM (using which RM was actually originally defined. See [1, 11, 9]).

Here are two examples of the use of the cut-elimination theorem for GRM in
order to prove a property of RM.

Example 4.19. Let Z* = Z—{0}. The matrix M(Z*) for Lrys is defined similarly
to M(Z), but with Z* as its set of truth-values. Definition 3.5 can be adapted to
M(Z*) in a straightforward way. It then follows from the definitions that G | = is
valid in M(Z) iff G is valid in M(Z*). Now, it is easy to prove by induction on the
length of a cut-free proof of a sequent of the form G |=| --- | = that such a sequent
is provable in GRM iff G is provable in GRM. It follows that a hypersequent G is
valid in M(Z) iff it is valid in M(Z*). Hence, the weak completeness of RM for
M(Z) (see Theorem 2.5) implies the weak completeness of RM for M(Z*).

Example 4.20. As already noted in [3], Dunn and Meyer’s well-known result that
the disjunctive syllogism is admissible in RM can easily be proved using GRM as
follows. Suppose that Frv —@, and Frv ¢ V . Then Fgry = @, and Farp
= ¢ V1. By Proposition 3.3, this implies that Fgry ¢ = and Fgry = ¢ | = 9.
Using a cut, we infer that Fgra = | = . It follows, by the observation made in
the previous example, that Fgrayr = ¥, and so Frwm ¥.

5 Conclusion and Further Research

The work presented in this paper is a continuation of an ongoing project, whose goal
is to provide semantic proofs of the admissibility of the cut rule in calculi of hyper-
sequents, especially those that are due to the author.? As said in the introduction,
we strongly believe that these proofs are more reliable and easier to be followed and
verified than the original syntactic proofs of cut-elimination for those systems. The
project started in [8], which treats the case of GLC, the hypersequential system for
Godel-Dummett logic (first introduced in [5]).3 We intend next to attack the case
of GRM I (the hypersequential system for the purely relevant logic RMT), which is
described in [4]. We believe that a proof which is similar to the one given here, but
more complicated, should be possible. (Note that our proof here for GRM is itself

2In the case of our hypersequential system for the modal logic S5, such a semantic proof has
already been presented in [6].

3M. Baaz and A. Ciabattoni have discovered an annoying gap in the treatment of V in the
syntactic proof of cut-elimination given in [5]. Their discovery has been the trigger for this project.
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far
see

more complicated than that given for GLC in [8].) Then it will be natural to
to what extent can the method used in this paper be extended to hypersequent

calculi for fuzzy substructural logics (cf. [13]) other than RM, like UML.* (See [14]

for

several such systems.)
Another interesting line of research is to compare the approach taken here to

other semantic completeness proofs for hypersequent calculi, like the general method
of Ciabattoni, Galatos, and Terui in [10]. Note that the latter so far has been
developed only for single-conclusion hypersequent calculi.
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Abstract

It is shown that the classes of Routley—Meyer models which are axioma-
tizable by a theory in a propositional relevant language with fusion and the
Ackermann constant can be characterized by their closure under certain model-
theoretic operations involving prime filter extensions, relevant directed bisimu-
lations and disjoint unions.

Keywords: directed bisimulations, model definability, model theory, prime filter
extensions, relevant logic, Routley—Meyer semantics

1 Introduction

In this note we give a non-classical answer to the question of which classes of
Routley-Meyer models (cf. [20, 19, 17, 18]) can be defined (or, in other words,
axiomatized) in the language of relevant logic. In particular, we give a criterion in
terms of closure under certain model-theoretic operations for a class of Routley—
Meyer models to be axiomatizable.

By a “non-classical answer” we mean that we use constructions intrinsically be-
longing to the Routley—Meyer semantic framework as opposed to more generic ones
like ultraproducts (although we also provide similar answers employing these). A
good general recent reference (with a well-developed duality theory) on the Routley—
Meyer framework and similar relational semantics is [3].

The history of this kind of questions in the setting of non-classical logics seems to
have started with [11], a review by Kaplan of one of Kripke’s foundational papers on
possible worlds semantics. Kaplan asked which properties of the binary relation on
Kripke frames were expressible by formulas of a propositional modal language. Some
years later, an answer to this problem was provided in [8] (Theorem 3) using closure
under “non-trivial disjoint unions” and “SA-constructions” (a construction similar
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to what is also known as ultrafilter extensions). Moreover, the authors also provided
what came to be known as the “Goldblatt—Thomason theorem” (Theorem 8 from
[8]), which gave a characterization of those Kripke frames definable by propositional
modal formulas which were also definable by a first order theory. It involved closure
under subframes, p-morphic images, disjoint unions and reflection under ultrafilter
extensions. The original proof of this theorem was obtained by algebraic methods
via duality theory, but later J. van Benthem showed that it could be established by
direct model-theoretic methods (see the proof of Theorem 3.19 from [4]). Similar
results were obtained for intuitionistic logic in §13-§17 of the, sadly hard to find, [16].
In particular, Theorem 15.3 from [16] established a Goldblatt—Thomason theorem
for intuitionistic logic generalizing the ultrafilter extension construction to prime
filters.

In [16], the author also moved the characterization question to classes of models
rather than just frames and provided a result for intuitionistic logic involving ultra-
products and bisimulations among other things (Theorem 13.8). M. de Rijke later
did a similar thing for arbitrary pointed Kripke relational structures (Corollary 6.2
from [15]) again involving ultraproducts and bisimulations. In [23], Y. Venema
aimed to do away with ultraproducts (an “impure” modal model theoretic construc-
tion) in the case of these characterizations for Kripke models and modal logic. The
replacement was ultrafilter extensions. More recently, [7] provided an analogue to
the main result of [23] for the setting of intuitionistic logic.

Our goal is to generalize the ideas and results from [7] for intuitionistic logic
to another class of logics. This comes to complement — for the particular case of
relevant logic — the sort of results obtained in [2], where a Goldblatt—Thomason
theorem was established for a wide variety of substructural logics (Theorem 7.6)
using co-algebraic methods inspired by [12]. This is why the focus of our paper has
been on classes of models rather than frames —since the latter question has already
been answered.!

The layout of the paper is as follows. In Section 2, we provide some necessary
background regarding relevant languages and the Routley—Meyer framework as well
as how they fit in the more general setting of first order logic. In Section 3, we
introduce the key model-theoretic relations and constructions that will be used in
the paper, namely, relevant directed bisimulations, bounded morphisms, (definable)
prime filter extensions and disjoint unions. We also establish in this section a group
of simple results that would be used latter on. In Section 4, we provide the promised
characterization of axiomatizability or definability using closure conditions under the
model-theoretic dramatis personae introduced in the previous section. Finally, in

We are thankful to the referee who pressed us to clarify this point.
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Section 5, we summarize our work and provide some final observations.

2 Preliminaries

2.1 Routley—Meyer Semantics

We will work with the relevant language L which has a countable set PROP of propo-
sitional variables together with the following logical symbols: L (an absurdity con-
stant), T (a truth constant), v (disjunction), A (conjunction), — (implication), o
(fusion) and t (the Ackermann constant). Formulas are constructed in the expected
manner:

pu=p|LIT|t|~d|dAY|dVvY|d—i]|doy,
where p € PROP. The set of all formulas is sometimes called Fmla(L) in these pages.
A structure M = <WM, RM M OM VM> is called a B°*-model for L, if for any
z,y,z,v € W, letting © <M y abbreviate that there is z € O™ such that RM zxy, we
have that:

(i

x <M g

if <M y and RMyzv, then RM 20,

if 2 <™ y and RM zvzx, then RM zvy;

wM

)

ii)

(iii) if x <M y and RMzyv, then RM zav;
iv)

) if & <My, then y* MMy ;

(v

(vi) = =a*"*".

while VM : PROP — o(W™M) is a valuation function such that for every p € PROP,
VM (p) is upwards closed under the <M relation, that is,

(viii) z € VM (p) and < y implies that y € VY (p). Moreover, we also require that
OM be upwards closed under the <M.

The system known as B°® (essentially Routley and Meyer’s B system with the
appropriate axioms for t, T and L plus the residuation rule between o and —) based
on L is sound and complete with respect to the class of B°*-models (cf. [5]). In this
paper, all models will be B°*-models so sometimes we just talk about “Routley—
Meyer models” or simply “models.”

We define the expression ¢ is satisfied at w in M recursively as follows:
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M, wil- L never,
Mwil-T always,
M,wlFt if weOM,
M,wl-p ifft  weV(p),

M,w |- ~¢ ifft M, w* | ¢,

Mwl-ony iff Mwl-¢and M,w I v,

Mwiovy iff M,wl-¢or M,wl- 1,

M,wl ¢ — 1 iff for every a,b such that RMwab, if M, a |- ¢ then M,b |- 1,
M,wl ¢otp iff there are a,b such that RMabw, M,a |- ¢ and M, b I .

The valuation VM can be extended to a function from all formulas of L to
o(W™M) using this definition. So, V*(¢) will denote the collection of all worlds in
M that satisfy ¢. We will denote by U(<™M) the collection of all subsets of WM
upward closed under the <™ relation.

Now, if M is a model, we will say that a formula ¢ is true in M if for all w e OM
we have that M, w |- ¢. Given a set I' of relevant formulas we will denote the class
of all models where all the formulas in I" are true as Mod(T"). This leads us to the
following definition, fundamental for the purposes of this paper.

Definition 2.1. A class K of Routley-Meyer models is said to be definable or
axiomatizable in a given relevant language L, if there is a set © of formulas of L such
that Mod(©) = K.

2.2 Embedding Relevant Languages into First Order Logic

Take now a first order language (that is, a language with a countable list of indi-
vidual variables z,y, z,... and the following logical symbols: A (conjunction), v
(disjunction), — (boolean negation), > (material implication), 3 (existential quanti-
fier), V (universal quantifier) and (if necessary) = (equality or identity)) that comes
with one function symbol #, a distinguished three place relation symbol R, a unary
predicate O, and a unary predicate P for each p € PROP. We might call this a corre-
spondence language L™ for L. Now we can read a model M as a first order model
for L™ in a straightforward way: W is taken as the domain of the structure, V'
specifies the denotation of each of the predicates P, Q, ..., while * is the denotation
of the function symbol * of L™ (in what follows we will write z* instead of the
customary #(x)), the subset O of W the denotation of the obvious unary predicate
and R the denotation of the relation R of L.

Where t is a term in the first order correspondence language, we write ¢¥/% for
the result of replacing x with ¢ everywhere in the formula ¢. As expected, it is
easy to specify a translation from the formulas of the basic relevant language with
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absurdity (and fusion) into formulas of first order logic with one free variable as
follows:

STy(l) = Rzxzx A —Rzxxx
ST,(T) = Rxxx v —Rxxx
ST,(t) = Ox
ST,(p) = Px
STu(~¢) = =ST,(¢)" /"
STx(‘b A 1/]) = ST$(¢) A STAW
ST:):(¢ vV w) = ST{E(¢) Vv STx(ﬂ))
STy (¢ — 1) = Yy, z(Rxyz A STy(¢)¥/* o STy ())*/*)

STy(porp) = y,z(Ryza A STu(¢)¥* A STy(1)?/*)

In the above, it is worth noting that in ST, (¢ — ) and ST,(¢ 0 ¢), y needs to
be free at the free occurrences of the variable x in the formula ST, (¢) and, similarly,
z has to be free at the free occurrences of the variable z in the formula ST (¢)). This
can easily be arranged by taking y, z to be new variables every time but one can, of
course, also economize by reusing variables.

Next we prove a lemma to the effect that our proposed translation is adequate.
Note that while |- stands for satisfaction as defined for basic relevant languages
with absurdity, = is the usual Tarskian satisfaction relation from classical logic. In
particular, when ¢ is a first order formula and @ a sequence of elements of a first
order model M = (D, PM PM ...y, M E ¢[a] means that the sequence @ satisfies
the formula ¢ in M according to the usual recursive definition:

M,wE P,[a] iff aepPM
M,wE= —¢lal iff M,w ¥ ¢[al
MwE (pA)[a) iff M,wk ¢la) and M,w = [a]
M,w = Vxpla] iff for every be D, M,w &= ¢[ab]

The reader should keep in mind the difference between |-, = and + since we will
make use of all three below.

Lemma 2.2 (Switch Lemma). For any w, M,w |- ¢ if and only if M = ST,(¢)[w].

Proof. Simply note that ¢ and ST, (¢) express the same thing about w in M. Strictly
speaking, this would be established by a routine induction on formula complexity.
O

In what follows we will make free use of this lemma since it works as a useful
bridge between first order logic and relevant logic. In particular, it lets us bring all
the classical machinery of ultraproducts and ultrapowers into our setting.
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2.3 Countably Saturated Structures

We start by recalling some useful ideas from the model theory of first order logic. The
following notions can be found in any of the standard references such as [1, 6, 10].
They are included here only for the sake of completeness. For the ultraproduct
construction the best places are [1, 6]. The symbols @, b, and Z, 7 are used to denote
sequences of elements of a model and variables, respectively.

We speak of a set of first order formulas ® (%) as being realizable in a model M,
if there is some sequence @ of elements of M such that M = ®[a]. ®(T) is said to
be refutable in M if ' (T) = { —¢: ¢ € ®(T) } is realizable in M.

When M is a model of first order logic, by dom(M) we denote the domain of
M. If X € dom(M), then (M, a).ex is the expansion of M obtained by adding a
constant ¢, for each a € X.

Definition 2.3. Let A be a cardinal. A model M of first order logic is said to be
A-saturated if whenever X < dom(M) and | X| < A, then the expansion (M, a)qex of
M realizes every set of formulas ®(x) of the language of (M, a)qex which is consistent
with the set of all first order sentences true in (M, a)qex.

Note that if x < A, A-saturation implies x-saturation.

Definition 2.4. Let M and N be two first order models. N is an elementary
extension of M if M is (isomorphic to) a submodel N’ of N such that where @ is a
sequence of elements of N, for each first order formula ¢,

N ¢la] iff Nk ¢[al.

Proposition 2.5. Fach model of the correspondence first order language of a basic
propositional relevant language with absurdity has an w-saturated elementary exten-
stom.

Proof. Let M be one such model. Since the correspondence language is countable,
by a result due to Keisler (Theorem 11.2.1 in [1] and Theorem 6.1.1 in [6]), we see
that we can form an w;-saturated ultrapower of M. But the canonical embedding
between M and the ultrapower obtained is elementary (Lemma 5.2.3 in [1]). Finally,
recall that wi-saturation implies w-saturation. ]

Proposition 2.6. Let M be an w-saturated model for the correspondence first order
language of basic relevant logic, and ®(Z,y) a set of formulas. If M = iz A\ Y[a]

for every finite ¥ < ®, M &= ®[a,b] for some finite tuple b of elements of M.

Proof. Immediate from Theorem 10.1.7 in [10]. O

628



MODEL DEFINABILITY IN RELEVANT LOGIC

The important thing to keep in mind about elementary extensions of a given
model is that we have a transfer principle, which is an immediate consequence of
the fact that the extension is elementary. In other words, if we can show that first
order statements involving parameters only from the original model are true in the
extended model, we know that those statements are also true in the original model.

3 Some Model Theory

In this section, we will discuss some model-theoretic relations and constructions that
will play a fundamental role in our characterization result (Theorem 4.5 below). We
will start with the relevant analogue of the concept of bisimulation from modal logic.
Bisimulations for the setting of relevant logic were originally introduced in [14].

3.1 Relevant Directed Bisimulations

Definition 3.1. Let My = (Wq, Ry, *1,01, V1) and My = (Wa, Ry, *9, 02, Vo) be two
Routley—Meyer models for a relevant language L. A relevant directed bisimulation for
L between M; and M, is a pair of non-empty relations (71, Zs) where Z; € Wy x Wy
and Zy € Wy x Wy, such that (1)—(5) hold when 4,5 € {1,2}, i # j:

(1) xZ;y only if y*i Z;x*;

(2) if xZ;y and Rjybc for some b, c € Wj, there are b/, ¢’ € W; such that R;xb'c,
bZ;b' and ¢ Zc;

(3) if #Z;y and p € PROP C L, then M;, z I p only if M;,y I+ p;

(4) if zZ;y and R;bcx for some b, c € W;, there are V', ¢ € W; such that R;b/cy,
bZ;b' and cZ;c;

(5) if xZ;y and x € O, then y € O;.

The bisimulation is said to be surjective with respect to O; if for each w € O; there
is w’ € O; such that w'Z;w.

Proposition 3.2. Let My = (Wi, Ry, #1,01, V1) and My = (Wa, Ra, *9,02, V) be
two Routley—Meyer models for a relevant language L and {Zy,Z3) be a relevant

directed bisimulation between these models. If i # j,i,j € {1,2} and wZ;v, then
M, w I ¢ only if Mj,v I ¢ for ¢ a formula of L.

Proof. We proceed by induction on formula complexity. The case of propositional
variables uses (3) from Definition 3.1. The case of t uses (5). The cases of — and o
use (2) and (4), respectively. O
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Corollary 3.3. Let My ={W1, Ry, *1,01,V1) and My = (W, Ry, %9, 02, Va) be two
Routley—Meyer models for a relevant language L. Suppose that (Z1, Z2) is a relevant
directed bisimulation surjective w.r.t. Og between these models, then Mi |- ¢ only if
Ms |- ¢ for every formula ¢ of L.

Proof. Suppose that Ms |£ ¢. Let w € Oy be such that My, w I ¢. Then contrapose
Proposition 3.2. ]

Corollary 3.4 (Hereditary Lemma). Let M be a Routley—Meyer model for a relevant
language L. Then for every w,v € WM, w <M v only if for all formulas ¢ of L,
M,w I+ ¢ implies that M, v |- ¢.

Proof. Simply check that (<M, <M) is a relevant directed auto-bisimulation (i.e., a
relation between M and itself). O

Let us write rel-tpg(e) for the relevant type of a world e in a model S, i.e., the
set of all first order translations of relevant formulas that e satisfies. If M7, My are
models, we will write M1, w = Mo, v if for every formula ¢ of L, My, w |+ ¢ only
if Ms,v I ¢.

Proposition 3.5. Let L be a basic relevant language with absurdity and My and Mo
two models for L. Suppose that My and My are w-saturated as first order models.
Then the relation =, induces a relevant directed bisimulation (Z1, Zs) between M
and Mo defined as follows:

x 2y iff rel-tpar, (z) < rel-tpar, (v),
xZoy if rel-tpa, (2) < rel-tpa, ().

Proof. Suppose that k,m € {1,2}, k # m, and for every formula ¢ of L, My, w |- ¢
only if My, u I+ ¢.

Let us start by noting that Zj is non-empty since rel-tpy, (w) < rel-tpas,, (u).
By the argument for clause (1) in the definition of a relevant directed bisimulation
in the paragraph below, we also obtain that Z,, is non-empty for rel-tpy, (u*™) <
rel-tpar, (W*k), i.e., u*™ Z,w*k. Since k # m we must have that both Z; and Z5 are
non-empty.

In what follows, let i,j € {1,2}. If 2Z;y, i.e., rel-tpy, (x) S rel-tpy; (y), we will
see that M;,y* |- 1 then M;,x* |- 1 for any formula ) of L, so we will obtain
that rel-tpa, (y*7) < rel-tpy, (v*), ie., y*i Zyr*. Suppose that M;,x* |} 9, so
M,z I (~) and since rel-tpyg, (z) < rel-tpyr; (y), M,y I- (~1p). Consequently,
M;,y* |- 1 as we wanted. This proves (1) in Definition 3.1.
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For clause (2) in Definition 3.1, suppose that xZ;y, i.e., rel-tpy, () S rel-tpa, (y),
and R;ybc for some b, c. Consider

nrel-tpa, (y) = { =T (¥): M,y ¥ ¢,% € Fmla(L) },

where Fmla(L) denotes the set of formulas of L. We claim that the set of formulas
rel-tpag; (b) U nrel-tpa; (c) (we need some care and make sure by renaming that the
variable free in rel-tpy, (b) is different from the variable free in nrel-tpys, (c)) is satis-
fiable in M; by a pair ¥, ¢ of elements such that R;xb'c’. Take any finite subset of rel-
tpa, (b)urel-tpas, (c). Say itis { ST.(61),...,ST.(0n) yu{=STu(01), ..., =STy(om) },
where {ST.(61),...,8T.(0n)} < rel-tpag,(b) and {=STy(01),...,=STu(om)} <
nrel-tpyr; (). Tt is clear that My, y ¥ A{d1,...,0n} = V{01, ...,om }, i.e., M #
ST.(N{01,...,0n} = \V{o1,...,0m })[y], so given that rel-tpys, (x) S rel-tpar, (y),
M; # ST.(A{01,..-,0n} — VV{o1,...,om})[z]. It follows that {ST.(d1),...,
ST.(6,) } v {—=STy(01),...,—STy(0m,) } is satisfiable in M; by a pair of elements
by, co such that R;zboco. By the w-saturation of M;, there must be a pair b, ¢’ such
that R;zb'c’ realizing the whole of rel-tpyr, (b) U nrel-tpas, (c). Since rel-tpyy, (b) is re-
alized by b', we have that bZ;b" and since ¢’ realizes nrel-tpy; (c), i.e., Mj,c | 1 only
if M;,c" | 1, by contraposing it must be the case that rel-tpys,(c') < rel-tpas,(c),
ie., dZc.

Condition (3) in Definition 3.1 is obvious; if xZ;y, i.e., rel-tpy, () S rel-tpas, (y),
then a fortiori, M;,x |- p only if M;,y I p for any propositional variable p of L.

For clause (4) in Definition 3.1, suppose that xZ;y, i.e., rel-tpy, () S rel-tpa, (y),
and R;bcx for some b,c. We claim that the set of formulas rel-tpys, (b) U rel-tpas, (c)
is satisfiable in Mj; by a pair b, ¢’ of elements such that R;b'c’y. Take any finite
subset of rel-tpys, (b) U rel-tpag, (¢). Say it is { ST, (01),...,5T:(6,) } v {STy(0o1),- .-,
STy(om) }, where { ST,(61),...,58T:(6n) } < rel-tppr, (b) and {STy(01), ..., STy(om)}
c rel-tpa, (). 1t is clear that My, z |- A{d1,...,0n }o A{o1,...,0m }, so given that
rel-tpy, (x) < rel-tpa, (y), My, y = A{d1,...,0n} o Alo1,...,0m }. Tt follows that
{ST.(61),...,58T:(0) } U {STy(01),...,STy(0om) } is satisfiable in M; by a pair of
elements by, cg such that R;bocoy. By the w-saturation of M;, there must be a pair
v, such that R;V'c'y realizing the whole of rel-tpys,(b) U rel-tpp,(c). Since rel-
tpa, (b) is realized by b/, we have that bZ;b" and since ¢ realizes rel-tpyy, (c), cZ;c .

Finally, clause (5) in Definition 3.1 is obvious by the semantics of t. O

3.2 Morphisms and Disjoint Unions

The following definition has appeared in places like [21] and [13].
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Definition 3.6. Let M; = (Wi, Ry,#1,01, V1) and My = (Wy, Ra, *9, 02, V) be
two Routley~Meyer models for a relevant language L. Let us denote by <!, <? the
partial orders of M; and My, respectively. A map f: W7 — Wh is a bounded
morphism if for all a,b,c € W7 and o, V', € Wy:

(i) fla*™) = f(a)*™,

(ii) Raof(a)b'c only if there are b,c € Wi such that Rjabc while b’ <? f(b) and
fle)<* e,

(iii) a € Vi(p) iff f(a) € Va(p) (p € PROP),

(iv) Rob'c f(a) only if there are b,c € Wi such that Ribca while b’ <? f(b) and
¢ <* f(e),

(v) a€ O only if f(a) € Oq,

(vi) Ryiabe only if Rof(a)f(b)f(c).

PI‘OpOSitiOn 3.7. Let M1 = <W1, Rl, *1, 01, V1> and M2 = <W2, RQ, *9, 02, VY2> be
two Routley—Meyer models for a relevant language L. Furthermore, let f: W1 —
Wy be a bounded morphism. Then, the pair (Z1,Zs) is a relevant directed bisimula-
tion, where:

aZvy iff  flz) <y,
2oy iff x < f(y).

Moreover, if for each x € Og there is a y € O1 such that f(y) <? x, then the relevant
directed bisimulation is surjective w.r.t. both O1 and O,.

Proof. To establish (1) from Definition 3.1 simply use (i) from Definition 3.6. For if
xZyy, ie., f(x) <?y, then, by properties of Routley-Meyer B°*-models, it must be
that y*2 <2 f(2)*2 = f(2*), i.e., y*2Zox*'. On the other hand, if 725y, i.e., v <?
f(y) then, by properties of Routley-Meyer B°t-models, it must be that f(y)*? =
fly*) <? 2% e, y*1 Z1o*2.

Clauses (2) and (4) in Definition 3.1 follow along similar lines applying clauses
(ii) and (iv), respectively (in conjunction with (vi)) from Definition 3.6. Clause (iii)
from Definition 3.1 is straightforward from (iii) of Definition 3.6 and the Hereditary
Lemma.

Finally, we know by the hypothesis of the proposition and the definition of Z;
that (Z1,Z3) is surjective w.r.t. Oz. On the other hand, if w € O, then since
f(w) <? f(w) we must have that f(w)Zow. But also by (v) in Definition 3.6, we
have that indeed f(w) € Og, so (Z1, Z3) is surjective w.r.t. Oy. O
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Definition 3.8. Let M; = (W;, R;,*;,0;)(i € I) be a collection of frames indexed
by the set I such that W; n W; = ¢ for distinct 7,5 € I. The disjoint union of
{M;: i€}, in symbols, @, ; M; is the structure (WD, RO +D OD) such that

el

Wo = UWi,
el

R® = J R,
el

«@ = U %,
€l

0% = Uoi,
i€l

VO = Uv
el

If our initial family is not disjoint, in order to apply this construction, we can
replace it by a disjoint family of isomorphic copies of the models in the original
family, that is, we replace each M; by an isomorphic copy M/ such that for all
i,j€l, Wi’mI/VJ’»zg.

From now on, we will make the tacit assumption that all our classes of model
are closed under isomorphic images. This means that in Proposition 3.9 below
the general case where the family { M;: i € I} is not disjoint follows taking the
appropriate isomorphic copies of the models in the family in conjunction with the
fact that the class defined by ¢ is closed under isomorphic images.

Proposition 3.9. Let ¢ be a formula of L and { M;: i€ I} a collection of models.
If M\~ ¢ (for allieI), then also @,c; M; I+ ¢.

Proof. This can be seen noting that the inclusion relation induces a relevant directed
bisimulation between each M; and @, ; M; relating the worlds in O;. Thus, if
M; I~ ¢ (for all i € I), when we take an arbitrary w € O®, we will have that, indeed,
@Pjc; Mi, w I ¢, by Proposition 3.2. O
3.3 (Definable) Prime Filter Extensions

Definition 3.10. A structure (A, —,0,—, N, u, T, L, 1) is called a relevant algebra
([22, p. 264]) if the following holds:

(i) (A,u,n, T, L) is a bounded distributive lattice,
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(i) zo (yuz) = (roy) U (woz),
(ii}) (yu2)ox = (yor)u (z0a),

(iv) —(xUy) = -2 " —y,

(vij =T=1 and —L=T,
ol=1lozx=1,

(vii

(viii) lox =

)
)
)
(v) =(@ny)=—zuv—y,
)
) @
)
)

(ix) zoy<z iff z<y— 2z

where < in this context is the standard lattice order in terms of either n or u.

Definition 3.11. Given a model M = (WM RM «M OM M) we will use M7 to
denote the dual algebra of M, which is the structure (U(<M), —,0,— n,u, T, L, 1)
where N, U are simply set intersection and union respectively, 1 = OM, 1 = &f, T =
WM and the remaining operations of sets are as follows:

(i) XoY ={weWM: I ue WM RMvyuw rve X nueY)},
(i) X Y ={weWM:Yo,ue WM RMwvu rve X oueY)},
(iii) —X = {we WM. " ¢ X}.

Proposition 3.12. Let M be a Routley-Meyer B°*-model for L. Then M~ is a
relevant algebra.

Proof. Left to the reader. Straightforward from the definition of M and the prop-
erties of a Routley—-Meyer model. O

Definition 3.13. Given a model M = (WM RM M OM M we will use (M),
to denote the dual model of M, which is the structure (PF(U(<M)), R, *,0,V)
where:

(i) PF(U(<M)) is the set of all prime filters of U(<M) in the algebra M*,
(ii) O ={we PF(UM)): OM e w},

iii) Rwou iff for all z,y € U(KM), if x > y e w and z € v then y € u
(iif) Y : y Y € u,
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(iv) w* ={zeU(M): —z¢w},
(v) V(p) ={we PFUM)): VM (p)ew}.

(M) will be also called the prime filter extension of M and denoted by pe(M).
This is because we can define the following map 7: WM — PF(U(<M)):

we {reU(M):wea},

which is an embedding (in the standard model-theoretic sense) of the structure M
into pe(M).

Proposition 3.14. Let M be a Routley-Meyer B°*-model for L. Then for any
prime filter u of U(<M) and formula ¢ of L we must have that VM (¢) € u iff
pe(M),u |- ¢. Hence, M,w I+ ¢ iff pe(M),n(w) I+ ¢ for any formula ¢ of L.
Moreover, M I+ ¢ iff pe(M) I~ ¢ for any such ¢.

Proof. We establish that VM (¢) € w iff pe(M), u I- ¢ by induction on the complexity
of ¢. The case when ¢ is a propositional variable is immediate by definition of VP¢(M),
The case when ¢ = L is trivial since V™ (L) = ¢, which can never belong to a filter
u. When ¢ = t, we have that V(t) = OM e v iff u € OP*(M) iff pe(M),u |- t, as
desired. The cases for v and A are obvious.

Let now ¢ = ~t. Then VM (~qp) = {w e WM w*M ¢ VM ()} = ~VM () e
iff VM(ap) ¢ wee) iff pe(M), u*re) | ) iff pe(M),u |- ~1), where the second
biconditional follows by inductive hypothesis.

Let ¢ = ¢ — x. Suppose that pe(M),u |¢ ¥ — ¥, i.e., there are uj,uy such
that RP*M)yu uy while pe(M), up I- ¢ and pe(M), ug ¢ x. By inductive hypothesis,
VM) € up and VM () ¢ ug. Hence VM(¢p) — VM(x) = VM(p — x) ¢ u by
definition of RP*M)_ On the other hand, if VM (¢) — VM(x) = VM(¢p — x) ¢ u,
then by Lemma 4.1 from [21], we see that indeed pe(M),u I ¢. Finally, the case
¢ = 1 o x is established similarly only this time appealing to Lemma 4.2 from [21].

For the last part of the proposition suppose that M |- ¢, so OM < VM(¢), but
OM is a member of any prime filter u of U (<) which belongs to OP*(M), By general
properties of filters then VY (¢) € u, so indeed pe(M) I ¢. Conversely, if M £ ¢,
there is some w € OM such that M,w | ¢. Thus, pe(M), m(w) ¢ ¢. But w e OM iff
M,w I t iff pe(M), 7(w) IF t iff 7(w) € OP*M) . Consequently, pe(M) ¥ ¢. O

Definition 3.15. Given a model M = (WM RM M OM VM e will use M+ to
denote the definable dual algebra of M, which is the structure (U(M), —,0, —, N, U,
T, 1,1y where U(M) = {VM(¢): ¢ € Fmla(L)} and the operations are defined
as in Definition 3.11. In particular, note that O™ = VM (t), VM(T) = WM and
VM(1) = @.
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Proposition 3.16. Let M be a RoutleyMeyer B°t-model for L. Then M*% is a
relevant algebra.

Definition 3.17. Given a model M = (WM RM M OM M we will use (M),
to denote the dual model of of M9, which is the structure (PF(U(M)), R, *,0, V),
where:

(i
(ii

) PF(U(M)) is the set of all prime filters of U(M) in the algebra M*?;
) O

(iii) Rwou iff for all z,y e U(M), if + — y € w and x € v then y € u;
)
)

={we PF(UM)): OM e w};

(iv) w*={zeUM): —z¢w};

(v) V(p) ={we PFUM)): V¥ (p)ew}.

Once more, (M*9), (or simply M?) will be also called the definable prime filter
extension of M since again we can define the following embedding 7=: WM —
PF(U(M)):

w—{reUM): weuz}.

Proposition 3.18. Let M be a Routley-Meyer B°*-model for L. The map = —
xnU(M) is a bounded morphism from pe(M) onto M?. Moreover, for each x € oM’
there is y € OP*M) such that © =y n U(M).

Proof. Consider the inclusion homomorphism i from M™*? into M*. Recall from [21,
p. 106] that the dual mapping iy : (M*), — (M *9), is defined by the equation:

iy (x) =i Y(x).

But i '(z) = {y € U(M): y € 2}, so iy is indeed the map mentioned in the
statement of the proposition. However, i, is a bonded morphism, by Lemma 6.1
of [21]. The only thing that we need to notice is that pe(M),z |- p iff VM (p) € x iff
VM(p)ex nU(M) iff M?, 2 n U(M) I p, for any propositional variable p of L.
Finally, let z € OM’. Since  is a prime filter of U (M) it is not difficult to see
that z is separated from U(M)\z, that is for any finite 2’ < z, Y < U(M)\z, we
have that ()2’ is not a subset of | JY. Hence, using the prime filter theorem (|9,
p. 186], or Lemma 6.1 in [7]), there must be a prime filter of U(<™), y 2 z such
that y n U(M)\x = &, so indeed y = = n U(M), as desired. Furthermore, since
OM e x < y, we have that y € OP*(M) as well. A similar argument establishes that
the mapping under consideration is surjective. O
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We will say that a class K is closed under surjective relevant directed bisimu-
lations w.r.t. O, if whenever (Z1, Z,) is a relevant directed bisimulation surjective
w.r.t. Og between two models M7, My, then M € K only if Ms € K.

Corollary 3.19. Suppose K is a class of Routley—Meyer B**-models for L closed un-
der surjective relevant directed bisimulations w.r.t. O. Then pe(M) e K iff M° e K.

Proof. Consider the bounded morphism = +— x n U(M) (call it g) given by Propo-
sition 3.18. By Proposition 3.7, the pair (Z1, Zs) is a relevant directed bisimulation
which is surjective w.r.t. both OM’ and OP*M) where:

xZyy iff <Y g(y),

xZyy it g(z) <M Y.

Consequently, pe(M) € K iff M® € K by the closure assumption on K. O

Corollary 3.20. Let M be a Routley-Meyer B°*-model for L. Then for any prime
filter w of U(W) and formula ¢ of L we must have that VM(¢) € u iff M, u |- ¢.
Moreover, M | ¢ iff M® |~ ¢ for any such ¢.

Proof. Consider the mapping given in Proposition 3.18. We have that pe(M), z |- ¢
iff M?, 2~ U(M) I ¢ and that indeed all elements of M? are of the form x n U (M).
Therefore, using Proposition 3.14, we see that if u = z n U(M) is a prime filter of
UW), VM (¢) e u iff VM (¢) € z iff pe(M),z |- ¢ iff MO, u I ¢.

The last part of the result follows from Proposition 3.14 again using Corol-
lary 3.19. 0

So, according to Corollaries 3.3, 3.20 and Propositions 3.14, 3.9 we can see that
a class of models K definable by a theory of the relevant language L is always going
to be closed under surjective relevant directed bisimulations, (definable) prime ex-
tensions and disjoint unions. Indeed, both K and K will be closed under (definable)
prime extensions.

4 Characterizing Definable Classes of Models

In this section, we finally tackle the main result of the paper (Theorem 4.5). We
start with a simple lemma, which was first established by Goldblatt for modal logic.

We will call a submodel — in the classical sense of first order logic — M’ of
a given model M an inner submodel if the pair (I,I), where I is just the identity
relation on M’, is a relevant directed bisimulation between M and M’. Indeed,
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then (I, I) is a relevant directed bisimulation surjective w.r.t. OM'. Note that, using
Corollary 3.3, it follows that a definable class of models is always going to be closed
under inner submodels, that is, given a class K, if M € K and M’ is an inner
submodel of M, then M’ € K.

Lemma 4.1. Let {M;: i € I} be a family of B°*-models and []M;/U an ul-
traproduct. Then || M;/U is isomorphic to an inner submodel of the ultrapower
(D®;e; Mi)!/U. Hence, a class closed under disjoint unions, inner submodels and
ultrapowers is closed under ultraproducts.

Proof. Simply consider the mapping f/U — f'/U where f': I — | J,c; W; is defined
by f'(i) = f(i). O

Lemma 4.2. Let L™t be obtained by adding a list of constants to L. Suppose
K is a class of Routley—Meyer B°t-models which is closed under ultraproducts. Then
for any set © of formulas of L™ | if © is finitely satisfiable in K then © is indeed
satisfiable in K.

Proof. This is simply the proof of the compactness theorem using ultraproducts
which can be found, for example, in [1] (Theorem 4.1). O

Proposition 4.3. Let M be a Routley-Meyer B°*-model and N an w-saturated
Routley-Meyer B°t-model such that N I ¢ iff M I+ ¢ for any formula ¢ of L.

Then there is a relevant directed bisimulation surjective w.r.t. both ON and OM
between N and M.

Proof. Given x € W let f(z) = { M(¢): N,z |- ¢,¢ € Fmla(L) }. It is not difficult
to verify that f(z) is indeed in the domain of M?%. Now define the following pair of
relations Z; € WM* x WV, 7, ¢ WN x WM.

xZywy iff x < fy),
xZyy it f(x)<Sy.

Next we show that (Z;, Z3) is a relevant directed bisimulation surjective w.r.t. both
ON and OM°.
To establish (1) from Definition 3.1 we start by noting that

f@)* = {M(¢): M(~¢) ¢ f(x),¢ € Fmla(L) }
= {M(¢): N,z | ~¢,¢ € Fmla(L) }
= {?4@53 N, z*N |- ¢, ¢ € Fmla(L) }
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Suppose next that 21y, i.e., z < f(y). Then f(y*N) = f(y)* = {M(¢): M(~¢)
¢ f(y),¢ € Fmla(L)} < {M(¢): M(~¢) ¢ x,¢ € Fmla(L)}, which means that
f(y)*e Zox*N. On the other hand, if 275y, i.e., f(z) S y, we have that y* =
(M(6): M(~6) ¢ y,& € Fmla(L) } € { M(8): N, - ~o, & € Finla(L) } = { M(6):
N,z*N |- ¢, ¢ € Fmla(L) } = f(x*N), so y* Z12*N as desired.

To establish (2) from Definition 3.1 suppose that 21y, i.e., z S f(y) and RV ybc.
Take f(b) and f(c). It is easy to see that R°xzf(b)f(c). For assume that M(¢) —
M) = M(¢ — @) € « while M(¢) € f(b). Then N,b | ¢ whereas M(¢ —
¥) € f(y), which means that N,y |- ¢ — 1, so N, c I ¢ given that RNybc. Thus,
M(v) € f(c) as desired. Moreover, bZsf(b) while f(c)Z1c. On the other hand,
assume that 7oy, i.e., f(z) € y and R%ybc. Consider the set A defined as

{STp(¢): M°,bI+ ¢, ¢ € Fmla(L) } U { STy (¢b): M°,c |- 4,4 € Fmla(L) }.

Take any finite Ag € A. We may assume it is { ST, (¢0), . .., STx(¢;) yu{ —=STx (o),

.oy ~STy(¢y) }. Now, M°,y I /\i<j+1 ¢i = Vicpe1 ¥i, 50 M(/\z‘<j+1 ¢ = Vicki1
Vi) ¢ y, so ]\4(/\1-<J-Jrl i = Vicpr1 Vi) € f(x). The latter means then that N,z |£
/\i<j+1 o; — \/K/7€+1 14, hence, there must be by, co such that RN xbyco and N, by I+
Ni<ji1 @i while N,co I \/;_j.q ¥i- By the w-saturation of N we must have v, ¢
such that RNab/¢/ while also b satisfies { ST, (¢): M°,b |- ¢,¢ € Fmla(L)} (i.e.,
M?,b=p N,V) and ¢ satisfies { =ST,(1)): M?, ¢ |£ ,¢ € Fmla(L)} (ie., N,¢ =1
M?,¢). Finally, b < f(V), i.e., bZyb' since M(¢) € b implies that M b |- ¢ which
means that N, b |- ¢, so indeed M(¢) € f(V'), and f() € ¢, i.e., ¢ Zyc similarly
since N, ¢ =1 M9, c.

To check (3) from Definition 3.1 first assume that zZy, i.e., x < f(y). Now,
M?, z |- p implies that M (p) € x, so by assumption, M (p) € f(y) as well. The latter
means that N,y I p by definition of f. On the other hand, if xZsy, i.e., f(z) Sy
and N,z |- p, then M(p) € f(z). Consequently, M (p) € y, by our assumption, and
that means that M?,y |- p as desired.

Clause (4) from Definition 3.1 is established along similar lines to (2) above. For
(5), from Definition 3.1 let us assume that 2oy, i.e., f(x) € y and that 2 € OV,
Hence, N,z |- t, so M(t) = OM € f(x), so OM € y, which means that y € O;s.
The case of Z; follows simply by reversing this argument.

Finally, we show that (71, Zo) is surjective w.r.t. both O" and O,s. So assume
first that x € OV, then f(x) is such that f(z)Z;x trivially and also f(x) € Oy given
that N,z |- t implies that M (t) € f(z), which in turn means that f(z) € O,z s. On
the other hand, if = € O,s, then it suffices to find y € ON such that M,z |£ ¢
implies that N,y £ ¢ for all formulas ¢ of L. This will show that yZsx. Consider
the set { ST,(t) } u{—STw(¢): M,z | 6, ¢ € Fmla(L) } and take some finite subset
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{ST,(t) } U {—=STu(do), ..., ~STe(pn) }. We know that M,z £ \/j < n + 16;, so
MO | \/j<nJrl ¢j, so M | \/j<nJrl ¢; and by the hypothesis of the proposition,
N ¥ Vjpy1 5. Consequently, there is 2z € O such that N,z ¢ Vjcni1 @y 80 2
satisfies { ST, (t) } U { =STx(¢0),...,~STy(¢py) }. By the w-saturation of N, there
must be y satisfying { ST, (t) }u{ =STw(¢): M,z | 6, ¢ € Fmla(L) } as desired. [

Lemma 4.4. Let K be a class of Routley-Meyer B -models. If K is closed under
surjective (w.r.t. O) relevant directed bisimulations and both K and K are closed
under definable prime extensions, then both K and its complement are closed under
ultrapowers.

Proof. First suppose M € K and [ [ M/U is an ultrapower of M. Consider next an
ultrapower N = [ [([[ M/U)/D obtained by Keisler’s method which is w-saturated.
Applying Lo$’s theorem a couple of times, we have that M |- ¢ iff [[([[M/U)/D I+
¢. Thus, using Proposition 4.3, there is a surjective (w.r.t. OY) relevant directed
bisimulation between M and M.

Now M?% € K by the closure of K under definable prime extensions. By the
closure under surjective (w.r.t. O) relevant directed bisimulations, we also see that
N € K. Again applying Proposition 4.3 with N and [ [ M /U this time, there must be
a relevant directed bisimulation surjective w.r.t. OIIM/V between N and (][ M/U)?,
so indeed the latter is in K and since K is closed under definable prime extensions,
we must have that [ [ M /U € K, as desired.

On the other hand, if M € K, since also M? € K, then by Proposition 4.3,
we have that [[(J[M/U)/D € K by the closure of K under surjective (w.r.t. O)
relevant directed bisimulations. Moreover, [[ M /U € K by the above established
closure of K under ultrapowers. O

Theorem 4.5. Let K be a class of Routley—Meyer B°t-models. Then the following
are equivalent:

(i) K is relevantly definable, that is, K = Mod(©) for some collection © of for-
mulas of L.

(i) K is closed under surjective (w.r.t. O) relevant directed bisimulations and
disjoint unions while both K and its complement K are closed under prime
filter extensions.

(iii) K is closed under surjective (w.r.t. O) relevant directed bisimulations and
disjoint unions while both K and its complement K are closed under definable
extensions.
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(iv) K is closed under surjective (w.r.t. O) relevant directed bisimulations and dis-
joint unions while both K and its complement K are closed under ultrapowers.

Proof. (i) = (ii): Closure under surjective (w.r.t. O) relevant directed bisimulations
comes from Corollary 3.3. Closure under disjoint unions is a consequence of Propo-
sition 3.9. Finally, the remaining closure properties follow from Proposition 3.14.

(ii) = (iii): By Corollary 3.19, we see that if K is closed under prime filter
extensions, then it is also closed under definable extensions.

(iii) = (iv): By Lemma 4.4.

(iv) = (i): Suppose that K and K are closed as indicated. Observe that K is
closed under ultraproducts according to Lemma 4.1. Consider

Thya(K) ={¢eL: M- ¢, forall MeK}.

All we need to do is show that K = Mod(Th;¢(K)). The direction K € Mod(Th,.
(K)) is obvious, so let M € Mod(Th,(K)) to establish that M € K. We may
assume that M is an w-saturated model (for if we can establish that some w-saturated
ultrapower of M is in K then since K is closed under ultrapowers, M will be in K).

Expand L™ to a language L™ by adding a constant ¢, for each a € OM.
Next consider the union A of the following sets of formulas of L« *:

{=ST/"(¢): M ¥ ¢,¢ € Fmla(L) } U { STS/"(t)} (ae OM).

Now we can see that A is finitely satisfiable in K, which in conjunction with K’s
closure under ultraproducts, lets us conclude, by appealing to Lemma 4.2, that
indeed A is satisfiable in K. So take any finite Ay € A. Without loss of generality,
we may assume that Ag is of the following form:

{—STEO (¢): M W ¢oj, bo; € Fmla(L),j < lp} U { STE"(t) } U -+
U { ~STEn/T(¢): M Y- by, dnj € Fmla(L),j < I, } U { STCn/(t) }.

Since a, <M a, (p < n + 1), we must have that M, a, |- \/j<lp Gpj, SO \/j<lp Opj ¢
Thye(K). The latter implies, by definition, that there is a model N, € K such that
for some b, € OIIJV, Ny, by If- \/j<lp ¢pj- Now take the disjoint union (—Dp<n+1 Ny
which is in K by its closure under this construction. (—Bp <n+1 Np can be expanded
in the obvious way to a model of Ag, that is, the constant c,, gets assigned the
element b,.

Given a model N € K of A, we can assume it is w-saturated by the closure of
K under ultrapowers. Now we have that for each a € OM, there is o/ € OV such

that N,a’ =1 M,a. But the relation =, can be used to define a relevant directed
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bisimulation between w-saturated models according to Proposition 3.5, and in this
case we get indeed a surjective directed bisimulation with respect to OM. Thus, we
must have that M € K as desired by the closure properties of K. 0

Observe that, as a referee points out, even though on the face of it, this proof
might seem to show that we only needed closure under finite disjoint unions, this is
in fact not true. The reason is that we appealed to Lemma 4.1, where closure under
arbitrary disjoint unions was required.

5 Concluding Remarks

We have seen that a class K of Routley—Meyer models is relevantly definable iff K is
closed under surjective (w.r.t. O) relevant directed bisimulations and disjoint unions
while both K and its complement K are closed under prime filter extensions. More-
over, prime filter extensions could be replaced by definable prime filter extensions.
This provides a complete characterization of definability in relevant languages at the
level of models.

One final word on our inclusion of L in our language (we do not discuss T for,
in fact, it is definable as ~1). Note that if we look at the empty class of models
& and L has only the set of connectives {~, A, v,—,0,t}, then ¢J is simply not
definable in L for a model with a trivial world (in the sense that it satisfies all the
formulas of L) included among the distinguished worlds cannot really be ruled out.
But & is trivially closed under any model-theoretic relations or constructions, so
we could not get a characterization like the one we have presented here. One way
to solve this would be to add to the language a connective 1o with the semantics:
M,w It Lo if we OM. We could have gone this way rather than added L, but we
have decided in favor of the latter for simplicity and to work in the same setting
as [22], where we have gotten our duality theory from.

Finally, this paper is part of a larger project by the author to fill in some gaps
in the literature on the Routley—Meyer semantics and bring it up to date with the
state of the research on the Kripkean semantics for modal logic. We are under
the, perhaps misguided, impression that the late 1970s, the 1980s and the 1990s
were the golden days of the Routley—Meyer framework in terms of the number of
people actively working in the field and results appearing. In this sense, following
the current political climate, we are seeking to make the Routley—Meyer semantics
great again.

642



MODEL DEFINABILITY IN RELEVANT LOGIC

Acknowledgments

We are grateful to an anonymous referee who provided a great number of very
useful corrections. Their careful reading of a previous version of this paper helped
to make it a much better final text. We also wish to thank the audience at the Third
Workshop held in Edmonton, in particular, Kit Fine, Ed Mares, Michael Dunn, and
Arnon Avron. Without the support of Katalin Bimbé and Zach Weber we wouldn’t
have been able to attend such an exciting event. A Marsden Fund Grant awarded
to Zach Weber by the Royal Society of New Zealand partially funded research for
this paper. Finally, we also acknowledge the support by the Austrian Science Fund
(FWF): project I 1923-N25 (New perspectives on residuated posets).

References

[1] John L. Bell and Alan B. Slomson. Models and Ultraproducts: An Introduction.
North-Holland Publishing Company, Amsterdam, 1971. (Dover, Mineola, NY,
2006).

[2] M. Bilkova, R. Horcik, and J. Velebil. Distributive substructural logics as
coalgebraic logics over posets. In Advances in Modal Logic, volume 9, pages
119-142. College Publications, 2012.

[3] Katalin Bimb6 and J. Michael Dunn. Generalized Galois Logics. Relational
Semantics of Nonclassical Logical Calculi, volume 188 of CSLI Lecture Notes.
CSLI Publications, Stanford, CA, 2008.

[4] Patrick Blackburn, Maarten de Rijke, and Yde Venema. Modal Logic, volume 53
of Cambridge Tracts in Theoretical Computer Science. Cambridge University
Press, Cambridge, UK, 2001.

[5] Ross T. Brady, editor. Relevant Logics and Their Rivals. A Continuation of the
Work of R. Sylvan, R. Meyer, V. Plumwood and R. Brady, volume II. Ashgate,
Burlington, VT, 2003.

[6] C. C. Chang and H. J. Keisler. Model Theory. North-Holland, Amsterdam,
1992.

[7] R. Goldblatt. Axiomatic classes of intuitionistic models. Journal of Universal
Computer Science, 11(12):1945-1962, 2005.

[8] R. Goldblatt and S. K. Thomason. Axiomatic classes in propositional modal
logic. In J. Crossley, editor, Algebra and Logic, pages 163—173. Springer, 1974.

643



Babpia

[9]

[10]

[11]

[12]

[13]

[14]

[15]

Robert Goldblatt. Varieties of complex algebras. Annals of Pure and Applied
Logic, 44:173-242, 1989.

Wilfrid Hodges. Model Theory, volume 42 of Encyclopedia of Mathematics and
its Applications. Cambridge University Press, Cambridge, UK, 1993.

D. Kaplan. Review of “Semantical analysis of modal logic I” by S. Kripke.
Journal of Symbolic Logic, 31:120-122, 1966.

A. Kurz and J. Rosicky. The Goldblatt—Thomason theorem for coalgebras. In
Proceedings of CALCO 2007, number 4624 in LNCS, pages 342-355, 2007.

Edwin D. Mares. Halldén-completeness and modal relevant logic. Logic et
Analyse, 181:59-76, 2003.

Greg Restall. An Introduction to Substructural Logics. Routledge, London, UK,
2000.

M. de Rijke. Modal model theory. Technical Report CS-R9517, Computer
Science/Department of Software Technology, University of Amsterdam, Ams-
terdam, 1995.

P. H. Rodenburg. Intuitionistic Correspondence Theory. PhD Thesis, University
of Amsterdam, 1986.

Richard Routley and Robert K. Meyer. The semantics of entailment — II.
Journal of Philosophical Logic, 1:53-73, 1972.

Richard Routley and Robert K. Meyer. The semantics of entailment — III.
Journal of Philosophical Logic, 1:192-208, 1972.

Richard Routley and Robert K. Meyer. The semantics of entailment. In
H. Leblanc, editor, Truth, Syntax and Modality. Proceedings of the Temple Uni-
versity Conference on Alternative Semantics, pages 199-243, Amsterdam, 1973.
North-Holland.

Richard Routley, Robert K. Meyer, Val Plumwood, and Ross T. Brady. Relevant
Logics and Their Rivals, volume 1. Ridgeview Publishing Company, Atascadero,
CA, 1982.

Takahiro Seki. General frames for relevant modal logics. Notre Dame Journal
of Formal Logic, 44(2):93-109, 2004.

644



MODEL DEFINABILITY IN RELEVANT LOGIC

[22] Alasdair Urquhart. Duality for algebras of relevant logics. Studia Logica, 56:
263-276, 1996.

[23] Y. Venema. Model definability, purely modal. In J. Gerbrandy, M. Marx,
M. de Rijke, and Y. Venema, editors, JFAK. Essays Dedicated to Johan van
Benthem on the Occasion of his 50th Birthday. Amsterdam University Press,
Amsterdam, 1999.

645 Received 12 June 2016



646



KRIPKE-GALOIS FRAMES AND THEIR LOGICS

CHRYSAFIS HARTONAS
Department of Computer Science and Engineering,
University of Applied Sciences of Thessaly (TEI of Thessaly), Thessaly, Greece
<hartonas@teilar.gr>

Abstract

This article introduces Kripke-Galois frames and, more specifically, 7-frames
for a similarity type 7, and studies their logics. 7-logics include a number of
well-known logic systems and we focus here on providing a semantic treatment
of familiar substructural logics, ranging from the Full Lambek and Lambek—
Grishin calculi, to Linear Logic (with, or without exponentials) and to non-
distributive Relevance Logic.

Keywords: gaggle theory, Lambek calculus, linear logic, non-distributive logics,
relational semantics, relevance logic

1 Introduction

Kripke—Galois relational semantics is proposed as an alternative and improvement
(in the opinion of this author at least) over generalized Kripke frames [11], bi-
approximation semantics [27], or approaches [10, 1] building on Urquhart’s repre-
sentation of lattices [28], including TiRS graphs [7]. Whereas [11] builds on the
canonical extensions theory of Gehrke and Harding [12], where the latter builds on
this author’s shared work with Dunn on lattice representation [24], the framework
presented here is developed in the context of this author’s Stone duality for lattice
expansions [16] and it may be also seen as an elaboration of Dunn’s theory of Gener-
alized Galois Logics (gaggle theory) [8], a comprehensive presentation of which can
be found in Bimb6 and Dunn [6].

Kripke—Galois frames are a simple generalization of Kripke frames and the focus
of the approach lies, first, with delineating appropriate classes of first-order definable
frames for the logics of interest and second with re-capturing the classical interpre-
tation of familiar operators, such as possibility, or cotenability (fusion), despite the
lack of distribution of conjunctions over disjunctions and conversely. The signifi-
cance of this latter goal is that it makes it possible to study applied logics, such as
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temporal, epistemic, or dynamic logics over a non-distributive propositional basis
[22, 20]. For example, tense logic is interpreted in linear orders and the tense opera-
tors ‘sometimes/always in the future/past’ are used to capture properties of points
in time. In the generalized Kripke frames approach of [11], the possibility operator
is interpreted over 2-sorted frames by the clause

Xoxi-Qp iff VyeY (Vze X (21 = yRyz) = z<pvY)

and there appears to be no intelligible way to understand the meaning of diamond as
a future operator. Similarly, processes are typically interpreted as binary relations
and then graphs are the appropriate frame structures for the interpretation of modal
operators in dynamic logic. However, again, the semantic condition above makes it
hard to understand the meaning of («)y in the approach of [11], not to mention the
fact that 2-sorted frames are used in [11].

It is this author’s opinion that there is no reason why the absence of distribution
of conjunctions over disjunctions and conversely should affect the way we understand
and interpret other operators in the logic. It, therefore, becomes important to seek
a solution where the standard interpretation of familiar operators is recaptured and
this has been the objective of this author’s recent research. Naturally, recapturing
the meaning that operators have in a distributive context cannot apply to disjunc-
tion, which can no longer be interpreted as union. But we have demonstrated in
[20, 21] that non-distributive disjunction can be interpreted modally and this sheds
some light into its semantics.

Though ‘Kripke—-Galois semantics’ is a term we introduce in this article, pub-
lished results and applications of the framework to the semantics of non-distributive
logics have appeared in [19, 22, 18, 20] and in [21], where the groundwork for the
framework of this article first appeared (called ‘order-dual relational semantics’ in
[20, 21]). Our approach is based on a Stone-type representation and duality result
for bounded lattices with operators published several years ago [16], with minor
improvements, first explicitly presented in [21].

The main objective of the present article is to demonstrate the wide application
scope of the Kripke—Galois semantics approach and its ability to handle, in a uniform
way, a variety of logical systems lacking distribution. Having studied modal and
temporal extensions of non-distributive propositional logic in [22, 20], we turn here
to studying a number of well-known substructural logic systems.

Following an introduction to Kripke—Galois frames, to generalized image oper-
ators and 7-frames, as well as to 7-logics for some similarity type 7 (Section 2),
applications of the proposed framework are considered in detail, providing a seman-
tic treatment of both the associative and the non-associative Full Lambek Calculus
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(FL) with, or without exchange, contraction and weakening (Section 3). An exten-
sion of the calculus with the Grishin dual operators is also considered and complete-
ness results for both the minimal Full Lambek-Grishin calculus (FLGg) as well
as with Grishin’s interaction axioms are proven. FLGg includes non-commutative,
contraction, weakening and negation-free Relevance Logic, or Linear Logic without
negation and without exponentials. We then also turn to a study of applications of
Kripke—Galois semantics to relational semantics for the logic of De Morgan Lattices
and Monoids (Section 5.1), for (non-distributive) RL and for LL without exponen-
tials (Sections 5.2, 5.3 and 5.4), and, finally, for full Linear Logic (Section 5.5).

Notational Conventions: We use a, b, ¢, d, e for lattice elements and z,y, 2, u, v
for lattice filters. x, = a1 designates the principal filter generated by the lattice
element a, while I'; A are used to designate closure operators, typically on subsets of
some set X and we simplify notation by writing I'z for the more accurate I'({z}), for
x € X, and similarly for A. Furthermore, we overload the use of < whose primary use
is for the lattice order and write x < y for filter inclusion, x < U, where x € X, U ¢ X
as an abbreviation for Yu € U x < w. Similarly for U < x. Also, we let a < z, for
a lattice element a and a filter z, designate the fact that a is a lower bound of the
elements in x (i.e., Vbex a <b). Note that a <z iff z < x,.

2 Kripke—Galois Frames and Models

2.1 From Kripke Frames to Kripke—Galois Frames

By a Kripke—-Galois frame we mean any relational structure (X, R, (R;)icr), where
R ¢ X x X is called the Galois relation of the frame and each R; is a relation of
some specified arity on the carrier set X of the frame. Whereas any subset of X is
classically viewed as a proposition, we restrict to Galois stable subsets, i.e., subsets
A ¢ X such that A = ApA and where ), p is the Galois connection generated by the
relation R as shown in equations (1, 2) below.

AU
pV

{z:URz}={z:Vu (ueU = uRz)} (1)
{y:yRV} ={y:Vv (veV = yRv)} (2)

Ga(X) hereafter designates the set of stable subsets A = ApA = I'A of the carrier
set of a Kripke-Galois frame § = (X, R, (R;)cr). The co-stable sets are the sets
B = pAB = AB and G,(X) designates the dual family of co-stable sets. The Galois
connection restricts to a dual isomorphism of the complete lattices of stable and,
respectively, co-stable sets. We refer to members of G,(X) as the co-propositions of
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the frame. A stable set interpreting a sentence ¢ will be designated by [¢], while the
co-interpretation of ¢ will be written as (), and we shall write z I- ¢ (z satisfies
©) iff z € [p] and = ¥ o (2 co-satisfies, or refutes, @) iff z € ().

It is a straightforward observation that given a binary relation R and where R
is its complement, if A, p is the Galois connection generated by R as in equations (1,
2) and m, < is the residuated pair generated by R as in equation (3)

U = {z:V2' (z'Rx = 2’ €U)} OV ={z:32 (xR2’ and 2’ e V)} (3)

then the Galois connection and the residuated pair generate the same closure oper-
ator, in other words A\p = <. Therefore, if [¢] stands for the interpretation of a
sentence, then Ap([p]u[¢]) =[¢ Vv ¢] =m(S[e] u O[¥]). Hence, disjunction can
be modeled either as the closure of a union, or equivalently, it can be interpreted
modally by the clause  I- v iff Vy (yRx = 3z (yRz and (zI- ¢ or z - 1)))).
The reader is referred to [20] for further details on the modal representation of
lattices, a result which was implicit in the lattice representation and duality of [16].
An orthoframe (X, 1) [14] is a well-known example of what is called here a
Kripke-Galois frame (where L is symmetric and then A = p), with no additional
relations. TiRS graphs [7] are also instances of what we call Kripke-Galois frames.
An ordinary Kripke frame is a Kripke-Galois frame where G\(X) = P(X) =
G,(X), i.e., every subset of the carrier set X is both Galois stable and co-stable.
This is the case when the Galois relation is chosen to be the non-identity relation
xRy iff z # y, as the reader can easily verify, since in that case each of the maps of
the Galois connection is set-complementation and U = — - U for any U ¢ X.
Therefore, Kripke-Galois frames, to be used in providing semantics to non-
distributive lattice-based logics, are a generalization of classical Kripke frames, used
for the semantics of distributive, or Boolean logics. The generalization resides pre-
cisely in abandoning set-complementation as the Galois connection with respect to
which stable sets are determined, and replacing it by an arbitrary Galois connection.

2.2 7-Frames and Generalized Image Operators

This section introduces 7-frames, as a subclass of the general Kripke-Galois frame
class. Having fixed the semantic structures, our interest is with studying the log-
ics of r-frames. 7-frames are specified in Definition 2.2, following a preliminary
definition of distribution and similarity types and of generalized image operators
(Definition 2.1). 7-languages, i.e., the languages of 7-frames are introduced in Def-
inition 2.3. In [21], we studied the minimal logic Ag(7) of 7-frames and we turn
here to a number of substructural logical systems which are naturally regarded as
T-logics for appropriate classes of 7-frames.

650



KRIPKE-GALOIS FRAMES AND THEIR LOGICS

A distribution type is an element § of the set {1,0}"*!, for some n > 0, typically
to be written as 0 = (i1,...,0n;in+1) and where i1 € {1,0} will be referred to
as the output type of . A similarity type T is a finite sequence of distribution
types, 7 = (01,...,0;). To each distribution type § = (i1,...,in;in+1) Kripke—Galois
semantics associates a pair of frame relations Rs, R? € X x X" from which generalized
image operators are defined (see Definition 2.1) on G»(X) and G,(X), respectively.

The reason we associate to a distribution type a pair of relations Ry, R?, rather
than a single relation, is grounded on an essential feature of every lattice represen-
tation theorem, where two dually isomorphic concrete meet-semilattices S = K%
are shown to be isomorphic and dually isomorphic to the original lattice L, see
[24, 16, 28, 25]. Thereby, a normal n-ary lattice operator f is also both represented
as an operator @y and dually represented as an operator G;? in each of S and K,

respectively, and so that ©f(eq,...,e,) = A @? (pei, ..., pey). Each of the relations
Rs, R(‘? is used to generate its respective operator ©¢ (on S) and (D;? (on K).

Definition 2.1 (Generalized Image Operators). Let (X, R) be a frame with R ¢
X x X, A, p the generated Galois connection, 0 = (i1,...,%,;in+1) a distribution type
and let Rg,R(‘? c X x X" for some n depending on ¢, be (n + 1)-ary relations on
the set X. When ¢ = (i1,...,i,;1) is of output type 1, we designate the relations
by Rm,Rg, rather than R(;,R?. Similarly, if 6 = (¢1,...,i,;0) is of output type 0,
we use the notation Re,Rg for R5,R?. In other words, Rs is either Ry, or Rg,
depending on the output type of 4, and similarly for R?. The relations R@,Rg
(and similarly for Re, Rg) are used to define a pair of order-dual operators ©, 0?
(e, e?, respectively) and we think of a relation R? as the ‘dual’ of the relation Rjs.
Equations (4, 5) define the generalized image operators on P(X) generated by the

ij=1

in=0
G)(Ul,...,Un):{x:ﬂul,...,un (mR®u1~~~un/\ (uj eU;)n A (urepUr))} (4)

j=1l--n r=1.-n

ij=1 ir=0
o(Uy,...,Uy,) = {x Vg, ... ,un( N (uj e XU~ N (upeU) = ngul---un)} (5)
j=1l-n

r=1--n
relations, when 6 = (i1, ...,4,;1) is of output type 1, while equations (6, 7)

ij=1

1-=0
{\ (uj eU)A N (ur€pU) = zReu1~~~un)} (6)

r=1--n

o(Ui,...,Uy) :{x:Vul,...,un(
j
ij=1

ea(Uh...,Un):{x:ﬂul,...,un(ngul---unA A (u; € \U;) A ir/=\8 (uTeUT))} (7)

j=1l-n r=1--n

define them when 0 = (i1, ...,i,;0) is of output type 0.
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The definition of the image operator ® in (4) is a generalization of the Jénsson—
Tarski additive image operators in a mere distributive setting (lacking a comple-
mentation operator), resulting by the addition of the extra conditions that u, € pU,,
whenever i, = 0, a case that is captured in a Boolean context by composition with
classical negation. The reader may wish to consider the case where the operators
are defined on a plain Kripke frame, i.e., the relation R is the non-identity relation
xRy iff x # y and then AU = pU = -U.

Definition 2.2 (7-Frames). Let 7 = (d1,...,0;) be a similarity type. A Kripke—
Galois T-frame (or simply 7-frame) §, = (X, R, (Rs, R?)se,) is a frame (X, R) to-
gether with a pair of relations Ry, R? € X x X", for each 0 € 7, where n+1=/£(0) is
the length of 6 = (i1,...,ip;in+1). If 7= () is the empty sequence, then we refer to
the frame as a lattice frame.

For each &, = (i1,...,ip;1) € 7 of output type 1, and where (R(D,Rg) is its
corresponding relation pair, let 0,0? be the generalized image operators gener-
ated by R(D,Rg, respectively, defined by equations (4, 5). Similarly, for each 6, =
(i1,--.,in;0) € T of output type 0 and where (R, Rg) is its corresponding relation
pair, let ©,6? be the generalized image operators generated by Rg, Rg, respectively,
defined by equations (6, 7). The following requirements are placed on the operators
of the frame.

1. GA(X) is closed under the operators ©,©, while G,(X) is closed under the
operators (Da, ef.

2. The operators ©,0? and the operators ©,0? are order-dual, i.e., they are
interdefinable by means of the Galois connection generated by the binary re-
lation R of the frame. More specifically, for any sets Aj,..., A, € G\(X)
and any Di,...,D, € G,(X) the following two (equivalent) conditions hold:
O(A1, ..., An) = M02(pAy,...,pAn)),0%(Dy,...,Dy) = p(©(AD1,...,ADy)).
Similarly, the following two (equivalent) conditions hold: ©(Ai,...,A,) =
MN%(pAy,...,pA,)) and €2(Dy,...,D,) = p(€(ADy,...,ADy)).

A general T-frame &, = (X, R, (R(;,R(;a)geﬁ‘l?)\) is a frame with a distinguished
sublattice By € G(X) such that @, restrict to operators of the respective distri-
bution type on P and similarly for 0?,09 and B, = {pA: A e Py}

2.3 (Co)Interpretation of Propositional r-Languages

If £=(L,A,Vv,0,1) is a bounded lattice, PLL designates Positive Lattice Logic,
whose language is generated by the schema ¢ :=p (pe P) |T|L1|@A¢@| Ve, where
P is a countable set of propositional variables.
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Definition 2.3 (Propositional 7-Languages). Given a similarity type 7, the propo-
sitional 7-language is the extension PLL. of the language of PLL with an n-ary
operator symbol Oy for each § € 7. Explicitly, sentences are generated by the gram-

mar p:=p(peP)|[T|Llprp|oVve|Osp,....,p) (deT).

Given a lattice frame § = (X, R), where R € X x X, a lattice model M = (§, V)
is a frame together with an admissible valuation V = (V1,Va) consisting of a pair of
valuations Vi : P — G(X) and V5 : P — G,(X) such that Vi(p) = AVa(p) and
then also Va(p) = pVi(p).

An interpretation [ ] and co-interpretation (or refutation) () is a pair of func-
tions extending V7, Vs, respectively, to all sentences of the language and subject to
the conditions in Table 1, together with the constraint that for all ¢, [¢] = A(¢)
and (¢) = p([¢])- A model on a general lattice frame & = (F,B)) is a pair
M = (6,V) where V is an admissible valuation as previously detailed, but with the
additional requirement that for every propositional variable p, Vi(p) € ‘B, and then
also Va(p) € B,. The satisfaction I and co-satisfaction I¥ relations are defined by
z - @ iff 2 € [o] and z ¥ ¢ iff 2 € ().

TIFp iff zeVi(p) z 1 p iff  xeVa(p)

TI-T always z1 1L always

Tl 1 iff xe@y zi¥T iff zeg,

xi-pny iff zi-pand zi-9 1 pvey itz pand x4

ri-@vy iff Yy (yRx implies 10 patp iff  Vy (xRy implies

3z (yRz and (2 Ik @ or z I- 1)) 3z (2Ry and (212 @ or z 19 1))
iff Yy (y 1 ¢ v implies yRzx) iff  Vy (yIF @A implies zRy))
= ir=0
Tl Os(p1, .-, on) M Ju, ..., up(zRour-un A\ (uj Ik ;) A {\ (ur ¥ ©,)) (8)

j=l-n =T

ij=1

21 0s5(01, ..y on) iff Yuy, ..., /\ (u] - @) A /\ (uy ¥ <pr)2>xR urun)  (9)

Jj= r=1-n
ij=1
Tk 05(01,. -y n) iff Yur, ... un( /\ (uj - ;) A /\ (u, g ¢r) = xRgu1--u,) (10)

j=1l-n r=1..
’i]’=1 i =0
z 0 05(P1,- -y ion) i Jug, ... up, (ngulwun/\ N (wjiFe)n A (ur g er))  (11)
1--n

j=1l-n r=1---
Table 1: Interpretation and Dual Interpretation
A model M = (B, V) on a general 7-frame & is a lattice model (on the underlying
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general lattice frame) where the satisfaction and co-satisfaction relations are subject
to the conditions of Table 1, where we make the convention to write ©s for Og
when § = (i1,...,iy;1) is of output type 1 and we write 65, respectively, when
0 = (i1,...,in;0) is of output type J. A sentence ¢ is (dually) satisfied in a model
M if there is a world x € X such that z I ¢ (respectively, y IF¥ ¢, for some y € X).
It is (dually) valid in 9 iff it is satisfied (respectively, dually satisfied) at all worlds
x € X (respectively, at all y € X).

A symmetric sequent ¢ + v is valid in a model 9 iff for every world = of 9N, if
Z I ¢, then z I+ 1. Equivalently, the sequent is valid in the model iff for every world
y, if y 11 4, then y ¥ . The sequent is valid in a general frame & if it is valid in
every model 9 based on the frame &. Finally, we say that the sequent is valid in a
class G of general frames iff it holds in every frame in G.

The operators semantically specified by (8-11) include all cases of unary and
binary operators of various logical calculi, such as the Full Lambek and Lambek—
Grishin calculus, Orthologic, Relevance and Linear Logic etc., see Sections 3-5.5.

Example 2.4. We present some cases of interest for the operators:
o If §=(1;1), then (8) specializes to the clause
z - 0"y iff Ju (zRpiiu and u ik @)

so that ©%! is a unary diamond operator ¢. Similarly, o' = ¢ is an

n-ary diamond operator with the familiar satisfaction clause. In particular,
the distribution type 6 = (1,1;1) corresponds to the binary diamond operator
known as the fusion operator in substructural and relevance logics.

o If§=(0;1), then 0% is a falsifiability operator. Indeed, the satisfaction clause
(8) provided above becomes

zi- 0%y iff Ju (zRgoau and u i o)
In words, ¢ is falsifiable at x iff it is refuted at some successor state u of x.

o If §=(1;0), then o' is an impossibility operator, i.e., a modally interpreted
negation operator ~. This can be seen from the respective clause (10) instan-
tiated below, where Rg1;0 is the complement of Rg1;0

z - iff Vu (ulF o = zRguou) iff Yu (zRguou = u It @)
o If § = (0;0) then the respective clause (10) reads as follows
z - e%9p iff Vu (uif ¢ — TRgoou) iff Yu (zRgoou = ul? )

which is precisely an irrefutability operator.
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o If 6 = (1,0;0), then 699 = — is an implication operator, with satisfaction
clause instantiating (10),

ko=t iff  Yu,v (i and v I ¥ = zR_ouv)
iff  Vu,v (zR—ouv and u - @ — v ¥ )

which we treated in [20] and as noted there it resembles the clause for Rel-
evant implication [2, 3|, except for replacing satisfaction of the conclusion at
v by its non-refutation. Co-satisfaction is specified by the following clause,
instantiating (11)

19 p—otp iff Ju,v (zR—ouv and u - @, but v ¥ 1))
which is the natural analogue of a clause for negated implication.

e For 6 = (0,1;9), the operator ©° = 69139 is a reverse implication o—, as the
reader can easily see by instantiating clause (10).

e The case 6 = (0,0;0) corresponds to a binary non co-refutability operator,
with semantic clause (instantiating (10) and after contraposition and writing
o for 69:9:9)

zi-po iff Vu,v (zRouv = (ult? ¢ or v ¢))
iff  Vu,v (#Rouv and u ¥ ¢ = v ¥ ¢)

In [21], we defined the minimal logic Ag(7) for a similarity type 7 as the logic
on the 7-language PLL, that includes the usual lattice axioms and rules, as well
as monotonicity and distribution axioms for each operator Os corresponding to its
distribution type §, but no interaction axioms between the operators. The following
general soundness and completeness result was proved in [21].

Theorem 2.5 (Completeness, [21]). Let 7 = (d1,...,0;) be a similarity type and
Ao(7) the corresponding minimal propositional logic for this type. Then Ao(T) is
sound and complete in the class of general T-frames of Definition 2.2.

The objective of this article is to apply the Kripke-Galois semantic framework

and extend the completeness Theorem 2.4 to various substructural logic systems,
which are naturally viewed as 7-logics for appropriate classes of 7-frames.
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3 The Full Lambek Calculus

We consider here systems that arise from the Gentzen system LJ for intuitionistic
logic by dropping a combination of the structural rules of exchange, contraction
and weakening (perhaps, also association) and expanding the logical signature of
the language to include the operator symbols o (fusion, cotenability), « (reverse
implication) and a constant t. The algebraic semantics of these systems has been
investigated by Hiroakira Ono, see [26]. Following Ono, we let FL be the system
with all structural rules dropped, which is precisely the (associative) Full Lambek
calculus, and for r ¢ {¢,e,w} we designate by FL, the system resulting by adding
to FL the structural rules in r (where ¢ abbreviates ‘contraction’, e abbreviates
‘exchange’ and similarly for w and ‘weakening’). With the exception of FLccy,
which is precisely LJ, distribution of conjunctions over disjunctions and conversely
does not hold, unless explicitly postulated in the axiomatization.

An FL-algebra is a structure (L,<,A,V,0,1,«, 0, >, t) where

1. (L,<,A,v,0,1) is a bounded lattice

2. (L,<,0,t) is a partially-ordered monoid (o is monotone and associative and t
is a two-sided identity element aot=a=1toa)

3. «,o0,— are residuated, i.e., aob<ciff b<a—-ciffa<c<«b
4. forany ae L, ao0=0=00a

An FL-algebra is known as a residuated lattice. FL-algebras (residuated lattices)
are precisely the algebraic models of the (associative) full Lambek calculus.

An FL,,-algebra adds to the axiomatization the exchange (commutativity) ax-
iom aob=boa for the cotenability operator (in which case < and — coincide), as
well as the weakening axiom bo a < a, in which case combining with commutativity
aob < anb follows. In addition, by 1ot < t, the identity t = 1 holds in FL¢,-
algebras. FL.,-algebras are also referred to in the literature as full BCK-algebras,
corresponding to full BCK-logic, resulting from BCK whose purely implicational
signature is expanded to include conjunction and disjunction connectives, alongside
the cotenability logical operator and the constants 0,1. Algebraically, they consti-
tute the class of commutative integral residuated lattices.

The language of FL is displayed below, where P is a non-empty, countable set
of propositional variables.

Lyp =ppeP)|T|L|t]orplove|lo<p|lpop|lo—p

656



KRIPKE-GALOIS FRAMES AND THEIR LOGICS

Note that we have preferred to use the notation common in the substructural logics
community for the residuals of the cotenability operator, rather than the typical
notation of the Lambek calculus where ¢\ is used instead of ¢ — v and similarly
for ¢ /p and ¢ < .

Since we have no interest in this article in studying proof theoretic issues, we
may as well assume that the proof system is presented as a symmetric consequence
system, directly encoding the corresponding algebraic specification.

3.1 Kripke—Galois Frames for the Full Lambek Calculus

Cotenability is a binary diamond operator, generated by a relation Rg in a Kripke—
Galois frame & = (X, R, Rg, Rg,,iBA) by equation (4), for n =2, instantiated below.

A®C = {z:3u,v (rRguv and ue A and ve(C)}
Be’D = {z:Vu,v(ueAB and veAD = xzRZuv)}

The corresponding satisfaction clauses, resulting by instantiating clauses (8, 9), are
displayed below.

xi-pot iff  Ju,v (xRguv and u - and v - 1))
e ooy iff Yu,v(ul ¢ and vk = zRIuv)

Observe that fusion (a binary diamond) is interpreted by the familiar clause from
the distributive setting and it is this author’s opinion that there is no reason why
lack of distribution of conjunctions over disjunctions and conversely should force
abandoning the way we semantically understand other operators in the logic.

If the Kripke—-Galois frame is a plain Kripke frame (X, #, R®,§®), i.e., R is the
non-identity relation, AU = pU = -U, hence G)(X) = P(X), and then = ¥ ¢ iff
x It ¢ and the relation Rg = Rg is the complement of Rg, then neither R, nor Rg
need to be mentioned and the frame is simply (X, Rg).

What does force a difference of Kripke-Galois semantics from classical Kripke
semantics is lack of classical complementation, which dictates the use of Galois-
stable sets as propositions, for a non-trivial Galois connection A\, p, and where unlike
the classical case pA #+ —A and AB # —B. Non-triviality of the Galois connection
results in a refutation (co-satisfaction, or dual satisfaction) relation x I¥ ¢ which is
distinct from I+ ¢ and, similarly, its negation z ¥ ¢ is distinct from satisfaction
x I+ . This becomes relevant when considering the semantics of some operators,
such as implication.

Forward implication — has the distribution type (1,0;0) (it takes joins in the
first and meets in the second argument place to meets) and backwards implication
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< has the distribution type (0, 1;0). Kripke—Galois frames for forward implication
are of the form (X, R, Rw;a,R‘?&a,‘B)\) and they are equipped with the indicated
relations, which generate set operators by equations (6, 7), instantiated below.

A=C = {z:Vu,v(ueA and vepC — $R1a;auv)} (12)
B=9D = {x:Hu,v(mR?a;auv and ueAB, butveD)} (13)

Correspondingly, thinking that A = [¢],C = [¢] and then B = (), D = (),
the appropriate semantic clauses are obtained by instantiating clauses (10, 11):

zhp—-v¢ iff Vuu(uie and v ¥ — zR1p9,0uv)
¥ o>y iff Fuw (xR?a;auv and u @, but v I ¥)

We consider Kripke-Galois general frames (X, <, (Ri,R?)id,iBA), where RZ-,R;9
are appropriate relations on X and the partial order < is the Galois relation of the
frame. The partial order generates the Dedekind—MacNeille Galois connection A, p
and G\(X),G,(X) designate the stable and co-stable sets, respectively. By choice
of the Galois relation, each upper set x1 is I'-stable xt=T'(x1) = T'({z}) (which we
hereafter designate simply by I'z) and similarly z|= A(z]) = Az is a co-stable set.
We set things up in a way that ensures first-order definability of frames. For this
purpose, we further require that there is a subset M ¢ X such that every A €
is A =I'z for some x € M and then it follows that every B € B, is of the form B =
Az = p(T'z), for some x € M. Thus, frames (X, <, R11;1,R‘?1;1,M) can be described

in the first-order frame language Ll(g,Rn;l,R‘?m,M), where M ¢ X, since By
is completely determined by M. For use in the sequel we define the properties
U (z,u,v), ¥ (x,u,v) by conditions (14, 15):

U(z,u,v) = 3,0 (u<u' Av<o' A zRipu'v) (14)

‘ya(x’u’v) = Vi, (USU, Av<y —s xR?1;1U,U,) (15)

Note that, given (4), ¥(z,u,v) holds iff z € 'u ® T'v and similarly W9 (z,u,v) holds
iff z € Aum Av. As usual, for any property ® we define 3!z ®(z) as shorthand for

Jz ((x) A Yy (2(y) — y=1)).

Modeling the Cotenability (Fusion) Operator: Groupoid and monoid fra-
mes are next defined. Conditions 1(a,b) of Definition 3.1 ensure that each of By,B,
is closed under binary intersections. Conditions 1(c,d) ensure that B,B, are closed
under ® and ® = ®, respectively. Condition 2 enforces A ® C' = A\(pA® pC) and
Br D =p(AB®AD), for A,C € Py and B,D € B,. Condition 3 equips P, with
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a bottom element which is a zero element for ®. Likewise, Condition 4 equips B
with an identity element ¥ =T'(¢). Condition 5 forces distribution of ® over joins in
P, in each argument place. All of the above are verified in the proof of Lemma 3.2.

Definition 3.1 (Groupoid frames). A structure (X, <, Ri1.1, R11 4, M), with M ¢ X
and such that R11;1,R%;1 € X x X? and < is a partial order on X, will be called a
Groupoid-frame (G-frame) provided that

1. the following closure conditions hold:

(@) Ve,ydz[re M AyeM — ze M A Vu((x<u A y<u)«— z<u)]
(b) [

(¢) Ve,ydz[re M Aye M — zeM A Vu (V(u,z,y) < z<u)]

(d) Vo,ydz[zre M AyeM — ze M A Yu (¥ (u,z,y) «— u<2)]

Vo,ydzlre M AyeM — ze M A Vu((u<sx A usy) < u<z)]

2. For all x,y,z € M the following equivalences hold:

(a) U(z,z,y) < V2 [UO(2 z,y) — 2'<Z]
(b) ¥O(z,2,y) <= V' [¥(,2,y) — 2<2]

3. 3z (xeM A Vy(y<a A Vo' u((2'Ripzu v 2’ Rijux) — z’ = x)))
Thus X has an upper bound, which belongs to M and we shall freely use the
name w for it in the sequel (extending the signature of the frame language
with the constant w). Part of the above condition then is equivalent to the
statement Vo, u ((zRigwu Vv zRijuw) — = = w).

4. AweMVu,z(ueM — (Y(z,u,w) «—>u<z)A(V(z,w,u) «—>u<z)))
For ease of reference we again extend the signature of the frame language,
introducing the constant e for the unique w e M ¢ X of this axiom.

5. For all z,y,ze€ M and all ue X

A
e\

(a) UO(u,z,y) AU (u,z,2) — Vo', o' (z<u' A y<v A z<
UR%JU'UI)
(b) \Ila(u z,2) AU (u,y,2) — Yu' v (x <

111“”)

A
S
>

<
A
S
>
N
A
S

A Monoid frame (M-frame) is a frame where the associativity condition (M) holds.

(M) for any points x € X and u, v, z € M, the following equivalence holds

Jwe M (wRi1;1vz A zRipjuw) «— Jwe M (wRi1,uv A Ri1,1w2)
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An E,C, W-frame is a monoid frame such that, in addition, the following correspond-
ing condition holds:

(E) For all z,u,v in X, xRy, uv holds, iff xRy1,1vu does.
(C) Forallue X and any z,ye M, x <u A y<u — VU(u,z,9).
(W) For all ue X and any z,y € M, ¥(u,z,y) implies y < u.

Lemma 3.2. Let = (X, <, Ry1.1, R‘?m, M) be a G-frame and ® the binary operator
on subsets of X generated according to equation (4) by the relation Ry1,1 and ® = ®
the dual operator generated by the relation R?l;l by equation (5). Then

1. By is closed under ®, B, is closed under ® and both are closed under binary
intersections, where By is the set {Tx:x e M} and, similarly, B, = {Ax:x €
M}. Furthermore, for any stable sets A,C € Py and co-stable sets B, D € B,
we have A®C = A(pARpC) and BRD = p(AB® AD). Hence, & is a T-frame
for the similarity type T = ((1,1;1)).

2. (Pr,n,Vv,®,%,90) is a lattice-ordered groupoid with two-sided identity element
% and zero element O, where the latter are defined by T =T'(¢) and O =T'(w),
while joins in Py are defined by Av C = X(pAnpC).

3. If condition (M) holds as well, then (B, N, V,®,T) is a lattice-ordered monoid.

4. If the frame is an EW-frame, then (Byx,N, Vv, ®, T, 0) is a commutative integral
lattice-ordered monoid.

5. If the frame is an EC-frame, AnC c A® C holds in B).

Proof. For 1), closure of By under ®, of B, under ® and of both under binary
intersections follows from Conditions 1(c), 1(d) and 1(a,b), respectively. Now z €
A®C=Tze®Tly, for some =,y € M iff (using Definition (4)) there exist ue A,v e C,
i.e., z <w and y < v, such that zRy1;;uv. By the second frame condition, given the
definition (5) this is equivalent to z € A\(Az ® Ay) = M(pl'z ® pI'y). The proof of
the second part is similar, now using the second equivalence of the second frame
condition.

For 2), it is straightforward to show that (B),n,v,®,T,0O) is a lattice with
bottom element I'(w) = {w}. By a simple calculation it is verified that the third
condition in the definition of G-frames entails that for any set A € ), it holds that
A®OD =9 =9 ® A and therefore O is a zero element. Next, Condition 4 enforces
that z € (Tu®X) iff u <z and z € (T ®'u) iff u < 2z, which is equivalent to z € 'u
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and this establishes that ¥ is an identity element for ®. It remains to show that ®
distributes over binary joins in ), in each argument place. Given part 1 of this
lemma, the claim is equivalent to showing that the dual operator ® distributes over
binary intersections in 33,. One direction follows from the monotonicity properties
verified in Lemma 2.7 of [21]. Condition 5(a) ensures inclusion in the other direction
(Azm Ay)n(Azr Az) € Az® (Ayn Az) holds. Similarly, for Condition 5(b) and

distribution in the first argument place.
For 3), using condition (M) of Definition 3.1 and closure of 3 under ®, we have

zeTue (Tvelz)

iff I ,w(weM Au<u A (I, 2 (Vv AZ<2Z AwRy11V'Z)) A zR11q0 w)

iff 0 (u<u Av<v Az< A Jwe M (WR111V'2" A xRyp1u'W))

iff 0 (u<u Av<v Az A Jwe M (WRau'Y A 2Ry wz))

iff  Jw, 2 (weM A 0 (u<u Av<v A wRau'v') A 2<2 A zRpwz’)

iff ze(Tuelv)elz,
hence, ® is associative on 3.

For 4), the (E) condition implies directly that the ® operator is commutative,
while if the (W) condition holds then it immediately follows that for any A, C € 3y
the inclusion A ® C' ¢ C obtains. The (C) condition directly enforces inclusion of
intersections A N C into their product A ® C, for any A, C € R,. O

Modeling Implication: The following properties will be useful in this section,
defined in the first-order frame language Ll(S7 Ri5.9, R?a.a, Ro1.0, Rgl,a, M).

D(z,u,v)  iff  Vu'o' (uw<u A v <o — zRigou’v")
®(z,u,v) i F 0 (u<u AV <o A wR?a;au'v'
O(z,u,v) i Vu', o' (u<u' AV <v — 2Ry ev'u)
0(z,u,v) iff 0 (u<u AV <v A ngl;av'u')
To fix our notation, we adopt the conventions below:
e An operator for the distribution type (1,0;0) (the distribution type of forward

implication) will be designated by =. It is defined using equation (6), instantiated
below for subsets of the form I'u,T'v

lu=Tv = {z:®(z,u,v)} (20)

e Its dual, =9, will be designated by |. It is defined using equation (7), instantiated
below for the case of interest

Aul Av = {z:9%(z,u,v)} (21)
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e An operator for the distribution type (0, 1;0) (the distribution type of backwards
implication) will be designated by <. It is also defined using equation (6), instan-
tiated below for the case of interest

I'v<Tu = {z:0(x,u,v)} (22)

e Its dual, <2, will be designated by {, defined also by equation (7), instantiated
below for the case of interest

Avf Au = {z:0°(z,u,v)} (23)

We next introduce a definition for biimplicative frames. Conditions 1(a,b) are
the same as the corresponding conditions in the definition of groupoid frames and
their significance is that they enforce that each of ),, is closed under binary
intersections. The remaining Conditions 1(c,d) enforce closure of B, under the
implication operators < and =, as well as closure of 3, under the dual operators |
and ). Condition 2 ensures that dual operators are interdefinable using the Galois
connection, i.e., A = C = A(pA | pC) and B || D = p(AB = AD), for A,C € B,
and B, D € B,, and similarly for < and f{. Conditions 3-4 enforce the distribution
properties of = and <, while Condition 5 enforces the residuation condition of
biimplicative lattices. All of these claims are proven in Lemma 3.4.

Definition 3.3 (Biimplicative frames). A biimplicative-frame is a structure (X, R,
(Ri9:0, R5.9), (Rova, RY,.5), M) such that

1. the following closure conditions hold:
(a) Ve ,yFz[re M AyeM — ze M A (Vu (x<u A y<u)«—z<u)]

(b) Vao,yIz[re M AyeM — ze M A (Vu (u<x A u<y) <> u<z)]

(¢) Ve,ydz[re M Aye M — zeM A Vu (Y(u,z,y) < z<u)],
for each case T € {®,0}

(d) Ya,ydz[ze M A yeM — zeM A Yu (Y(u,z,y) < u<z)],
for each case T? e {®9, ©9}.

2. For all z,y,z € M the following hold, for each case T € {®,0} with its corre-
sponding T e {®9, ©9}:

(2) T(z,a,y) <= V' [T2(' 2,y) — 2'<z]
(b) YO(z,2,y) < V2 [Y(,2,y) — 2<7].

3. For all z,y,2z€ M and any w € X,
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a w,r,z) N®(w,y,z) — Vur,v1 (11 <z A Vu (v <xAu <y—u
(a) ®(w,z,2) A ®(w,y,2) Vauy, v ( vu' (v "<y '
u1) — wRippuivy)

IA

IN

(b) ®(w,z,y) A ®(w,z,2) — Vug,vy (x<u; AVY (y<ov' Az<o — 0y
v') — wRypouiv1).

4. For all z,y,z€ M and any w € X,

IA

(a) O(w,z,y) AO(w,x,2) — VYui,v1 (ug <zAVY (v <ynv' <z—'
v1) —> wRa1pu1v1)

(b) O(w,z,2) AO(w,y,z) — Yui,v1 (z<v; AVU (z<u' Ay<u — ug <
u') — wRp1puIVL).

5. The following two conditions are equivalent, forall x,y,z € M.

(a) Yw (y<w — &(w,z,2))
(b) Vu (z <w — O(w,z,y))

Lemma 3.4. Let & = (X,S,Rla;a,R?a;a,Ral;a,Rgl;a,M) be a bitmplicative frame
and =, <, ||, f} the binary operators on subsets of X generated according to equations
(20, 21, 22, 23) by the frame relations. Then

1. Py is closed under =,<, B, is closed under ||,f} and both are closed under
binary intersections, where Py is the set {T'x:x € M} and, similarly, B, =
{Ax:x € M}. Furthermore, for any stable sets A,C € By and co-stable sets
B,D € B, we have A = C = X(pA | pC) and B | D = p(AB = AD) and
similarly for < and ). Therefore, & is a T-frame for the similarity type

7 =((1,0;0),(9,1;9)).

2. (Pr,N,V,<,=) is a biimplicative lattice, where joins in Py are defined by
AvC=XpAnpC).

Proof. Closure under intersections and under the respective operators is immediate
by conditions 1(a—d). For interdefinability of the operators, we do one case as an
example, leaving the other cases to the interested reader.

ze(Tx=Ty) iff ®(z,2,9)
iff Vo' [00(2,z,y) — 2 <Z]
iff V' (2 e(Ax|Ay) — 2'<2)
iff ze AM(Az || Ay) =A(pl'z | pI'y)

663



HARTONAS

It follows that & is a 7-frame.

For the distribution properties, one direction of the relevant identities follows
from the monotonicity properties of the operators, verified in Lemma 2.7 of [21]. For
the other direction, Condition 3(a) directly enforces the inclusion (A = C)n (B =
C)c(AvB)=C,for A,B,C €*B,, and similarly, for left implication <, now using
Condition 4(a). For distribution over intersections in the consequent place, again
one direction of the inclusion follows by monotonicity, see Lemma 2.7 of [21]. For
the other direction, Condition 3(b) directly enforces that (A= B)n(A=C)c A=
(Bn (), and similarly, for <, using Condition 4(b), and where A, B,C € ‘B,.

Finally, the equivalence I'y € 'z = 'z iff 'z € 'z <= I'y is directly derivable from
the fifth frame condition. O

Remark 3.5 (Implicative Frames). Frames with a single relation pair only for the
distribution type (1,0;9) (corresponding to right implication =) are defined by
simplifying Definition 3.3 in the obvious way. More specifically,

o Conditions 1(a,b) and 2 of Definition 3.3 now have a single instance T = &
and T2 = ¢9;

o Condition 4, relating to the distribution properties of < is now redundant;

o Condition 5 now simply needs to capture that 'z cT'y =Tz if I'yc'e = 'z
and this is achieved by replacing the occurrence of © in 5(b) by ®.

Lemma 3.4 can be restated for the case of a single implication and the proof only
needs a minor adjustment to the single implication situation.

Modeling Fusion—Implication Residuation:

Definition 3.6 (FL frames). An FL™-frame & = (X, <, (R11.1, R?l;l), (R15:0, R?a;a),
(Ral;a,Rgl;a),M) is a structure &, where

1. (X, S,Rn;l,R%;l,M) is a groupoid frame (Definition 3.1)

2. (X,S,R1a;8,R?a;a,Ral;a,Rgl;a,M) is a biimplicative frame (Definition 3.3)
and, in addition,

3. the condition Vw (V(w,z,y) — 2z <w), for any z,y,z € M and where VU is
defined by (14), is equivalent to each of the two conditions 5(a) and 5(b) of
biimplicative frames.

If the associativity condition (M) for groupoid frames holds, then the frame will be
called an FL-frame. An FL.-frame is an FL-frame where, in addition,
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1. the Exchange condition (E) for monoid frames holds (Definition 3.1);

2. the frame is now reduced to an implicative frame (X,S,Rla;a,R?a,a,M), as
specified in Remark 3.5;

3. the residuation Condition 3 above assumes that both of the above mentioned
Conditions 5(a), 5(b) for biimplicative frames use ® (see Remark 3.5).

Lemma 3.7. If & is an FL™-frame, then its dual algebra (Bx,n, Dy, X, O, T, <=,
®,=) is a non-associative FL-algebra. It is an FL-algebra (i.e., ® is associative) if
condition (M) holds in the frame and it is an FL.-algebra if, in addition, condition
(E) holds. If, furthermore, condition (W) holds, then it is an FLey-algebra and if
conditions (E) and (C) hold, then it is an FLe.-algebra, i.e., it satisfies AnC ¢ A®C.

Proof. Immediate, left to the interested reader. O

Models and Soundness: The definition of models over general T-frames for
each of the cases of the logic of lattice-ordered groupoids, monoids, or abelian
monoids, or biimplicative lattices, as well as over 7-frames for the associative, or
non-associative Full Lambek calculus, with or without Exchange and Weakening, is
a specialization of the general definition of models over 7-frames (see Section 2.3).
For concreteness, we list the related satisfaction and refutation clauses.

Tl @or iff Ju,v (uiFp A VIFY A xR uv) if zel[p]®[v]
oty iff Yu,o(wid o A vy — a:R‘?l;luv) iff ze(p)r ()
=1 iff Yu,u (2Rigeuwv A ulkp = viP ) iff ze[p] = [¢]

¥ -y iff Juw (:cR‘?a;auv AulFp A v ) it xze(p) (W)
zi-p et iff Yu,u(xRorouww A viFY = ul¥ @) it zelp]<=[v]
¥y iff FJuw (ngl;au’U Aud o A viFY) it xe(v) ()
Tt iff ze% st iff zep(T)

Theorem 3.8 (Soundness). The following hold:

1. The logic of lattice-ordered groupoids is sound in models over G-frames, and
similarly for the logic of lattice-ordered monoids and M-frames, as well as for
the logic of lattice-ordered abelian monoids and M-frames with condition (E).

2. The logic of (bi)implicational lattices is sound in the class of models over
(bi)implicative frames.

3. The non-associative Full Lambek Calculus is sound in models over FL™ -frames
and, similarly for the associative Full Lambek calculus and models over FL-
frames, as well as the associative-commutative calculus over FL.-frames.
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Proof. The proof is a straightforward consequence of Lemmas 3.2, 3.4 and 3.7. 0O

3.2 Canonical Model Construction and Completeness

In this section, we construct a canonical 7-frame and model, based on [21], itself
extending and improving work first presented in [16], where a full functorial, Stone-
type duality was presented for lattice-ordered algebras (lattice expansions).

Let (X,<) be the partially ordered set of filters, including the improper filter
w (the whole lattice) of the Lindenbaum-Tarski algebra of the logic. The partial
order will be the Galois relation of the frame. To define relation pairs RJ,R? for
each of the operators of corresponding distribution type § we first define operators
on points (filters) of the carrier set X, assuming the logic is equipped with the
respective logical connective.

u®v = N\{(aob)t:a<u and b<v}={e:Va,b(a<u and b<v = aob<e)} (24)
uSv=\/{(a—>b)t:a<u and bev}={e:Ja,b(a<u and bev and a—>b<e)} (25)
uev=\/{(a<b)t:acv and b<u}={e:3a,b(acv and b<u and a<b<e)} (26)

The definitions follow a general pattern first introduced in [16] and presented in a
simpler form in [21], to which we refer the reader for intuitions and details. Define
also relations on filters by (27), as shown below:

zRguv iff u®v <z R wv iff uSv<a zR vu iff veu<z  (27)

Let ®, =, <= be the operators generated by the relations Rg, R_,, R by equations (4,
6) corresponding to the respective distribution types (1,1;1),(1,9;0) and (9,1;9).
Define also the dual relations by (28).

cROuv iff < uBv zRuv iff x <uSv zR%vu iff z<veu  (28)

and let ®, ||, f} be the dual operators, generated by the relations Rg, R?  R? . respec-
tively, according to equations (5, 7). Furthermore, let M < X be the set of principal
filters and let T =T'(¢) =T'zy and O =Tzg =Tw.

Lemma 3.9. Let ® be any of <,o0,—, of respective distribution type (i1,i2;13) €
{(0,1;0),(1,1;1),(1,0;0)}. Let also & be any of the defined filter operators <, D, .

1. ®,® have the same monotonicity type. In other words, if for all j = 1,2, if xj <
u; whenever i; =1 and uj < x; whenever ij = 0, then &(x1,x2) <" &(u1,us2),
where < is < if i3=1 and it is > if i3=0

2. &(xq,7p) = ®(a,b) 1, for any lattice elements a,b
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Proof. The lemma is a special case of Lemma 4.3 of [21], to which we refer the
reader. O

Lemma 3.10 (Canonical Frame Lemma). Let & = (X, S,R@,,Rg, R..R? R._,RY,
O,%, M), where X is the filter space of the Lindenbaum—Tarski algebra of the Full
Lambek calculus. Then & is an FL™ -frame and it is an FL-frame if the associativity
condition (M) on the relation Riy.1 is further assumed.

Proof. The proof is given in a sequence of claims.

Claim 3.11. The structure (X, S,R®,Rg,D,T,M) is a groupoid frame. If the logic
assumes associativity, then it is an M-frame. If the logic further assumes the Ex-

change and Weakening rules, then the generated set operator ® is commutalive and
for A, C € By the inclusion A® C c C obtains.

Proof. Recall that a stable set A € ) of the canonical structure is an upper set
'z, over a principal filter z,, for some a in the Lindenbaum—Tarski algebra of the
logic. By I'zy nTxp = T'(24vp) and Az, N Axy = A(z4ap) it follows that each of By
and P, is an intersection semilatice. Since A, p restricts to a duality on 3, and
By, each is a lattice, with joins in By and P, defined by Av C = A(pAn pC) and
Bv D =p(ABnAD), respectively. If w = z¢ is the improper filter (the whole lattice),
then Tw = {w} and for any filter z, w € 'z, hence T'w = O is the bottom element of
B, while Aw = X is the top element of B,. The trivial filter 2y = {1} generates the
whole space by I'zy = X, while Azy = {x1}, so that these elements are the top and
bottom elements of P and P, respectively. Hence (P, n, v, {zo}, X) is a bounded
lattice and so is its dual isomorphic copy (B,,n,v,{z1}, X).
By the definition of ® using the canonical relation,

Tu®Tv={z:3u v (u<u and v <v' = u/'&" <2)} =T (udv)

(where Lemma 3.9 was used) and so G)(X) is closed under ®. In particular, given
Lemma 3.9, it follows that 3, is closed under ® as well. Similarly, both G,(X) and
B are closed under = and <.

By definition of the dual operator ®, using the dual canonical relation and re-
calling Lemma 3.9 again we obtain

AurAv={z:Yu',v' (u<u and v <v" and 2z <u'®v')} = A(udv)

so that each of G,(X) and ‘B, is closed under ®. By similar argument, left to the
reader, closure of B, under |, { follows.
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Since Az = p(I'z) and 'z = A(Az) it immediately follows that

Fu@lv = AAur Av) = A(pI'um pI'v) Tu=Tv=A(pl'u | pI'v)
Tu<Tv=Apluf pT'v).

It follows from the above that the canonical structure is a 7-frame for 7 = ((1,1;1))
and the first and second conditions of G-frames (Definition 3.1) obtain.

For the third condition, the upper bound in the canonical structure is the im-
proper filter w and since w = xg and M is the set of principal filters we get w € M.
Note that w®u = {e:Va,b (a <w, b<u = aob<e)}. If a <w, then a =0,
hence aob=00b=0 < e for any e and thereby w®u = w, and similarly u®w = w. By
definition, x Rguw iff u®w < x and therefore the hypothesis implies that w < z, i.e.,
r =w. Hence, if tRguw or xRgwu, then x = w and therefore the third condition on
G-frames also holds in the canonical structure.

For the fourth condition, we have set ¢ = xy and ¥ =I'e = 'zy. For any z, € M, it
is immediate that 'z, ® 'y = Tz = 'z ® 'z, because aot = a = toa. Uniqueness
of x¢ follows by uniqueness of the identity element t.

For the fifth condition, relating to the distribution properties of ®, assuming
WO (u,z,y) and Vo(u,z,z), for & = x4,y = 3,2 = x. € M and given the defining
clause for W9, the hypothesis is equivalent to u € Az, ® Az and u € Azg 8 Az,. In
fact, either one of these hypotheses suffices to derive the conclusion. We let v/, v’
be any filters such that z, <u’, 2, < v’ and z. < v’ and demonstrate that u < u'®v’.
By Az, 8 Azy = p(Tzg ® Txy) = pl'(2,®1p) = A(xq®1p), if u € Az, 8 Azp, and
Tq <u', 1 <0, then it follows that u < x,®x), < u'®v’.

By the above arguments, it has been established that the canonical structure is
a G-frame.

Now suppose the underlying logic assumes association, in other words that o is an
associative operator in the Lindenbaum—Tarski algebra of the logic. Let u = z4,v = a3
and z = x. and z be any filter. Assume that w = x. satisfies the left-hand-side of the
biconditional (M). Then it follows that e < boc and aoe € . Hence, since x is a
filter, we obtain aoe < ao(boc) € x. By associativity, (aob)oc € x and then letting
d=aoband w' = x4 the conclusion is immediate. The other direction is similar.

For the exchange condition (E) we assume that the underlying logic assumes the
Exchange rule, hence o is commutative. It is then obvious that z,®z; = 7,87,. In
fact, from the definition of the filter operator ® and the commutativity assumption
for o, it immediately follows that ® is commutative on all filters, which is equivalent
to condition (E) in Definition 3.1.

If the logic assumes, in addition, the Weakening rule, then since condition (W)
for the canonical structure is reduced to deriving c € x from aocex and aoc<c
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holds in the Lindenbaum-Tarski algebra of the calculus, it is immediate that (W)
obtains in the canonical structure. O

Claim 3.12. The canonical structure (X,S,R_,,RQ,R(_,RQ,M) s a biimplicative
frame (Definition 3.3).

Proof. The closure Conditions 1(a,b) are the same as for G-frames and they have
already been shown to hold in the proof of Claim 3.11. The stronger closure property
of Gx(X), rather than just B, under <, = actually holds and similarly for G,(X)
and P,. Since every stable set in the canonical frame is of the form I'z, for some filter
x, and the definition of I'z = I'y identifies the latter with I'(x>y), it is immediately
seen that Condition 1(c) obtains. The arguments for each of the Conditions 1(d,f)
is similar.

For Condition 2, we only discuss 2(a). It is immediate that 2(a) is equivalent in
the canonical frame to the equivalence of z € 'z = I'y and z € p(Ax || Ay), which
falls out directly from definitions. The cases 2(b—d) are similar.

For 3(a), the hypothesis is equivalent to w € (I'z = I'z) n (I'y = I'z), i.e., to
32z < w and y>2z < w. Let up,vy be filters such that vy < z and for any «/, if
u' <z and v’ <y, then w' < uy. The latter means that u; = x Nny. It needs to be
shown that wR1p.9u1v1, ie., (xny)3v; <w. Under the hypothesis of the condition
that xz,y,z2 € M, let x = x4,y = Tp,2 = T, so that Ny = x4vp, ¢ < v1 and both
a - ¢,b - ¢ € w, using Lemma 3.9. Since x ny>v; < z N y>3z, by Lemma 3.9, it
suffices to verify that x ny=z < w. But this is immediate since the left hand side of
the inclusion is the principal filter z,yp—. and avbd —c=(a—c) A (b— ¢) e w.

The Conditions 3(b) and each of 4(a,b) are similar and they can be safely left
to the interested reader.

For the last condition, observe that it follows from definitions that the condition
is equivalent to I'y ¢ I'e = 'z iff 'x € 'z < I'y, for principal filters x = x4,y = ¥p
and z = x.. Hence the desired equivalence of the conditions is immediate, given
Lemma 3.9 and this completes the proof of the claim. O

Returning to the proof of Lemma 3.10, it only remains to prove residuation of
® with < and =, i.e., the equivalence claimed in Condition 3 of Definition 3.6 with
the equivalent, by the previous claim, Conditions 5(a), 5(b) of Definition 3.3. In the
canonical frame, this amounts to showing that 'c @ 'y c I'z iff I'y ¢ I'e = I'z, for
principal filters = = x4,y = yp and z = x.. Given definitions, this reduces directly
to the residuation condition of the underlying logic, a o b < ¢ iff b < @ - ¢. Then
the canonical frame is an FL™-frame and it is an FL-frame when the association
rule is assumed, by the proof of Claim 3.11. Hence, the proof of Lemma 3.10 is
complete. O
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By the arguments in the proof of Claim 3.11, provided in the course of the proof
of Lemma 3.10, the following is a direct conclusion.

Corollary 3.13. If the logic assumes in addition both the exchange and the weak-
ening rule, then the canonical frame is an FLe,,-frame.

Lemma 3.14 (Canonical Interpretation Lemma). The canonical interpretation and
co-interpretation [¢] = {x € X :[p] € x} and (¢) = {z € X :[¢] < x} satisfy the
recursive conditions of Section 2.3.

Proof. Set Vi(p) = {x:[p] €z} and Va(p) ={z:[p] < z}. Then pVi(p) ={z:Vu (u e
Vi(p) implies z < u)}. Therefore, for z € pV1(p), since the principal filter z,) € V1(p),
it holds that z < xf,), which is equivalent to [p] < z. Thus pVi(p) = Va(p). By a
similar argument, which is left to the reader, AVa(p) = Vi(p).

Clearly, [T] ={z:1ex} =X and [L] = {z:0 ez} = {w} = @) in the canonical
frame, while (7)) = {z:1 < 2} = {1} = @, in the canonical frame and (L) = {z:
0 < z} = X. For conjunctions, obviously [pAv] = [¢] n[¢¥] = {x:a € x and
bex}and (pry) ={z:arb <z}, where we set a = [¢] and b = [¢p]. Then
AMe ) ={z:Yz (anb <z implies x < z)}. Since aAb < z4np, it follows anb e z, for
any z € A(p A1), hence A(p A1) € [p A1] and then also p([e A]) € (p At).
For the converse inclusions, if z € [¢ A 9], i.e., aAb € x, then since x is a filter any y
with a Ab <y will be contained in z, hence [ A1] € AM(p A1). A similar argument
establishes that [ AY] € A(¢ A1)). Hence,

e ony it ze(ony)=plory])
iff Vy (ye[eA] implies z <y)
iff Vy (z £y implies y ¢ [¢] n[¥])
iff vy (z £y implies y ¢ A(p[] v p[¥]))
iff Vy (x ¢y implies 3z (2 £y and (2 ¥ ¢ or z 19 ¢)))

which is precisely the co-satisfaction clause for conjunction, given that the Galois
relation of the canonical frame is the partial order < of filter inclusion. A similar
argument applies to the satisfaction clause for disjunction. The satisfaction and
co-satisfaction clauses for the unit element t are immediately seen to hold in the
canonical model, by definition of the unit element T = 'z, for the ® operator on
stable sets.

For the cotenability operator, the proof is provided in the following claim, where
recall that we set a = [p], b= [¢].

Claim 3.15. For all a,b and any filter x,

1. aobex iff Ju,v (xRguv and a€u and bewv).
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2. aob<x iff Yu,v(a<u and b<v implies tRIuv).

Proof. The claim is an instance of Claims 4.9, 4.11 of [21], where we handled the
case of any operator of distribution type (i1,...,i,;1). O

By definition of the canonical interpretation and by the proof of the above claim
it follows that the satisfaction and co-satisfaction clauses for ¢ o1 are respected by
the canonical model.

Claim 3.16. For all a,b and any filter x,

1. a=>bex iff Yu,v (acu and b<v implies tR_uv)

2. a—b<ziff Ju,v (xR andaeu andb<v)
Proof. Again the claim is an instance of Claims 4.10, 4.12 of [21]. O

The definition of the canonical interpretation and the above claim entail that
the satisfaction and co-satisfaction clauses for ¢ — v are respected by the canonical
model.

Claim 3.17. For all a,b and any filter x,

1. a<bex iff Yu,v (a€u and b<v implies tR_vu)

2. a<b<xiff Ju,v (xR vu’ and acu andb<v)
Proof. The proof is similar to that of the previous claim. O

Hence the satisfaction and co-satisfaction clauses for ¢ < v are respected by the
canonical model and the proof of the canonical interpretation lemma is complete. [

Theorem 3.18 (Completeness). The associative and non-associative Full Lam-
bek calculus, without, or with Exchange and Weakening (Full BCK), as well as its
reducts, the logic of groupoids, or monoids and the logic of (bi)implicative bounded
lattices are sound and complete in the class of T-frames, where T is the corresponding
similarity type of the logic.

Proof. Immediate, by the Canonical Frame and Interpretation Lemmas 3.10, 3.14.
O
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4 The Full Lambek—Grishin Calculus

In this section, we consider the Lambek—Grishin calculus [15], in fact its full exten-
sion with conjunctions and disjunctions, without distribution, to which we refer as
the Full Lambek—Grishin calculus (FLG). The minimal system, without interaction
axioms between the two sets of dual operators will be referred to as FLGg. Al-
gebraically, an FLGg-algebra is a structure (L,<,A,V,0,1,<,0,—>,t, —, %, —, f) such
that the reduct without the constant f and the operators —, *, — is an FL-algebra
and in addition, the following residuation axioms (in L) hold: axb > ciff b > a — ciff
a > ¢ — b. By residuation, = distributes over joins of L?, in other words it distributes
over meets of L: ax(bac) = (axb) A (a*c) and similarly for the first argument place.
Hence * behaves like a binary box and its distribution type is (0, 9;9). Similarly,
(anb) =c=(a—=c)v(b—-c)and a — (bve) = (a — b) v (a — ¢), hence the
distribution type of — is (9,1;1) and that of — is (1,0;1).
The FLGg language is generated by the schema (where (p € P))

Lyp =p|T|L]t|flerplove|lo<plooplo-pleo—p|lexp|lo—p

The Grishin dual operator * of cotenability o may be semantically understood as a
non-corefutability operator, witness the definition of respective set operators

A®C = {u:3u',v" (zReu'v’ and v € A and v € O)}
AoC = {u:Vu',v'(u' epA A v epC = uRgu'v")}
= {u:Vu', v (uRgu'v' = (u' ¢ pA or v' ¢ pO))}
Non-corefutability is a binary box-like operator and in plain Kripke frames where

pA = —A the definition reduces to that of a binary box image operator, generated
by the relation Rg.

4.1 Kripke—Galois Frames for the Full Lambek—Grishin calculus

Kripke-Galois frames for FLGgy are next specified, where the properties defined
below will be of use:

Uy(u,z,y) = Vu',o' (W <2 A v <y = uRpppu'v')

U9 (u,z,y) = 0 (uRpgou'v' A z<u’ A y<o) (29)
Py (u,z,y) = 3,0 (uRgrau'v' A u<a A y<o)

®(u,z,y) = Vi, o' (z<u AV <y = uRgl;lu'v' (30)
Ox(u,z,y) = ', v (uR191 A z<u’ AV <y)

O (u,z,y) = Vu o' (W <z Ay<y = uR?a;lu’v') (31)
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The properties Uy, P+, O« define respective set operators @, >, <, while their
duals U2, 89,09 define the dual operators, which we designate, respectively, by
S, v, A

Definition 4.1 (FLGg-frames). An FLGg-frame is a 7-frame (X, <, (Ri1.1, R‘?l;l),

(Ri9:0, RY5.9) (Rov.0, BY).5): (Rooa, R)p.5)s (Rioas Ry ), (Rova, R, ), M), where
7=((1,1;1),(1,9;09),(09,1;0),(09,0;0),(1,0;1),(9,1;1)) and

1.

(X, <, (Rira, R9), (Rigos Riy.s), (Rovso, RY.5), M) is an FL-frame (Defini-
tion 3.6)

(closure conditions)

(a) Vo,yz[xe M AyeM — (ze M A Vu (Y(u,z,y) < 2z<u))], for
each case T € {Uy, Py, Ox}

(b) Yo,y Iz[zeM A yeM — (zeM A Yu (Y (u,z,y) «— u<z))],

for each case Y9 e {0, ®9, 07}

(dual operator interdefinability conditions) For all z,y,z € M the following
equivalences hold, for each case T € { Uy, ®x, O} with its corresponding Y? e
{vg, 28,08}

(a) Y(u,z,y) «— Vz (T2(z,z,y) — z<u)
() Y(u,z,y) «— Yz (Y(z,2,y) — u<z)

(existence of left-right identity for * condition)

FweMVu,z(ue M — ((Vx(z,u,w) <= u<2)A(Vx(z,w,u) <> u<z)))
The unique w € M of this condition will be designated by the constant f,
extending again the signature of the frame language.

(* distribution conditions) For all z,y,z € M and all u € X,

IA
e\

(@) Us(u,z,y) AN Vs(u,z,2) — V' o' (x <u A y<o' Az
uRps,ou’v")

(b) Uy(u,z,2) AVs(u,y,2) — Vu',v' (x <
uRps.ou’v")

A
Q\
>

@
IA
<
>
w
A
<

To assist the reader in keeping track of symbols for the various operators and
their duals, we display our notational choices in a table below. The last row of the
table displays the Lambek and Grishin notation for the operators.
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) *3(878;3) —ri(a,l;l) «—:(1,3;1) 02(171;1) —>:(8,1;8) e:(l,a;a)
1 ® (6) > (4) < (4) ® (4) = (6) < (6)

9 [¢=0"(") [ v=0p7(5)]2=<27(})[r=0% 6) [I1== ) | 1=<"()
LG | @ o 2 ® \ /

For later use we list the following definition.

Definition 4.2 (FLG_ -frames). An FLG_ -frame is a T-frame
(X, < (R, Bi1a), (Raoo, Ris). (Rovso, Roo). M),
where 7= ((1,1;1),(1,0;9),(9,0;0),) and
1. (X<, (Rn;l,R%;l), (Rla;a,R?a;a),M) is an FL¢-frame (Definition 3.6);

2. the closure Conditions 2(a, b) of Definition 4.1 hold with the restriction of T
to W, ® and of Y? to U, ®?, respectively;

3. the dual operator interdefinability Conditions 3(a,b) of Definition 4.1 hold,
with the restriction again of T to ¥, ® and of T2 to U2, &9 respectively;

4. Condition 4 of Definition 4.1 for the existence of a left-right identity for =
holds;

5. Condition 5 of Definition 4.1 for the distribution properties of * holds.

Lemma 4.3. Let & be a frame, let Py be the family of upper closures I'x of members
x e M and B, the family of images pA of A eBy. Let also F=T(f), I=T(t) € P.

1. If & is an FLGyg-frame, then

(a) By is closed under all operators <, ®,= (Lemma 3.7) and <, ®, >, while
B, is closed under the dual operators f,®,| (Lemma 3.7) as well as
A & . Furthermore, for any stable sets A,C € Py and co-stable sets
B,D € B, the following interdefinability identities hold, in addition to
those of Lemma 3.7:
Ao C=X\pAdpB), Ap>C=XpAvpB), A< C=)\pAnarpB).
Hence, & is a T-frame (Definition 2.2) for the specific similarity type T.

(b) (P, N, Vv, <=, ®,=.1) is a residuated lattice,

(c) (Pr,n, Vv, <, @, >, F) is a dual residuated lattice (i.e., residuation is with
respect to the opposite order), A@ A'2C iff A2Ap>C iff A2C<q A’
with identity element F&@ A= A=A F.

674



KRIPKE-GALOIS FRAMES AND THEIR LOGICS

2. If & is an FLG, -frame, then claims 1(a,b) above hold, with the obvious
restrictions to the operators ®,= and & only.

Proof. The frame conditions are completely analogous to those for FL-frames and
the proof arguments are, correspondingly, completely similar, as the interested
reader can easily verify. d

Definition 4.4 (FLGg-models). An FLGg-model Mt = (,V) is an instance of a 7-
model (see Section 2.3) for the specific similarity type 7 = ((1,1;1), (1,9;9), (9, 1;09),
(0,0;0),(1,0;1),(0,1;1)). In particular, instantiating the general semantic defini-
tions (8-11) we obtain the following semantic conditions for the satisfaction and
co-satisfaction (refutation) relations, setting R+ = ﬁaa;a, R_ = Rp1.1, R = R1p;1 and
similarly for their duals.

rxl-p~—1 iff EIu,v(xR_uv/\uH—ago/\vll—z/J) (
e o—y it Yuu(uikFe A v = 2R w) (
xl-p—1 iff Elu,v(:UR_,uv/\uH—cp/\vll—az/J) (
e o—y it Yuu(@wi o A vk = zRZw) (35
- prp  iff Yu,v (@Rsuv = (u i o v v 1)) (
o ey iff Fu,o (2Rauww A utd o A v id ) (
zi-f iff xeF (
et iff  zep(F) (

The definitions of satisfaction and validity of a sentence or of a sequent are the same
as in Section 2.3.

The reader can easily verify that [px¢] = [¢] ® [¥], (¢*¥) = (¢) ¢ (¥) and
similarly for —,—. As a consequence, the proof of soundness follows, by arguments

analogous to those developed for the FL-calculus.

Theorem 4.5 (Soundness). FLGy is sound in the class of FLGg-frames.

4.2 Canonical Model Construction and Completeness

For completeness, we extend the canonical frame construction of Section 3.2. The
definitions of the filter operators corresponding to the new logical operators are
obtained as a special case from the corresponding general filter operator definitions
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of [16, 21], to which we refer the reader for intuitions and details.

utv = {e:3Ja,b(aeu and bev and axb<e)} (40)
uSv = {e:Va,b(aeu and b<v = a—b<e)} (41)
u=v = {e:Va,b(a<u and bev = a~—b<e)} (42)

and we define F'=I'(f) = I'z¢. The canonical accessibility relations are also defined
as special instances of a general schema, see [21], instantiated below for the cases of
interest.

zReuv iff w v <z cROuwv iff < uwv (43)
zR_uwv iff wSv<z cRuv iff z<uSv (44)
zR_uwv iff uSv<z cRowv iff z<u<v (45)

Lemma 4.6. Let ® be any of ~,*,—, of respective distribution type (i1,i2;13) €
{(1,0;1),(0,0;0),(0,1;1)}. Let also ® be any of the defined filter operators =,%,=.

1. ®,® have the same monotonicity type. In other words, if for all j = 1,2, if z; <
u; whenever i; =1 and uj < x; whenever i; = 9, then ®(x1,z2) <" ®(u1,u2),
where <" is < if i3 =1 and it is > if i3=0.

2. ©(xq,xp) = ©(a,b)1, for any lattice elements a,b.

Proof. The lemma is analogous to Lemma 3.9 and it is again a special case of
Lemma 4.3 of [21] (restricted to the three additional operators of interest in this
section). ]

To drive the completeness proof to a conclusion, what is needed is to prove a
canonical frame and a canonical interpretation lemma.

Lemma 4.7 (Canonical Frame Lemma). The canonical frame
(X7 Sa R®7 Rg7 R—>7 Ri) R<—7 RCZ? R@J Rga R—,, Ri? R‘—a R27F7 T?’*j? M)

where X is the filter space of the Lindenbaum—Tarski algebra of FLGyx, M < X is
the set of principal filters and the relations and special sets are as previously defined,
is an FLGg-frame (Definition 4.3).

Proof. Much of the proof (corresponding to the first condition in the Definition 4.3
of FLGg-frames) has been already given, see the canonical frame lemma for FL,
Lemma 3.10. What remains to be proved is that (Bx,n,Vv,<,®, >, F) is a dual
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residuated lattice. Members of ) are the upper sets over principal filters I'z,,
where a is the equivalence class of a sentence. As in the case of Lemma 3.10 it
is readily verified, given the definitions of the filter operators and of the canonical
accessibility relations that, for u,v any filters

T'ueI'v =T'(u¥v) Fu >Tv=T(u=v) lu< T'v =T (u=v)
and similarly for the dual operators
Au & Av = A(u*v) Au & Av = A(u=v) Au v Av = A(u=v)

Hence Condition 2 of Definition 4.3 holds.

Lemma 4.6 ensures that for u,v € M (where recall that M is the set of principal
filters) the filter operators return a principal filter x,*xp = Toxp, Ta>Tp = Taoyp,
Zq=Tp = Ta—p. Therefore, Py is closed under the operators <, ®, > and similarly B,
is closed under the dual operators A, ¢, v and it is readily verified, from definitions,
that

TueTv=AAu® Av) = A(pl'u & pl'v) Tu >Tv=AAu & Av)
Tu< T'v=A(Au v Av)

We may conclude that Condition 3 of Definition 4.3 holds.

Verifying that F is an identity for & restricted to members of By is elementary,
so Condition 4 of Definition 4.3 also holds. Condition 5 refers to the distribution
properties of @ on By. Recall that we proved the corresponding condition for dis-
tribution of ® over joins by proving that its dual distributes over intersections. The
observant reader will have noticed the analogy of the distribution conditions in Def-
inition 4.3 with the definition of the conditions for the case of ®. We shall leave
it up to the interested reader to verify the required distribution property of & over
intersections, by imitating the corresponding argument given for ® and we shall
conclude that Condition 5 of Definition 4.3 also holds and thereby the proof of the
canonical frame lemma is complete. O

Lemma 4.8 (Canonical Interpretation Lemma). The canonical interpretation [¢] =
{z:[¢] € x} and co-interpretation (p) = {x:[p] < x} satisfy the recursive conditions
(32-33).

Proof. The cases for conjunction, disjunction, the constants T, L and the operators
«,0,— and t have been dealt with in Lemma 3.14, hence they are not mentioned in
the present proof. As mentioned in the proof of Claims 3.15 and 3.16 in the course
of the proof of the canonical interpretation lemma for FL the proof is actually a
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specialization to the particular operators of a general argument for n-ary logical
operators of any distribution type that was developed in a recent article by this
author [21]. The same applies to the new operators —, %, —. O

Claim 4.9. For all a,b and any filter x

1. axbez iff Yu,v (zRppouv = (a ¢ u orb¢v))

2. axb <z iff Ju,v (nga;auv and a <u and b < v)
Proof. Consult the proof of Claims 4.10 and 4.12 of [21]. O
Claim 4.10. For all a,b and any filter x

1. a—bex iff Ju,v (zRy1.puv and a € u and b<v)

2. a—b<z iff Vu,v (a<u andbev = ngl;auv)
Proof. Consult the proof of Claims 4.9 and 4.11 of [21]. O
Claim 4.11. For all a,b and any filter x

1. a~bex iff Ju,v;(xRipuv and a <u and b ev)

2. a~b<xiff Vu,v(acu and b<v — acR‘?a;luv)
Proof. Consult the proof of Claims 4.9 and 4.11 of [21]. O

By the above, the proof of the canonical interpretation lemma (Lemma 4.8) is
complete.
Thereby, the proof of completeness has been concluded.

Theorem 4.12 (Completeness). The minimal Full Lambek-Grishin calculus FLGg
is (sound and) complete in the class of T-frames of Definition 4.1.

4.3 Grishin’s Interaction Axioms

Grishin further proposed the strengthening of the system by the addition of inter-
action axioms from the following two dual axiom groups.

(Gl) (a—b)oc<a—(boc) (G3) co(b~a)<(cob)~a

(G2) co(a—b)<a—(cob) (G4) (b~a)oc<(boc)~a (46)
(G1)  (exb) < a<cx(b+a) (G3") a— (bxc) < (a—b)xc

(G2') (bxc) < a< (b« a)xc (G4") a— (cxb) <cx(a—D) (47)
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In this article, Kripke—Galois frames (X, <, (R, R?)(;QT, M) of similarity type 7,
with M c X, take the set T3 of propositions to be the set I'x with x € M, where 'z is
apparently a stable set under the Dedekind—MacNeille Galois connection generated
by the partial order. The Grishin axioms translate directly to inclusion requirements,
like (Tx >Ty)®@l'zc 'z > (I'y®I'z), corresponding to (G1). The properties ¥ and
® define, respectively, the sets generated by ® and >, given also the requirement of
closure of By under the operators. It is then a straightforward exercise to translate
the inclusion to a frame requirement captured by a sentence in the first-order frame
language. In particular for (G1), this is the requirement that condition (A) below
implies condition (B), for all w e X and any z,y,z € M:

(A) Ju, v (Px(u,z,y) A z<v A WRguY)
(B) I [z<u’ A VY2 (Y <y A2 <z — vRIYZ) A aR_u'v']

The implication Vx,y,z (x e M AN ye M AN ze M — (A — B)) is equivalent to
the inclusion requirement (I'z >Ty)® 'z c Tz > (T'y ® I'z) and this is what is used
to prove soundness of the G1 axiom.

For completeness, only the canonical frame lemma is affected and the proof must
be extended to verify that the canonical frame satisfies the above condition. By
definition of ®, > we have (I'z >Ty) @'z =T'(25y) ® 'z = I'((x5y)®z) and when
x,, z are principal filters x4, 3, T this is just the upper closure of the principal filter
T(qg—b)oc, Dy Lemmas 3.9, 4.6. Similarly, the right hand side is the upper closure
of the principal filter Z g (boc) and Fﬂ:‘(a_,b)oc c Fma_,(boc) iff Ta—(boc) S T(a—b)oc iff
(a =b)oc<a— (boc) hence the frame is canonical. The same type of argument
applies to any of the other axioms and we may then safely conclude with the following
theorem.

Theorem 4.13. The Full Lambek—Grishin calclus axiomatized by also including any
combination of G or G' axioms (see 46, 47) is sound and complete in the correspond-
ing class of T-frames.

5 Relevance and Linear Logic

We next provide Kripke—Galois semantics for (non-distributive) Relevance Logic
(RL) and Linear Logic (LL), its original [13] commutative version where the left
and right residuals o, — of intensional conjunction coincide. Both RL and LL are
equipped with a De Morgan negation ¢* converting multiplicatives to additives and
vice versa, (p V)t = pt At (o)t = prxpt ete., and where p — ) = ). Tt
is useful to study separately the logic of abelian residuated De Morgan monoids.
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5.1 The Logic of Abelian Residuated De Morgan Monoids

7-frames for negation are structures (X, <, 1,19, (R(;,R?)(;ETI,M), where M ¢ X,
since Py = {T'z: 2z € M} is completely determined by M, with further conditions
to be placed on M, 1, 19. This section relies partly on definitions and results from
[19], to which we shall refer the reader for details and proofs. Partially ordered
spaces for ortholattices and De Morgan lattices (assuming distribution) have been
also considered by Bimbé in [5], where the partial order structure allows for an
extension of Goldblatt’s [14] representation of ortholattices to a full duality.

Definition 5.1. An FL!-frame & = (X,<, (1,19), (Rs, R)ser,, M) is a structure
where (1) L, 12 are binary relations on X, (2) M ¢ X, (3) = = ((1,1;1),(1,8;9)),
with 7 = ((1;9)) 71 and the following axioms in the frame language are assumed:

1. (X,g, (R5,R?)5671,M) is an FL, frame (Definition 3.6).

2. For each z € M the set {y:x Ly} is generated as the upper closure of a single
point z € M, which also generates the set {y:x 19 y} as its down closure in
the partial order. In addition, the set {u:z L u}, for this z, is contained in the
upper closure of z, while the set {u:z 1% u} is contained in the down closure
of z. In symbols,

Ve[reM —3z(zeM AVy[(z Ly «— 2z<y) AVu(zLlu —z<u)])A
Vy' [(z L2y <>y <2) A VU (2 1240 — o <2)]]

3. (symmetry and increasingness axioms for the binary relation 1)

(a) VaVy(zeM AyeM — (x1ly — ylx))
(b) VaVyVz (x Ly A x<z — 2 1Y)

4. (symmetry and decreasingness axioms for the dual binary relation J_a)

(a) VaVy (xe M AyeM — (z1%y — y192))
(b) VaVyVz (z 12y A z<a — 21979).

Note that, comparing with the partially ordered orthoframes of [19] the irreflex-
ivity condition on 1 is not included in the above defined frames, since irreflexivity
is precisely the condition that validates the characteristic axiom of intuitionistic
negation ¢ A =@ 1. Note also that we have not yet included duality conditions to
validate equivalences such as ~(p o) = (~¢)*(-t). We shall do this in the sequel.
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ForUcX,let Ut and U 1% be defined as in equations (6, 7), instantiated below
Ut={2:Vu(ueU = x Lu)} Ula:{zzﬂu(zlau and ue\U)}.
For the proof of the following claim the reader may wish to consult [19].
Lemma 5.2. Let & be an FL:-frame. Then,
1. forallze X, {z}* = (Tz)* and {ar:}la = (A:E)la;
2. for each x € M, there is a point x* € M such that
(a) {x}* =Tz* and {:c}la = Ax*

(b) * is an antitone operator and an involution on M: © <y =— y* <x* and
x=x**, forxz,ye M.

The following is an immediate consequence of Lemma 5.2.
Corollary 5.3. The following hold:
1. By is closed under ( )* and B, is closed under ( )la. Furthermore, ( )* has

the Galaois property on By, i.e., Ac CHiff Cc A, for A,C € By and similarly
for ()* and B,.

2. forallze M, (Tz)** =Tz and (A:U)lala =Azx.
3. forallze M, )\((pr)la) = (Tz)* and (A:U)la = p((AAzZ)Y).

Note that closure of both By,B, under intersections (imposed by Conditions
1(a,b) of frames (see Definition 3.1) imply that ( )* is a De Morgan negation on 3
and similarly for ( )La and B,. Consequently, the above suffices in order to prove
that FL;, i.e., FL, enriched with a De Morgan negation, is sound in the class of

FL_-frames of Definition 5.1, where models on the frames are extended by adding
to the clauses for fusion and implication the following:

xi--p iff Vy(yirp = z1y) 2 ¥ —p iff Iy (yiF ¢ and z L%y)

Proposition 5.4 (Soundness). FL; (i.e., the logic of residuated De Morgan abelian
monoids) is sound in the class of frames of Definition 5.1.

For completeness, let X be the set of filters of the Lindenbaum—Tarski algebra of
the logic, including the improper filter w. In Section 3, we proved completeness for
variants of FL, including its associative-commutative version FL.. Since we assume
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no interaction of the negation operator with the monoidal operator and its residual,
we only need to extend the proof of the canonical frame and interpretation lemmas
of Section 3 to cover the case of negation as well. Define a filter star operator,
following the representation approach of [16, 18, 21, 19], as in equation (48).

2" ={a:-a <z} (48)
The reader can easily verify that x* is a filter, when x is one.

Lemma 5.5. The filter operator * has the following properties, where we use x. for
the principal filter et generated by the lattice element e:

1. (xg)* =24
2. x<y = y <a”
3. x<a™t
Proof. For the proof, the reader may consult any of [16, 18, 21, 19]. O

It follows from the Lemma that ( )* is a Galois connection on the set X of filters
and that it has the properties of De Morgan negation on the set M € X of principal
filters. For any stable set A € Py = {Tx:x € M}, define the operator ( )* by setting
At = (Tz)* = Tx*. It is then straightforward to verify that ( )* is a De Morgan
negation on Py, since (F'x,)*t =T =Tx,.. We leave it to the reader to verify that
all conditions for FL.-frames (Definition 5.1) obtain in the canonical frame and [19]
can be consulted for this purpose.

For the canonical 1 relation, we may define = 1 z iff 2* < z and = 19 2 iff 2z < 2*,
following the general approach of [16, 20, 21]. It is typical to model negation by
the clause = Lg z iff Ja (a € = and -a € z), see [14, 9], but it is easy to verify
that x4 1 z iff —a € z iff Je (e € x4, and —e € z), so that L and Lg coincide
on the set of principal filters. Symmetry of 1,19 on M is immediate and so is
increasingness (decreasingness) of L (respectively, 1?) on M. The following lemma
has been proved in [20].

Lemma 5.6. For any element a of the Lindenbaum—Tarski algebra of the logic and
filter x we have

1. ~aex iff Vy(aey = y Lx)
2. ~a<z iff Vz(a<z = x192)

Proof. See the proofs of Lemmas 3.6 and 3.7 in [20]. O
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It follows from the lemma that the canonical interpretation satisfies the recursive
clauses for satisfaction and co-satisfaction:

rikot iff Vy(ziro = x1y) a1 ot

iff 3y (z 1%y and y 1 ¢)
This suffices to establish a completeness theorem for FL;, listed below.

Theorem 5.7 (Completeness for FLY). The logic of De Morgan residuated abelian
monoids is complete in the class of FL.-frames, as specified in Definition 5.1.

5.2 Exponential-free Linear Logic (MALL)

The language of LL without exponentials (Multiplicative-Additive Linear Logic,
MALL) is generated by the following grammar

o =pp (PeP)|T|L|t[E]ornplovelpop|prp

where P is a non-empty, countable set of propositional variables and where negation
is defined on all sentences by the syntactic identities of Table 2 and linear implication
is then defined as ¢ — 1 = @t *1).

tl=1 1t=t
TL=F ft=7
(p)*=p (P )t=p
(pA)t =@t vt (pVvp)t =@t Ayt
(pop)t =prxypt (pxp)t = ot ogp*

Table 2: Definition of negation in LL

For LL’s sequent system, the reader may consult [13]. It is a known fact that the
Lindenbaum-Tarski algebra of LL is a bounded lattice £ = (L, A,V,0,1,0,t, %, f,—o,
()") where 0=[1],1=[7], t=[t], (L,0,—,t) is a residuated abelian monoid with
identity element t (aob=boa, aot=a=toaand aob<ciff b<a —c), ()*isa De
Morgan complementation operator (a < b* iff b < a*, a** < a) and (aob)* = a**b*,
while @ — b = a*+b and t = 0*. Similarly, (L, *,f) is an abelian monoid with identity
element [£] = f=1*. An algebra (L,A,Vv,0,1,0,—, %, ( )*,t,f) such that the above
conditions hold is referred to in the literature as a ML ALL-algebra.

Kripke-Galois frames for LL will be defined as 7-frames, where 7 is the sim-
ilarity type ((1,1;1),(1,0;0),(0,0;0),(1;0)), with appropriate conditions in the
first-order frame language L'(<, (Rs, R?)(;GT, M).
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Note that in FL; the dual of multiplicative conjunction can be defined using De
Morgan negation: a*b = (a*ob*)*. What MALL adds to the axiomatization is that
a* * b is the residual of (commutative) o, hence identical to the - operation of FL_.
Alternatively, MALL can be seen as obtained from the associative-commutative
Full Lambek—Grishin calculus (see Section 4), dropping the co-implication residuals
of * and augmented with a De Morgan negation. Both observations underly the
definition of M ALL-frames below.

Definition 5.8 (M ALL-Frames). A MALL-frame
6 = (X,<,(1,1%), (Re, RY), (Re, RY), (R, R), M)
is a 7-frame where
1. &1 =(X,<,(L,19),(Re, RY), (R-,R2), M) is an FL}-frame (Definition 5.1)
2. By = (X, <, (Rg,R2),(Re,R2),(R-,R%),M) is an FLG_ -frame (Definition 4.2)
3. For all z,y e M and any u € X,
(a) Ui(u,z,y) <— Yo [V(v,2*,y*) — u Lv]
(b) @(u,z,y) < Vulu,z%,y)

where U, ®, ¥, are defined respectively by (14), (16), (29) and where ( )* is the
operator on members of M whose existence, resting on Condition 2 of Definition 5.1,
was proved in Lemma 5.2.

Lemma 5.9. The dual algebra of a MALL-frame is a MALL-algebra.

Proof. The last frame condition directly enforces that for A, C €, both identities
AoC = (At®C*)t and A = C = A'®C hold. The rest is a combination of previous
results, proved in Lemmas 4.3 and 5.2. ]

Models for MALL are defined by only keeping the relevant satisfaction and
refutation clauses for FLGg models (listed below) and adding the clauses for De
Morgan negation, which are the clauses specified for FL; (Section 5.1).

- xp  iff  Vu,v (zRxuv — (u I Y Vo I V)) (

g o+ iff  Ju,w (a:}_?iuv Al w AV i+ V) (
zi-f if zeF (51
et iff zep(F) (

The proof of soundness for MALL is a direct consequence of Lemma 5.9.

684



KRIPKE-GALOIS FRAMES AND THEIR LOGICS

Theorem 5.10 (Soundness). Multiplicative-Additive Linear Logic is sound in the
class of Kripke—Galois frames specified in Definition 5.8.

The completeness proof is given in Section 5.4.

5.3 Relevance Logic (without Distribution)

Non-distributive Relevance Logic and exponential-free Linear Logic differ only by
their acceptance or rejection of contraction, or as Avron [4] puts it:

Linear Logic + contraction = Relevance Logic without distribution

Therefore, Kripke-Galois frames for (non-distributive) Relevance Logic are just
frames for MALL, with the addition of condition (C) for the underlying monoid
frame (see Definition 3.1). Soundness is immediate by Lemma 3.2 in combination
with the soundness Theorem 5.10 for MALL.

Theorem 5.11 (Soundness for Non-Distributive RL). Non-Distributive Relevance
Logic is sound in RL-frames, i.e., LL-frames assuming, in addition, condition (C)
in their underlying monoid frame.

5.4 Completeness for MALL and RL

For MALL, Conditions 1 and 2 for MALL-frames (Definition 5.8) hold in the
canonical frame, by the work presented in the canonical frame construction for
FLGy (see Section 4) and we only need to verify that Condition 3 also holds. As
pointed out in the proof of Lemma 5.9, the condition is equivalent to the claim that
for A,C € B, both identities A® C = (A* ® C*)* and A = C = A* @ C hold. But
this is immediate in the canonical frame for any A =T'z,, C =Tz € Py. Hence the
canonical frame is a M ALL-frame. We verified above, when discussing completeness
for FL; that the canonical interpretation satisfies the required recursive conditions
(Lemma 5.6), hence we may conclude with completeness.

Theorem 5.12 (Completeness for MALL). Multiplicative—Additive Linear Logic
(MALL) is complete in the class of MALL-frames (Definition 5.8).

Non-distributive RL is obtained from M ALL by adding contraction. We have
verified in Lemma 3.7 that for a groupoid frame the requirement that the contraction
condition (C) holds is equivalent to the requirement that the inclusion AnC' ¢ A®C
holds in the dual algebra of the frame. In the canonical frame for RL, verifying that
the required inclusion holds is immediate, since 'z, N Tap = ['(xq Vv xp) = Tzgnp C
T'zgop, since anb < aob holds in the logic. Hence we may conclude with the respective
completeness result.
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Theorem 5.13 (Completeness for Non-Distributive RL). Non-Distributive Rele-
vance Logic is complete in the respective class of RL-frames, i.e., MALL-frames
assuming in addition that condition (C) holds in their underlying groupoid frame.

5.5 Controlling Resources: Full Linear Logic

Full Linear Logic, as originally proposed by Girard [13], includes devices to control
the use of resources (where sentences are viewed as representing resources), by con-
trolling the use of contraction and weakening in the Gentzen system for the logic.
Girard [13] introduced a single operator ! (of course, bang) with its dual (why not)
7o = (lp*)*. The exponential operators !|,? in [13] control both contraction and
weakening. Though it is possible to separate control of weakening and contraction
by distinct operators, whose composition delivers the original !,? (cf. [17]), we shall
restrict ourselves in this article to the original exponential operators of LL. For full
LL’s Gentzen system [13] may be consulted. Algebraically, ! is a monotone operator,
a<b = la < b, and it satisfies both !a < ¢ and !!a = a, hence it is an interior
operator. It’s dual is a closure operator a < b = 7a < 7b, a < 7a and ?7a = ?a.
The distinctive property of ! is that it maps extensional to intentional conjunctions:
(a A b) =laolb. Finally, ! satisfies the identity !T = t. The ! operator has been re-
garded as an S4-modality, a (monotone) box operator satisfying both the T and the
S4 axioms, Oa < a and Oa < O00Oa. Despite such appearances, we share the view of
Bimbé and Dunn [6] that ! is best viewed as a diamond-like operator, rather than a
box-like one. Definition 5.14 introduces 7-frames for Linear Logic.

Definition 5.14 (LL Frames). An LL-frame is a Kripke-Galois frame
& = (X7 <, (J-7 J-a)a (R®v Rg)v (RGB7 Rg)7 (R—>7 Ri)> (R!> R'a)v (R?7 R?)v M)
of similarity type 7 = ((1;09),(1,1;1), (9,0;0),(1,0;0),(1;1),(9;0)), where

1. 6=(X,<(1,19),(Re,R2), (Re, R2), (R..,R%), M) is a MALL-frame (Def-
inition 5.8)

2. R!,R?,ng,R? € X x X are binary relations on X generating the respective
operators in (53, 54), instantiating equations (4-7) to the case of distribution

types (1;1) for ! and (9;0) for 7.

'A={z:3y (zRyy and ye A)} 9B = {2:Vy;(ye \B — zRPy)} (53)
?A={z:Vy (yepA — zRy)} 7B ={z:3y (zR% and yeB)} (54)
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3. For each z € X, the set Rjz = {y:yRyx} is point-generated by some point above
x. More specifically,

Vo Aw, (r <w, and wyRw, and Vy[(yRiz <« wy <y)
and (y<z — wyRwy)]). (55)

For the convenience of referencing, we again extend the frame language by
introducing a function symbol | on X with the property prescribed above,
letting w, = |x.

4. For any u € X and any x,y € M,
U(u, |z, ly) <= Vz[Vu' (z<u’ Ay<u —2<u) — [2<u] (56)
where V¥ is defined by (14).
5. Conditions (A) and (B) below are equivalent, for all z € X and any z € M,

(A) Vu (Vy (y<x — uRry) — z L u)
(B) v (zRw A VU (<0 — v 10")).

6. Vo (z Lw «— JyzRy)

Models for LL are the M ALL-models with the addition of the obvious clauses
for 1, ? resulting from definitions (53, 54) of the corresponding set-operators.

Lemma 5.15. The following hold in LL-frames, for all z.2' € X and any =,y € M,
1. (Tz) =T(|2)
2. I(Tz) cTz and !(T'z) =11(T'2)
3. If 2/ <z, then !(T'z) c (T'2")
4. (TznTy) =!(T'z)e!(Ty)
5. 1X ={w}t

Proof. The first three claims follow from the definition of !, see (53), and the third
condition imposed on frames, see (55). The last claim follows from closure of B =
{T'z:xz € M} and of B, under binary intersections, the duality between B, B, (which
turns each to a lattice) and from the fourth frame condition, see (56). The claim
that !X = {w}* follows directly from the last condition on LL-frames, where recall
that w is the <-largest element of X and it belongs to M. O
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Lemma 5.16. For any x € M, ?(Tx) = (I((Tz)*))*. Consequently, for each z € M,
there is a point 7z such that 7(Tz) = T'(7z), and therefore, By is closed under the
set-operator 7. Furthermore, 7 is a closure operator on By, i.e.,

1. if 2" <z, then 7(T'z) c ?(T'2');
2. Tzc?(Tz) and 7(I'z) =77(Tz).

Proof. To show that (?T'z)* =!((T'xz)"'), just use the equivalence of Conditions 5(A)
and 5(B). By Lemma 5.2, (I'z)* =T'z*, for z € M, and by Lemma 5.15, Tz = T'(|z).
Hence, Tz = T'(|(z*))* and we let fx = ([(z*))*, so that Tz = I'(fx). From
llu = |u, which follows from !"I'u =!T'u and given the definition of 7, we obtain
772 = {z, hence, 77Tz =Tz, for x € M. The monotonicity of ? and the inclusion
I'z € 7T’z are immediate, and left to the interested reader. ]

Corollary 5.17 (Soundness for LL). Full Linear Logic is sound in the class of
Kripke—Galois frames specified in Definition 5.14.

Proof. Rather than proving rules to be sound we verify that all the inequalities of
the Lindenbaum—Tarski algebra of LL, as these were summarized in the beginning
of this section, actually hold. But this was precisely the content of Lemmas 5.15
and 5.16. O

Most of the work needed for completeness of full Linear Logic has been already
done in previous sections. For full LL, we have already verified that the canonical
frame is a M ALL-frame, hence Condition 1 in the definition of LL-frames holds.
Define now operators |, ] on filters and canonical relations Rj, R, and their dual
relations R!a, R?, by (57, 58), so that Condition 2 of LL-frames is satisfied,

lz = {e:Vb(b<z = b<e)} xRy iff |y<zx cRYy iff z<ly (57)

fx = {e:3b(bex and 7b<e)} xRyy iff {y<ax :URr?y iff z<77y, (58)
following again the approach of [16, 18, 20, 21]. The relations R, R generate set-
operators, by instantiating equations (4, 6) and dual set-operators, by instantiating
equations (5, 7):

WW={z:3y (zRy and yeU)} U = {z:Vy (y e \U = zRPy)}

U ={x:Vy (ye pU = zRoy)} 79U = {z:3y (zR%y and yeU)}

The reader is invited to verify that |z, = zi, and, similarly, {z, = 274, for any
principal filter z,.
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Lemma 5.18 (Canonical Frame Lemma for full LL). The canonical frame defined
as above is an LL-frame in the sense of Definition 5.14.

Proof. The proof of the following claim is needed. O
Claim 5.19. The following hold for the filter operators |,{ and the set operators!,?.
1. Forallze X, x< |z, hence Tz cT'x.

2. 1,7 are monotone functions on X, i.e., x <y implies |z < |y and Tx < Ty,
hence, I'y € T’z implies Ty € T’z and Ty c Tz.

3. Forall xe X, |z = ||z, and consequently, 'I'z = T'z.
4. Forall ze M, {x=([(z"))".
5. M19(pr'z)) =Tz and 1P Ax = p(!(\AZ)).

Proof. For 1), if e e x and b < x, then b < e, hence b < b < e and therefore e € [z. It
follows then that !T'z ¢ T'x, using the fact proved above that II'z = T'(|2).

For 2), assume x <y and let e € |z and b < y. The hypothesis implies b < z and
then !b < e follows, since e € |x, which shows that e € |y. This implies also that if
I'y c Tz, then Ty ¢ 'T'z.

For 2) again, but for the | operator, assuming = < y and e € {z, any b € x such
that 7b < eisa b ey and 7b < e, hence, e € 7y. It then also follows that T'x c T'y
implies 7T'x ¢ T'y.

For 3), it only needs to be verified that ||z < |x. Let d € ||z and assume
b < z. To show that d € |z it suffices to verify that !b < d. From b < z the filter
inclusion z < x; is obtained and then by monotonicity of | we get |z < |zp. From the
definition of the filter operator | it easily follows that |z = x1,, hence it follows by
monotonicity that ||z < ||zy =z, = xy, and therefor b < ||z and since we assume
that d € ||« the desired conclusion !b < d follows. As a consequence, we also obtain
the identity !'I'z = I'x.

For 4), the result is immediate since 7a = (!(a*))* holds in the Lindenbaum-—
Tarski algebra of LL and given that M is the set of principal filters and that {x, =
{e:Fb(a<band 7b<e)} = {e:?a<e} = x,.

Case 5) is easy to prove, and it is left to the reader. O

Now, for any filter z € X, we obtain by monotonicity of the filter operators

Tz ={x:3u(xRu and uelz)} ={zx:Ju(z<u and |u<z)}
~{wilz<a) = T(12)
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Mz ={x:Vu(uep(Tz) = zRwu)} ={x:Vu(u<z = fu<z)}
(e e <o} =T(2)

This shows, in particular, that if A €y, then also !A4,7A4 €.

Condition 4 for LL-frames is easily seen to hold for any x,y € M (i.e., principal
filters). This is shown by the following calculation: !(T'z, nTap) =IT'(zq Vv xp) =
Fl(l'a/\b) = Fl’g(a,\b) =TT = !(Fl‘a) ® !(Fl’b).

The equivalence of Conditions 5A and 5B, as noted in the proof of Lemma 5.16, is
equivalent to the requirement that (?Tx)* =!((T'z)*), for x € M, which is equivalent
to (Tz)* = |(x*), itself equivalent to the last case of Claim 5.19, already proved.

Finally, for Condition 6 for LL-frames, for any z € X we have

rlw iff ze{w}t iff ze(Tw)' (using Lemma 5.2)
iff zelw* (using Lemma 5.2 again)
iff zelzp (using the fact w=x¢ and =} = x,1)
iff zelxy (since!l=t=0")
ifft zel(lz1) (since |x4 = 714, any a)
iff xell'z; (given that 'z =1(]z), any z € M)
iff xelX (since Mz ={u:leu}=2X)
iff ze{zr:3y(xRy and yeX)} (by definition of !)
iff Iy xRy

This completes the proof that the canonical frame is an LL-frame in the sense of
Definition 5.14.
For completeness, it remains to prove the following claim.

Lemma 5.20 (Canonical Interpretation Lemma for full LL). The canonical inter-
pretation satisfies the requisite recursive clauses in the definition of LL-models.

Proof. The proof of the lemma rests on the truth of the next claim. O

Claim 5.21. For any a and any filter x,
1. laex iff Iy (xRiy and acy), and la<z iff Vy (acy = 2RVy);
2. tacx iff Yy (a<y = xRyy), and ?a<z iff 3y (a <y and zR%y).

Proof. The claim is a special instance of Claims 4.9-4.12 proved in the course of
the proof of the canonical interpretation Lemma 4.8 of [21], to which the reader is
referred for details, though this instance can be easily proved by a reader who may
wish to verify it. O
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Cases 1-2 of the above claim are clearly equivalent to the recursive clauses for
the interpretation and co-interpretation of exponentials and therefore, by the above
proofs, we can conclude with the completeness for full LL.

Theorem 5.22 (Completeness for full LL). Linear Logic (with exponentials) is
complete in the class of LL-frames (Definition 5.14).

6 Conclusions

This article presented Kripke-Galois Frames and more specifically 7-frames (Defi-
nition 2.2) § = (X, R, (Rs, R?)(;ET), where the relations Rg, R(‘? generate dual image
operators Oy, Of? (generalizing the Jénsson—Tarski image operators) on the families
G\(X),G,(X) of stable, and respectively, co-stable subsets of X (where stability
refers to the closure operator produced by composing the two maps of the Galois
connection generated on subsets of X by the Galois relation R of the frame).

A 7-logic is the logic of some class of 7-frames, for a given similarity type .
7-logics include a number of familiar logical systems and we have examined in this
article substructural systems ranging from the Full Lambek and Lambek—Grishin
calculi, to the logics of De Morgan monoids and to Linear Logic (with, or without
exponentials) and to non-distributive Relevance Logic.

Modal and temporal systems have been previously treated by this author in
[22, 20], while the groundwork of the Kripke-Galois framework was first published
in [21]. The present article is a revised and condensed version of the report [23].
The Kripke—Galois semantics approach is based on a Stone-type representation and
duality result published several years ago [16] and the motivation has been to extend
Dunn’s theory of Generalized Galois Logics (GGLs, gaggles) [8, 6] to the case of an
underlying non-distributive propositional calculus.

It is this author’s opinion that the approach taken in [16, 22, 19, 20, 21, 23] and in
this article overcomes the difficulties encountered in the approaches taken in [11, 27,
10, 7] as far as providing a meaningful semantic account of applied non-distributive
logics is concerned, such as dynamic, temporal, epistemic, or more generally, modal
logics over a non-distributive propositional basis.
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Abstract

This paper has two aims. First, it sets out an interpretation of the relevant
logic E of relevant entailment based on the theory of situated inference. Second,
it uses this interpretation, together with Anderson and Belnap’s natural deduc-
tion system for E, to generalise E to a range of other systems of strict relevant
implication. Routley—Meyer ternary relation semantics for these systems are
produced and completeness theorems are proven.

Keywords: entailment, relevant logic, strict implication, situated inference, ternary
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1 Introduction

The logic E is supposed to be the logic of relevant entailment. E incorporates
intuitions concerning both relevance and necessity. In the 1960s, Alan Anderson and
Nuel Belnap constructed two central relevant logics. E and the logic of contingent
relevant implication, R. They viewed the entailment connective of E as the strict
version of the implication of R. To show that the two logics had this relationship,
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Robert Meyer constructed a modal version of R, R, that adds to R a necessity

operator and relevant versions of the axioms for S4 [13]. It was hoped that the

conjunction, disjunction, negation, and strict implication fragment of R~ was the

same as E. But Larisa Maksimova showed that these two logics are distinct [10].
In Entailment, volume 1, Anderson and Belnap wrote:

we predict that if in fact it is found that RY and E diverge, then we
shall, with many a bitter tear, abandon E. [1, p. 351]

The logic E has not, however, been completely abandoned. It continues to be studied.
Entailment volume 2 has both very interesting technical and historical information
about E, including Belnap’s elegant display logic proof theory for it [2, §62.5.3].
Mark Lance defends E over R as the central relevant logic [8] and Lance and Philip
Kremer have developed a theory of linguistic commitment that had E as its logic [9].
Despite all of this, however, E seems to be ignored by most contemporary relevant
logicians.

In this paper, we focus on E and some logics that closely resemble it. We give
E an interpretation based on the theory of situated inference of [11] and gener-
alise the intuitions behind this interpretation to develop a small class of entailment
logics. These entailment logics are formulated first in terms of Fitch-style natural
deduction systems which make clear both the components of relevance and modality
incorporated into them. The logics are then formulated in terms of traditional ax-
iom systems and these are shown complete with respect to classes of Routley—Meyer
ternary relation models. The indices of these models are taken to be situations
and the ternary relations in these models are interpreted in terms of the theory of
situated inference.

The logics that we examine in this paper are negation-free. Although negation
is easily added to the semantics of these systems using the Routley star operator,
available treatments of it in the natural deduction system are not illuminating in
the way that we desire. We promise to investigate the role and representation of
negation in entailment logics in a future paper, but we do not do so here.

The plan of the paper is as follows. We begin by reviewing the theory of situated
inference as it is applied to the logic R. We show how this theory can be used
to understand the Routley—Meyer semantics for that logic. We then modify the
theory to apply to the logic E. We examine E through its axiomatic formulation,
natural deduction system, and Routley—Meyer semantics. The situated inference
interpretation of E employs both situations and worlds. This interpretation is then
generalised to treat a small class of other systems that incorporate principles from
various modal logics. An E-like logic that is similar to the modal logic K, which
we call E.K is explored, and so are its extensions E.KT, E.K4, and E.KT4 (which
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is just E itself). We end by exploring a suggestion of Alasdair Urquhart for an
axiomatisation of an S5-ish entailment logic, E5.

2 Situated Inference

Routley-Meyer models for relevant logics are indexical models, that is, in them the
truth or falsity of formulas is relativised to points. We call these points situations.
A situation is a potential part or state of a possible world. Some situations actually
obtain in some worlds, and so can be called possible situations and some do not
and can be thought of as impossible situations. Impossible situations are important
for the analysis of negation, which is not our main concern here and so we will not
mention impossible situations further.

A situation contains or fails to contain particular pieces of information. For
example, a situation that includes all the information available at a given time in
a lecture room (in which no one is connected to the internet) may not contain
information about the weather outside or about the current polls in the American
presidential race. Whether a situation satisfies a formula in a model is given by an
information condition rather than a truth condition. These information conditions
abstract from the canonical ways in which information is made available in actual
situations. For example, the way in which we usually tell that an object is not red
is that it is of some colour that is incompatible with its being red. The information
condition for negation is a more general representation of this sort of information
condition. It states that a E = A if and only if a is incompatible with any situation
b that satisfies A. This means that a contains the information that there is no
situation in the same world as a that contains the information that A.

One feature of the informational interpretation of relevant logic is that the satis-
faction conditions for the connectives need not be homomorphic. As we can see, we
do not in every case set a F —A iff a ¥ A. The requirement that satisfaction condi-
tions be homomorphisms between the object language and semantic metalanguage
does not hold for information. The way in which we find information structured in
our environment need not mirror the structure of way that we express that infor-
mation linguistically.

The main focus of this paper is the notion of entailment. We approach it through
the closely related concept of relevant implication. As we have said, Anderson and
Belnap think of entailment as modalised implication and implication as a contingent
form of entailment. The Routley—Meyer satisfaction condition for implication is

aFA—B iff VaVy((RazyANzkE A) DykE B).
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The information in one situation can be applied to the information in another situ-
ation. For example, if C' — D is in a and C is in b, then combining this information
we obtain D. One way of understanding this condition is to think of the information
in a combined with the information in b in this way always results in information
that is in c.!

The theory of situated inference explains why one would care about combining
information in this way. Suppose that one is in a situation ¢ and in a world w. She
might hypothesise that another situation b also exists in w. Then she can combine
the information in a and b to determine that other sort of situations are in w. For
example, suppose that a person has available to him in situation ¢ information
that there are absolutely no ticks in New Zealand. Then, on the hypothesis that
a particular woodland is in New Zealand, he has the licence to infer that there are
no ticks in it. The theory of situated inference breaks this inference as being an
inference from there being one situation in which the park is in New Zealand and
(perhaps) another in which it contains no ticks. The theory of situated inference
connects relevant implications in a direct way with ordinary inferences.

What the theory of situated inference tells us is that the ternary relation R
relates a and b to a set of situations (call it Rab), such that given the information in
a, on the hypothesis that b is in the same world as a, there is a situation ¢ in Rab also
in that world. We sometimes say that Rabc says that some situation like ¢ can be
inferred from that application of a to . The word ‘like’ here is not being used in any
technical sense. It is just an abbreviation to say that c is one of the set of situations
that contains all the information that can be inferred from the combination of the
information in a with that in b.

The demodalised nature of relevant implication, as it is characterised by the logic
R, is made explicit in the theory of situated inference by the reading of situated
inferences as being inferences about situations and information all contained in a
single world. As we have said Rabc means that the hypothesis of a and b in the
same world allows us to infer the existence of a situation like ¢ in that world. The
reading of inferences as being in a single world, together with a rather liberal notion
of application, enables justifications of certain particular postulates of the Routley—
Meyer semantics for R.

For example, consider the permutation postulate of the Routley—Meyer semantics
for R: for any situations a, b, ¢, if Rabc then Rbac. This postulate tells us that the

! A rather sophisticated reading of the notion of combination is in [3]. In that paper, combination
is understood in terms of the application of one situation to another in the sense that functions are
applied to arguments. The application reading of R works well for weaker relevant logics but can
be used to interpret the logic R as well. It just takes quite a bit of effort to show how it fits with
the Routley—Meyer semantics for R and so we do not use it here.
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result of combining the information in a with that in b is the same as combining
the information in b with that in a. This seems natural as the common notion of
combination is symmetric. As we shall see later, however, in the semantics for E the
permutation postulate fails, and it fails (on our reading) because E is a modal logic.

The permutation postulate makes valid the thesis of assertion: A — ((A —
B) — B).

Derivation 1. The following is a proof of assertion in the Anderson—Belnap Fitch
system for R:

1 Aq hypothesis

2 i A — Bo hypothesis

3 Amy 1, reiteration
4 B2y 2,3, =E

5 (A— B) — By 24, —1

6 A— ((A—B)— B)y 1-5, =1

The subscripts are to be understood as referring to situations. When we make
a hypothesis, say, A1, we are postulating the existence of a situation, say, a; that
contains the information that A. When the subscript is the empty set, the formula is
proven to hold in every normal situation. (We discuss normal situations in Section 4.)
The expression By 5 is read as saying that an arbitrary situation ¢ that is in the
result of combining the information in a; with that in as. The use of permutation
can be seen in this proof through the fact that it does not matter when a number is
added to the subscript (in an application of the rule of implication elimination) nor
when it is removed (in an application of implication introduction) which order the
numbers are in. If we were to reject permutation, the subscript the minor premise in
an implication elimination would have to be added at the end of the new subscript
and likewise, when a hypothesis is discharged its number could only be removed
from the end of the subscript. Having permutation allows us to commute the order
the numbers in subscripts.

We can generalise the R relation to be an n-place relation for any positive integer
n by taking products of R. We say that Rabed if and only if 3x(Rabx A Rxed) and
more generally (for n > 3) Rayj ... a,c if and only if 3z(Ra; ... an—12 A Rrayc). We
read Raj ...anc as saying that the hypothesis of aq,...,a, all in the same world
justifies the inference to there being a situation like ¢ also in that world. The
generalised R relation and its interpretation justifies a more general permutation
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postulate: if Raj...am@m+1-..anc, then Raj...am41Gm, ... anc, for any m, 1 <
m < n. This generalised permutation postulate justifies the derivation of various
theses such as the permutation of antecedents ((A — (B — C)) — (B — (A — ())).

Before we leave R, let us look at a semantic postulate that is related to situated
inference in a more complicated manner: the contraction postulate. The simple
version of the contraction postulate says

Rabc — Rabbc.

The generalised version of contraction says that Rai ... a, . ..a,cimplies that Ray ...
AmGm - - . ape. This generalisation follows from the simple version. We read contrac-
tion as saying that if we hypothesise that aq,...,am,...,a, in a world to infer that
there is a situation like c¢ is also present in that world, in an inference we can really
use the information in a,, twice as part of the inference the presence of a situation
like ¢. We will return to the topic of contraction in our discussion of entailment
logics weaker than E.

3 E

This paper is not about R, but about the logic of relevant entailment, E and some
similar systems. The implication of E is usually understood as a form of strict rele-
vant implication. One way of thinking about strict relevant implication is through
combining relevant implication with modality. If we think of it that way, then it is
natural to represent strict relevant implication in a modal extension of R. But we
suggest that the notion of entailment be considered a unified notion that has the
properties of being relevant and necessary.

The obvious difference between R and E is in their conditionals. The conditional
of R is a contingent implication and that of E is entailment. We can compare the
two logics in terms of axiomatisations of their conditional only fragments, R_, and
E_.. Here are some axiom schemes that, together with the usual modus ponens rule,
generate E_:

1. A= A (Identity);

2. (A= B)= ((B=C)= (A= C)) (Suffixing);
3. B=C)= ((A= B) = (A= C)) (Prefixing);
4. (A= (A= B)) = (A= B) (Contraction);

5. (A= A) = B) = B (EntT).
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The axiom EntT tells us that if any formula is entailed by a theorem it is true. It
is, in effect, a form of the T-axiom from modal logic that tells us that any necessary
formula is true. For contrast, consider a set of axioms for R_;:

R1 A — A (Identity);

R2 (A— B) — ((B— C) = (A — C)) (Suffixing);

R3 (A — (A — B)) = (A — B) (Contraction);

R4 (A= (B—C)) = (B— (A— (C)) (Permutation of Antecedents).

The permutation axiom of R_, “demodalises” its implication. From (A — B) —
(A — B), which is an instance of identity, it allows us infer that A — ((A — B) —
B). The latter clearly makes — into a non-strict form of implication. If we read —
as -3, even in the sense of S5, this formula is not a logical truth.

The axiomatic basis for conjunction and disjunction are the same for both logics,
if we replace = with — throughout to obtain the axioms for positive R:

7. A= (AVB); B=(AVB);

8. (ANB)=A; (AAB)= B;

9. (A=B)AN(A=C)= (A= (BANQO));

- (
- (
10. (A=C)AN(B=C))=((AVB)=C);
11. (

AN(BVC)) = ((AAB)V(AAC)).

The rules for positive R and positive E are just modus ponens and adjunction.
E also has the axiom,

(WA AMB) = B(AA B) (Aggl)

The axiom Aggl (Aggregation for W) is a translation of the usual aggregation thesis
into the idiom of E. Here MA is defined as (A = A) = A.

We also add the Ackermann constant ¢, to facilitate the formulation of another,
but more easily used, notion of necessity, [J. This notion of necessity is defined as
follows:

OA=4t= A

The operator B is extremely difficult to use in proofs. Consider, for example, the
axiom Aggll. Written in primitive notation it is ((((A = A) = A)) A ((B= B) =
B)) = (((AANB) = (AANB)) = (AA B)). Using this formula to prove other modal
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theses can be quite difficult. Aggl], i.e., (DA ADOB) = O(A A B), however, is just
(t=A)A(t= B))= (t= (AAB)), and this is just an instance of axiom 9.
The axiom and rule for ¢ are the following;:

12. (t=A) = A (Tt).
Rule Nt (necessitation for ¢)

FA
Ft= A

¢ follows from axiom 1, i.e., t = t, and axiom 12, (t = t) = t.
In the context of E, [J and M are equivalent. Here is a proof.

Lemma 3.1. In E, it is a theorem that JA < BA.
Proof. First, the left-to-right direction of the biconditional:
1. t=A4)=(A=4) =(t=A4) Suffixing

2. (t=A4)=2A)=(A=4)=(t=A)=
(A= A)=A)) Prefixing

3. t=A)=A Tt

4. (A=A =t=4)=(A=4) =4 2, 3, MP

5. (t=A)= (A= A)=A) 1, 4, Suffixing, MP

6. JA=NEA 5, def O, def W
Now, the right-to-left direction:

1. t=(A=A4) Axiom 1 and Nt

2. t=(A=A4)=((A=A4)=A)=(t=A)) Suffixing

3. (A=A4)=A4)=(t=A4) 1,2, MP

4. WMA=DA 3, def W, def [.

Lemma 3.1 shows that AggM is redundant in the logic with . Moreover, the def-
inition of M does not determine a modality with natural properties in some of the
weaker systems we discuss later. These facts allow us to ignore B for the remainder
of this paper.

Natural deduction proofs for E differ from those for R in the way in which
subproofs are understood. In Anderson and Belnap’s system [1, 2], only implicational
formulas can be reiterated into subproofs. We modify that rule in order to produce
proof systems for our other logics. We eliminate the reiteration rule altogether and
change the implication eliminate proof to allow that the major premise be a previous
step in a superior proof. We use = for relevant entailment.

Derivation 2. The following is a derivation of the thesis of suffixing in the natural
deduction system for E:
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1 A= B hypothesis
2 i B = (s hypothesis
3 i As hypothesis
4 B3y 1,3, =E
5 Cl1,2,3) 2,4, =E
6 A= Cpo 3-5, =1
7 (B=C)= (A= C)u 2-6, =1
8 (A=B)=((B=0C)=A=0))y 1-7, =1

At step 4, the first hypothesis is used as the major premise of an implication elim-
ination and the third hypothesis as its minor premise. We can think of scope lines
as introducing new possible worlds at which situations indicated by the subscripts
(as in proofs in R) hold. Thus, we can rewrite the above proof as:

1 A= B wi hypothesis
2 | B = 0y wg hypothesis
3 i Asg w3 hypothesis
4 By .3 ws, 1,3, =E
5 Cl1,2,3) wsg 2,4, =E
6 A= Chy wy 3-5, =1
7 (B=0C)=(A=C)y wy 2-6, =1
8 (A=B)=((B=0)=(A=0))y 0, 1-7, =1

The world parameters on the right indicate worlds that are hypothesised in each of
the subproofs. (0 in the final line indicates that the formula is true at every normal
situation. We will discuss the relationship between normal situations and worlds in
Section 4.)

E has a ternary relation semantics like the semantics for R, but we wish to read
it in a somewhat different way. We use E for the ternary relation in E-frames. The
expression ‘Fabc’ means that, for any worlds wy,ws, if @ is in wi, wy is modally
accessible from wq, and b is in ws, then a situation like ¢ is also in ws. In order to
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understand the accessibility relation F, we appeal to a second accessibility relation,
in this case a binary modal accessibility relation. The status of worlds and the modal
accessibility relation are best explained by appealing to the formal semantics for E.
Let us move on, then, to this semantics.

4 Routley—Meyer Models for E

A positive E frame is a structure (5,0, E) such that S is a set (of situations), 0 is
a non-empty subset of S, and E C S3 such that all the following definitions and
conditions hold. Where a, b, ¢, d are situations,

a<b =q Jx(x € 0N Ezabd)

FE%abed =4 Jx(Fabx A Excd)
1. if a € 0 and a < b, then b € 0;
2. if a < b and Ebcd then Facd; if ¢ < d and Eabc then Fabd,
3. there is a b € 0 such that Faba;
4. if E?abced then 3x(Eacx A Ebxd);
5. if Eabc then E%abbe.

Semantic postulates 3, 4, and 5 need some explanation. Below, we define a modal
accessibility relation on situations, M, as Mab =4¢ Jx(x € 0 A Eaxb). Postulate 3
tells us that this accessibility relation on situations is reflexive. Postulate 4, however,
has to do with the modal accessibility relation on worlds. E2abcd says that if a is in
a world wq, b is in a world wo, c¢ is in ws, then there is a situation like d in w3 and
wy is accessible from w; and ws is accessible from wsy. Since the modal accessibility
relation on worlds is transitive, ws is accessible from w;. Jx(Eacx A Ebxd) tells us,
in this instance, that there is a situation x such that if a is in w; and d is in ws,
then a situation like z is in ws and if b is in wo and z is in ws, then a situation like
d is also in ws. The fact that the modal accessibility relation on worlds is transitive
allows us to make sense of this postulate.

Semantic postulate 5 relies on reflexivity rather than transitivity. It tells us that
if Fabc, then there if @ is in wq, b is in wo, b is in ws, then we can infer that there
is a situation like ¢ in w3. This seems unintelligible, unless we read this as saying
that if Fabce, then if a is in wq, b is in ws, b is in wo, then we can infer that c is
also in ws. This makes so much sense as to seem obvious. What does the work
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here is identifying the worlds in which the first and second instance of b are located.
We can do this if the modal accessibility relation is reflexive. To labour the point
slightly, we read E2abbc as saying that there is some situation z such that if a is in
wy and b is in we, we can infer that there is a situation like x in w9 and if x is in wo
and b is in wy then there is a situation like ¢ also in wo, such that ws is accessible
from wy and wy is accessible from itself.

At this point, we reflect on the nature of the set 0 of normal situations. In the
natural deduction system, we can use Ay at any stage, if A has been proved. In
allowing this, we assume that every world contains at least one normal situation. A
possible world (one that contains no contradictions) is covered by a normal situation.
In full models for E, that contain mechanisms to deal with negation as well as the
other connectives, normal situations are all bivalent. They make true the law of
excluded middle. In this way, we can think of normal situations to some extent as
surrogates for worlds in models. We do not, however, want to identify worlds with
normal situations, at least as the latter are characterised in frames, since the way
in which we understand the E relation in terms of worlds is not made explicit in
frames.?

A positive E model is a quadruple (5,0, E, V') such that (S,0, F) is a positive E
frame and V assigns sets of situations to propositional variables such that for any
propositional variable p, V(p) is closed upwards under <. Each value assignment V'
determines a satisfaction relation Fy -, between situations and formulas by means of
the following inductive definition:

e a Fy pif and only if a € V(p);

e a Fy tif and only if a € 0;

e aFy AAB if and only if a Fyy A and a Fy B;

e aFy AV Bifand only if a Fy A or a Fy B;

e aFy A= Bif and only if VbVe((Eabec N bEy A) D cFy B).

We write F instead of Fy where no confusion will result.
The following satisfaction condition for [ can be derived:

aEFOA iff VWVe((Eabe Abe0) Dck A)
We can extract from this condition a definition of a modal accessibility relation:

Mab =gt Fz(x € 0 A Eaxb)

2For contrast, see Urquhart’s semantics discussed in Section 5.
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Now we can state a Kripke-style satisfaction condition for necessity:
aEOA iff Vb(MabDbE A)

The relation M might not seem as if it is the right relation to represent necessity
in E models. After all, this is a relation between situations, not worlds. But we have
certain situations that can be treated as worlds. They might be mere proxies of “real”
worlds or they might be the worlds themselves. This is a matter for metaphysicians
to ponder. We set it aside here. These worlds are the members of the set 0. This is
the set of normal situations — the situations at which all of the theorems of E are
true under all interpretations.

The M relation, as defined above, has the properties of the accessibility relation
in Kripke models for S4:

Proposition 4.1. In any E-frame, M is transitive and reflexive.

Proof. Suppose that Mab and Mbc. Then there is an z € 0 and a y € 0 such that
Eaxb and Ebyc. Therefore, E?axyc. Thus, by semantic postulate 4, there is some
situation z such that Fayz and Exzc. Thus, Maz and z < c¢. Thus, by semantic
postulate 2, Mac. Generalising, M is transitive.

Reflexivity follow directly from semantic postulate 3 and the definition of M. [

In later sections of this paper, we will examine systems with weaker M relations.

5 Urquhart Semantics for E

In his PhD thesis [17] and in [16], Alasdair Urquhart gives a semantics for the im-
plicational fragment of E. This semantics has a lot in common with the semantics
for RY. In particular, it is an extension of his semantics for the implicational frag-
ment of R. The semantics uses a set of pieces of information and a semi-lattice join
operator, U, between pieces of information. The information condition for relevant
implication is

rFEA—B iff YylyFA D xzUyE B).

Urquhart modifies this semantics to fit E by adding a set of worlds and a binary
relation, N, on them. He also has formulas’ being satisfied at a pair of a piece of
information and a world. The condition for entailment becomes

(x,wo) FA= B iff VyVwi(Nwowi A (y,w1) FA) D (roy,w;)E B).
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The debt our interpretation owes to Urquhart’s semantics is clearly extensive. The
difference is that in Urquhart’s semantics an R structure is present under the surface
of the E structure.

In order to see what formal difference it makes to have an R structure underlying
E models, let us consider using Urquhart’s idea to model all of E. Consider a model
(S,0,R,W,N,V) where (S,0,R) is a positive R frame, W is a non-empty set (of
worlds), and N is a reflexive and transitive binary relation on W. Then we set

(a,wo) E A= B iff VbVcVwi((Nwowy A Rabe A (b,w1) F A) D (c,wr) E B).

The conditions for the other connectives are the obvious ones.

We can prove that this model satisfies the formula that Maksimova constructed
to show that NR is a proper extension of E — ((A = (B= C))A (B = (AV())) =
(B=C).

Proof. Suppose that (a,wp) F (A= (B= C))A(B= (AVC(C)). Also assume that
Rabe, Nwowi, and (b,w;) E B. We show that (¢,w;) F C. Since (a,wp) F B =
(AvC) and (b,w1) E B, (c,w1) F AVC. Rcce, so R%abce. Suppose that (c,wy) F A.
By the Pasch postulate, R2acbc, and so there is some situation z such that Racx
and Rzbe. Since (a,wp) F A= (B = C), (z,w1) F B = C. Rxbc, Nwjwjw;, and
(b,w1) E B, so (c,wy) E C. Thus, if either (c,w1) F A or (c,w1) E C, (c,w1) E C.
Thus, (a,wo) F B = C. O

The bolded step is not available, in general, for Routley—Meyer models for E.
The Pasch Postulate — Jz(Rabx A Rzed) D Jz(Racx N Rxbd) — is in Routley—
Meyer frames for R in order to make valid (A = (B = C)) = (B = (A = ()
(among other things), which would demodalise E. It would allow the inference from
(A= A) = (A= A), which is valid in E, to A = ((4 = A) = A), which is not.

We suggest, however, that Urquhart’s semantics be used as a guide for the con-
struction of entailment logics. It provides an intuitive treatment of modality in
relevant logics. Although the semantics proves too much for E and for the generali-
sations of E that we examine below, it gives us upper bounds on the logics that we
are to consider. It shows us what stronger forms of these logics (that incorporate
elements from R) look like and our constructions remain weaker than these logics,
but somewhat similar to them.

5.1 Note on R"”

The system RY — sometimes called “NR” — is a modal extension of R, formulated
with a necessity operator and some axioms and rules taken from the modal logic S4.
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The axioms are: (UAADOB) - O(AAB), OA - B) — (DA — OB). And the
additional rule is the rule of necessitation. The definition of a model for R” adds a
second accessibility relation, IV, for the necessity operator and the usual satisfaction
condition for statements of the form [JA applies:

aFOA iff Vz(Nax Dz F A)

The difficulty in extending Urquhart’s semantics to a semantics for all of E is repli-
cated in the proof that R is not a conservative extension of E. The underlying R
frame in R” models creates the conditions for the proof of the Maksimova formula.

One difference between R™ and E is that, viewed in terms of situated inference,
the two logics represent different standards of information content. Consider the
disjunction elimination rules for the two systems written in standard form. They
look the same:

AV B,
Ay hypothesis
Chutry
By, hypothesis
Chutry

Cauﬁ \/E

where k ¢ 5. This similarity, however, is rather superficial. Given our situated in-
formational interpretation of them, we can see a real difference here. We are licensed
to make an inference from a disjunction by this rule in R when we have contingent
relevant implications from both A and B. According to E, we can only make a
similar inference when we have entailments from those two propositions. E places
a stronger demand on what counts as the information available in a situation than
does R. If we add an R semantic structure to an E frame, as happens in the Urquhart
semantics and the semantics for R™, then we undermine the E demand of stricter
relations between the states of affairs of a situation and the further information that
they carry. We can think of this distinction as a normative one. The two logics E
and R” warrant different claims about what information is available in situations.
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6 Two Notions of Necessity

In the semantics for E, there are really two notions of necessity. The first is the
one that is incorporated into the entailment connective, =. Having A = B true
at a world (i.e., having the information that A = B in some situation in that
world) means that in any accessible world, if there is a situation that contains the
information that A, there is also one that contains the information that B. We call
this closure necessity, since it expresses closure conditions for worlds. The other sort
of necessity is fill necessity. This sort of necessity is represented by [I.

Fill necessity can be understood both in terms of relationships between situa-
tions and relationships between worlds. As we said in Section 4, we place a modal
accessibility relation between situations that acts in terms of necessity in the same
way as accessibility relations in the standard worlds semantics do. A formula [JA is
satisfied by a situation a if and only if A is satisfied by all situations M-accessible
to a. In terms of worlds, suppose that [JA is true at a world wi. Let’s suppose that
wy is accessible from wq. As we said in Section 4, in each world there is at least one
normal situation. Thus, there is some normal situation b in wy and there is at least
one situation ¢ in we such that Eabc. Since Eabe, ¢ E A. Hence there is a situation
in wo that contains the information that A, that is, A is true in ws.

In E, both closure and fill necessity are formulated in terms of entailment. In
R, they are both formulated in terms of (). This turns out to be a very important
difference between the two logics. As we have seen, they do not give us logically
equivalent systems. They are also conceptually quite different. For E, and the
associated logics that we will turn to presently, closure necessity is primary. In R",
fill necessity is more important.

7 EK

The foregoing analysis of necessity in E suggests that we look at logics in which
the virtual accessibility relation between worlds has different properties. We call
this relation virtual because it is present only in a very shadowy sense (in terms
of the M relation between normal situations) in the formal semantics. As we have
seen in Section 4, the modal accessibility relation of E is reflexive and transitive. It
seems reasonable to look at systems in which the modal accessibility relation has
different properties. The modal accessibility relation, however, is defined in terms of
the ternary accessibility relation, which concerns entailment. Thus, we must adjust
the ternary relation to modify the binary accessibility relation.

Our strategy is to formulate the properties of modality in terms of the way it is
represented in the natural deduction system and then to modify this representation
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to incorporate different properties for modality. Then we axiomatise the resulting
system and construct a Routley—Meyer semantics for it.

We begin with a logic we call E.K| to indicate that it is the basic system in much
the same way that K is the basic normal modal logic.

The natural deduction rule is changed to allow applications of =E for cases in
which the subproof in which the major premise is contained to be adjacent to the
subproof in which the minor premise resides:

A= B,

Ap

BaUB

There is one exception to this. If the major premise has an empty-set subscript, then
we allow =E to be applied to premises in the same subproof. We have to change
the rule VE in a similar way:

A= C,
B=C,

A\/Bﬁ

Cauﬂ

Again, we allow the exception that the entailment formulas can be in the same sub-
proof as the disjunction if the subscript on the entailment formulas is the empty set.
In addition, we add a rule to allow the closure of worlds under provable implications:

A:>B@
Aq

B, Th=
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Otherwise, the rules are the same as for E.
The following is an axiomatisation of E.K:

Axioms

1. A=A

2. A= (AVB); B= (AVB)

3. ANB)=A; (AANB)=1B

4. (ANBVC))=(AANB)V(ANQ))
A

A

5. (A=B)AN(A=C))= (A= (BAN(O))
6. (A=C)AN(B=0)=((AvB)=20C)
7.1
Rules
FA= B FA
HA N HA AD] A
FB (MP) FAAB ( ) FOA
FB=C (PR) FA=1B (SR)

F(A=B)= (A= 0C) F(B=C)= (A= C)

A" = (A = (AT = (B=0)). L)
FAP = (APt = ... (A" = B)...)
FAl= (A2= ... (A" =(O)..))

(RK)

where 1 <m <n—1,1<p<mn, and at least one of m =1 or p = 1.

The proof that all the axioms are provable in the natural deduction system and
that the rules, with the exception of RK, are admissible in it is straightforward.
To prove that the axiom system includes all the theorems provable in the natural
deduction system, we show that in a given proof, if Cy;, ;.3 is provable, then
Aip = (- (A;, = C)...) is provable in the axiom system, where A; ,..., A;, are
the i1th, ..., i,th hypotheses in the proof, respectively. Before we can prove this,
we need to prove a crucial lemma.

Lemma 7.1. If A, is a step in a valid natural deduction proof in the system for
E.K, then either a = () or the numbers in « are numerically consecutive and if o is
non-empty, then « includes the numeral of the hypothesis of the subproof in which
A, occurs.
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Proof. By induction on the length of the proof of A,. If « is empty, then the lemma
follows. If A, is a hypothesis, then it follows as well. The cases for conjunction
introduction and elimination and disjunction introduction are straightforward, as
is the case for implication introduction. Implication elimination and disjunction
elimination are similar to one another. Suppose that we have a proof segment of the
following form:

A:>Bg

A’Y
BBU'y =E

By the inductive hypothesis, the numbers in 8 and v are consecutive. By the
entailment elimination rule the maximal number in -y is one higher than the maximal
number in 8. Let n be the maximal number in v. Then v — {n} is either a subset
of 5 or a proper superset. If it is a proper superset then vU g = ~. If it is a subset,
then yU B = fU{n}. In either case, the lemma follows. As we said, the disjunction
elimination case is similar. O

The following proposition shows that E.K is at least as strong as the logic DJ,
which in its class of theorems is the same as Ross Brady’s logic of meaning contain-
ment, MC [4].

Proposition 7.2. (A= B)A(B=C))= (A= C) is a theorem of E.K.
Proof. Let (A= B) A (B = C) be A! and A be A2

1. (A=B)A(B=C(C))=(B=C) axiom 3
2. (A=B)AN(B=C))= (A= B) axiom 3
3. (A=B)AB=C)=A=0C) 1,2, RK
0

Given the definition of [JA ast = A, Proposition 7.2 also shows that the following
version of the K axiom is a theorem of E.K:

(DAAN(A=B))=0B
Moreover, the following aggregation principle is an instance of axiom 5:

(DAADB) = O(A A B)
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Thus, E.K contains a good deal of what are relevant counterparts of the key theorems
of the modal logic K.

For the following theorem, we use an abbreviation. Where {1,...,n} is a set of

subscripts of hypotheses in a derivation, A, ... A", respectively, {1,...,n} = C is
the formula A' = (A" = O).

Theorem 7.3. For any formula C, if Cy;, ;. is a step in a valid natural deduction
proof then A;; = (- (4;, = C)...) is provable in the E.K axiom system.

Proof. By induction on the length of the proof Cy;, ;.1

Base Case. Suppose that C; is a hypothesis. By axiom 1, C = C' is a theorem
of the axiom system.

The conjunction and negation cases are straightforward, as are the cases for the
entailment and disjunction introduction rules. Thus, we prove only the cases for
entailment and disjunction elimination.

Entailment Elimination. Suppose that Cy;, _ ;.y is proven from A = C, and Ag.
Then, by the rules of the natural deduction system, the maximal number in 3 is 1

greater than the maximal number in «. By the inductive hypothesis, - o = (A = C)
and - 8 = C. By RK, then, - (a«Up) = C.

Disjunction Elimination. Suppose that Cy;, ;.1 is proven from A = C, and
B = C, and AV Bg by VE. Then a U = {i1,...,i,} and by the inductive
hypothesis, F a = (A = C), F a = (B = (), and - f = (AV B). Thus, by
axiom 5 and repeated applications of the prefixing rule, - o = ((A = C)A(B = ())
and so, by Proposition 7.2 and repeated applications of the prefixing rule, - a =
((AV B) = (). Thus, by - = (AV B) and RK, we obtain - (« U 3) = C. O

We need the following lemmas for the completeness proof.

Lemma 7.4. The following rule is derivable in E.K:

FA'= (- (A= (A" = 0))..)
FB= A»
FAl= (.- (A1 = (B=())...)
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Proof.

FA'= (- (Al = (A= 0))..)

FB= A"

FA"=C)= (B=C)

FA" ! = (A" = C)) = (A1 = (B=(0))

FAl = (- (A = (A= 0))..) =
(Al= (- (A= (B=0))..

7. FA'= (- (A= (B=(0))..)

S T A e

)

Premise
Premise
2, PR
3, PR

1,6, MP

Lemma 7.5. The following rule is derivable in E.K. Where m < n,

FA' = (- (A"= (D= E))...)

F(B'= (...(B™ = (C = D))...)
)

F(AY= (- (A" ABY) = (A AB2) = (- - ((A"AB™) =>(C=FE))...)))...))

Proof.

S ok W=

FA' = (- (A"= (D= E))...)

FB!'= (---(B"= (C=D))...)

F (A" A B™) = A"

FA'= (- ((A" AB™) = (D = E))...)
l.—”(Al:(--~((A”_m/\Bl)i("'((AnABm)i

(D= E))...)..

7. F(B'= (- ((A"AB™) = (C = D))...)

0. - kAn—mABl) = (- ((A" AB™) = (C = D))...)

10.

F (A= (- (A" A Bl = (A-mFL A B?) =

(- (A"ANB™) = (C=FE))...))..

714
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8 E.K Models

A positive E.K frame is a triple (5,0, E) just as for E frames, except that the
semantic postulates are now the following:

1. < is a partial order;
2. ifa € 0 and a < b, then b € 0;
3. if a < b and Ebcd then Facd; if ¢ < d and Fabc then Fabd;

4. if Fay ... anc, then 323y(Eay, ... an—12AEay . .. apy AExyc) (where n—m > 2
and n—p >1).

Here we use an extension of the definition of E? given in Section 4. We define
E™" i . apaniianioc  as Jz(E"ay ...aps12 A Exagiac).

For convenience, we drop the superscript from E™ and merely write Fa; ...ap11c.

A positive E.K model is a quadruple (5,0, E, V') such that (5,0, E) is a positive
E.K frame and V assigns sets of situations to propositional variables such that for
any propositional variable p, V'(p) is closed upwards under <. Each value assignment
V' determines a satisfaction relation Fy, applying the same clauses as for E models.
We write ‘E’ instead of ‘Fy’ where no confusion will result.

The meaning of entailment in E.K is, on one level, the same as it is for E: A = B
says that if, in an accessible world, there is a situation that contains the information
that A, then there is a situation that contains B. Without reflexivity or transitivity,
one use of E.K’s implication could be to represent a form of doxastic entailment. An
agent might be said to hold A — B in the sense of E.K if and only if she believes
that B follows from A.

Excluding the rule RK, the axiomatic basis for E.K is the same as that of the
minimal relevant logic B. The soundness of B over the Routley—Meyer semantics
is well known [14, 15]. Thus it is sufficient to show that the class of E.K frames
satisfy RK.

Lemma 8.1. In any E.K model, if F A™ = (---(A"! = (B = (C))...) and
FAP = (.- (A" = B)...), then F Al = (--- (A" = CO)...).

Proof. Suppose that F A™ = (--- (A" ! = (B=(C))...)and F A? = (--- (A" =
B)...) and suppose that Ea; ...a,c and a; F A; for each i, 1 <i <n. Let m = 1.
The case in which p = 1 is similar. By semantic condition 4, there is a situation
x such that Fa;...a,—12 and a situation y such that Fa,...a,y and Exyc. By

assumption and the information condition for implication, z £ B = C and y F B.
SockEC. O
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Thus, we can now state the following soundness theorem:

Theorem 8.2 (Soundness). All the theorems of E.K are valid in the class of E.K
frames.

8.1 Completeness of E.K

In order to construct the canonical model, we define a form of logical consequence
for a logic L:

't A iff HGl,...,GmEFHDl,...,DHEA(l—L(Gl/\.../\Gm>=>(D1\/...\/Dn)).

We use this consequence relation for a wide variety of purposes in what follows, first
to define the notion of a theory.

Definition 8.3 (Theory). An L-theory I' is a set of formulas such that if I' 7 {A},
then A €T

It is easy to show that if I is an L-theory, A € I', and B € I', then AAB €. A
theory I is said to be prime if and only if for all formulas AV B € T, either A € T’
or B el I issaid to be reqular if and only if £t € I.

We also use the consequence relation to define the notion of L-consistency: a
pair of sets of formulas (T, A) is said to be L-consistent if and only if T' ¥ A.
The form of Lindenbaum extension theorem that is used for relevant logics employs
L-consistency, rather than the more standard notion of negation consistency. This
lemma was originally proven by Nuel Belnap and Dov Gabbay (see [5]).

Theorem 8.4. If (I',A) is L-consistent, then there is a prime theory I'" O T such
that (I', A) is L-consistent.

Corollary 8.5. A formula A is a theorem of L if and only if A € I' for all regular
prime L-theories T.

Proof. If -1, A, then 1 t = A, by RN. If ' is regular, then, by definition, ¢ € T,
hence I -y, {A}. Since I' is a theory, A € I". If ¥, A then (L,{A}) is L-consistent,
where L is taken here to be the set of theorems of L. Thus, by the Lindenbaum
theorem, there is a prime regular L-theory I' such that I' ¥y {A}. O

In order to formulate our canonical model, we utilise a binary fusion operator
on theories. Where a and b are L-theories for any of our logics L,

aob =qt {BeFml: 3A(A=B)ca N Aeb)}.
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It is easy to prove that the fusion of two L-theories is an L-theory. Note, however,
that the fusion of two prime theories may not be prime, but we can prove the
following lemma.

Lemma 8.6. (a) If a, b, and ¢ are L-theories, a and ¢ are prime, and aob C c,
then there is a prime L-theory b 2 b such that aob C ¢; (b) if a, b, and ¢ are L
theories, b and c are prime, and a ob C ¢, then there is a prime L-theory a’ D a
such that a’ ob C ¢; (¢) where a, b, and ¢ are L-theories, if aob C ¢, then there are
prime L-theories a’, V', and ¢ such that o’ ot/ C .

Proof. (a) Suppose that a, b, and ¢ are L-theories, a and ¢ are prime and ao b C c.
Let X be the set of formulas A such that there is some B ¢ c and A = B € a.

We show that (b, X) is L-consistent. Suppose that (b, X) is L-inconsistent. Then
there are By,...,B;, € band Cy,...,C, € X such that by, (BiA---AB,,) = (C1 V
-V (Cy). By the definition of X, there are Ay, ..., Ay, not in ¢ such that C; = A; €
a,...,C, = A, € a. By a simple logical derivation, (C1V---VCy) = (41V---VA,).
Since c is prime, (A1 V---V A,) ¢ c. Butifbp (BiA---ABy) = (C1V---VCy),
then (C1 V...V C,) € b. Hence, aob Z c. Thus, by reductio, (b, X) is L-consistent.

By Theorem 8.4, there is a prime theory b’ extending b such that (b, X) is
L-consistent. Hence ao b’ C c.

(b) The proof is similar to that of (a).

(c) Suppose that a o b C ¢. Then, there is a prime L-theory ¢’ extending ¢ such
that a o b C ¢/. Now we extend a to a prime L-theory a’ such that a’ ob C /. We
do so by noting that the set X = {A = B: A € bA B ¢ ¢} is such that (a,X) is
L-consistent (see the proof of (a) above). Then, by the Lindenbaum lemma, a can
be extended to a prime L-theory a’ such that a’ ob C ¢. By (a) above, there is a
prime L-theory b’ such that a’ o b’ C ¢. O

Lemma 8.7. For every L-theory a, there is some regular prime L-theory o such
that oo a = a.

Proof. Let a be an L-theory. Then Thm(L) o a = a and so Thm(L) oa C a. By
Lemma 8.6(b), there is a prime L-theory o extending Thm(L) such that oo a C a.
Since o extends Thm(L), o is regular. O

We are now ready to construct the canonical model. The canonical model is a
quadruple M, = (5,0, £, V) such that

e S is the set of prime theories of L;

e ( is the set of regular prime theories of L;
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e E C S3is such that Eabe if and only if aob C ¢;

e V is a function from propositional variables to subsets of S such that a € V(p)
if and only if p € a.

Lemma 8.8. For all L-theories, a < b if and only if a C b.

Proof. Suppose that a < b. Then there is some regular prime L-theory o such that
FEoab. By the definition of E, ooa C b. Since A = A € 0, a C b.

Suppose now that ¢ C b. By Lemma 8.7, there is a 0o € 0 such that ooa C a,
thus by the transitivity of subset, o o a C b. Therefore, a < b. 0

Lemma 8.9. For2 <n, Faj...apb if and only if (...(ayo0az)o---)oa, Cb.

Proof. By induction on n.

Base case: n = 2. Follows from the definition of £ for the canonical model.
Inductive case: Suppose that, for all b € S, Fay...a,b iff (...(ag0a2)o---) Cb.
We show that for all a,4+1,06 € S, Eay...an41biff (...(a10az)o--)oans1 CO.

Suppose that Fayj ...an4+1b. By definition, Fay ... apa,11b if and only if there is
some z € S, Faj ...apr and Fzra,11b. By hypothesis, (...(ajocaz)o---)oay,) C x.
Clearly, for all L-theories x,y, z, if 2z C w, then zo0y C woy. So, (...(a; 0az) o
cv2)oap)oant1 C xoaptr. Since Exani1b, ©oapy1 Cb. Thus, by the transitivity
of subset, (...(aj0az)o--+)oapt1 Cb.

Suppose now that (...(ajoaz)o--+)oaps;1 Cb. (...(ago0az)o---)oay, is an
L-theory. Thus, by Lemma 8.6(b), there is a prime L-theory z such that (... (a; o
ag)o---)oa, Cxand zoa,r1 Cb. By hypothesis, Fay ...a,x and, by definition
of ¥, xan4+1b. Therefore, Fay ... ap41b. O

Lemma 8.10. If Faj...ayb, then for all p, 1 < p < n-—1, Fai...ap_1x and
Eay ...any and Exyb.

Proof. Suppose that Fay ...anb. Then, by Lemma 8.9, (... (ajoag)o---)oa, Cb.
We show that (...(amoamy1)o---)oan—1)o(...(apoapr1)o---)oay) Cb, where
either m or p is 1. Case 1. m = 1. Suppose that C € (...(ag0az)o---)oay_1)o0
(...(apoapy1)o---)oay). We show that C € b. Then, by the definition of fusion
on theories, there is some formula B such that B = C € (...(aj0az) o -)oa,_1
and B € (...(apoapy1)o---)oay). Using the same reasoning, we can see that there
are A%, ... A" ! such that for 2<i<n—1, A* € q; and

A2z (- (AP = (- (B=0)..))...) €ar.
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Similarly, there are formulas DP*!, ... D" such that for all j, p+1 < j <n, DI € a;
and
DV = (--- (D" = B)...) € ap.

Now, we know that E.K proves
(A= (- (AP=(---(B=0)..))..)) = (A%=(--(A=(---(B=C)...)...)

and
Fex (DP=(---(D"=B)...))= (D= (---(D"= B)...)).

By Lemma 7.5, then, we can derive
Fex (A2= (.. (A= (...(B=0C)..))=
(...(APAN(D?P=(...(D"=DB)...)= (D= (...(D"=B)...) =
((APTEA DPHY = (AP A DY = (D" = C)..).
Thus,
(...(APANDP)= (...(D"=DB)...) =D = (...(D"=B)...) =
(AP A DPTY) = (AP A D = (D" = C)...) € ay.

For alli,2 <i < p,andall j, p+1 < j <n, A’ € a; and (A" A DY) € a;. In addition,
(APADP)= (--- (D" = B)...)) € ap, so

Ce(...(agoaz)o--+)oay).

Since (...(agoag)o---)oay, Cb, C € b, as required. Generalising, (... (a; 0 az) o
-)oap—1)o(...(apoapy1)o--+-)oa,) C b Hence, by Lemma 8.6, there is a
prime theory x extending (... (ajoag)o---)oa,—1 and a prime theory y extending
(...(apoapy1)o---)oanand xoy C b, ie., Exybd.
Case 2. p = 1. Similar to case 1. O

9 E.KT and E.K4

We now look at two logics between E.K and E. These are E.KT and E.K4. In
terms of their natural deduction systems, E.KT adds to E.K modified forms of the
entailment and disjunction elimination rules. In E.KT, we can apply a major to a
minor premise when the two are in the same subproof:

A= B,
Ap
Bauﬁ :>E
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For E.K4, the =E rule is modified to allow, not premises in the same subproof, but
a major premise that is in a subproof separated from the minor by one or more other
subproofs.

A= B,

Ap
Bauﬁ :>E

For E.KT we replace the rule RK with the rule RKT:

FAM = (AT = (A= (B=C))...)
FAP = (APt = ... (A" = B)...)
FAl= (A2 ...(An = 0)..)

where either p=1lorg=1,n—-1<¢g <n,and 1 <p <n. For E.KT we also need
to add the rule RTh:

FAl= (.. (A= (B=0))..))
FB
FALS (- (AT=0)..)

To obtain E.K4 we replace RK with the rule RK4. We begin with a finite
sequence of formulas ¥ = (A;,...,A4,). Let I" and A be sequences, in which all of
the formulas that occur in them occur in 3 and occur in the same order as in X.
Moreover, for any A; (1 < i < n — 1), the total number of times that it occurs in
both I' and A is at least the number of times that it occurs in (Ay,..., A,—1). (It
follows from this that every formula that occurs in ¥ occurs at least once in one of
I'or A))

FI'= (B=C)
FA= (A" = B)
FAl= (- (A= C)...)

Here (Dy,...,Dp,) = E is defined as D1 = (D2 = (- (D, = E) .. .)).

Proposition 9.1. Fach of (i) (A= B)ANA) = B, (ii)) (A= (A= B)) = (A=
B), and (iii) (A= A) = B) = B are theorems of E.KT.
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Proof. (i)
1. F(A=B)NA)= (A= B) Axiom 3
2. F(A=B)ANA)=A Axiom 3
3. F(A=B)AA) =B 1,2, RKT
(ii) Taking A = (A = B) to be A! and A to be A2, we get:
F(A= (A= B))= (A= (A= B)) Axiom 1
FA=A Axiom 1
F(A= (A= B))= (A= B) 1,2, RKT
(iif)
F(A=A)=B)= (A= A)=B) Axiom 1
FA=A Axiom 1
F(A=A)=B)=B 1,2, RTh
O

Proposition 9.2. (o) (A= B) = (B=C)= (A= 0C)) and (b) (B = C) =
(A= B) = (A= (C)) are theorems of E.KJ.

Proof. (a) Let A= B be A!, B = C be A? and A be A3.
1. (A= B)= (A= B) axiom 1
2. (B=0C)=(B=20) axiom 1
3. A=B)=(B=0C)=A=0C)) 1,2,RK4
(b) Let B = C be A, A= B be A% and A be A3.

1. (B=C)=(B=C0C) axiom 1
2. (A= B)= (A= DB) axiom 1
3. B=0)=(A=B)=(A=C)) 1,2,RK4

O]

Proposition 9.2 shows that E.K4 is an extension of TW, which is Anderson
and Belnap’s system of ticket entailment, T, without the axiom of contraction.
The entailment fragment, TW=,, is extraordinary because in any case in which an
equivalence A = B and B = A is provable, then A and B are the same formula
[12, 2]. We do not know at this point in time whether E.K4 is exactly the same logic
(i.e., has the same theorems) as TW.
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Propositions 9.1 and 9.2 together show that the logic E.KT4 which results from
the axiom basis for E.KT together with the rule RK4 yields an extension of E. To
show that it is E, it suffices to show that the rules RK, RKT, RTh, and RK4 are
all derivable in E. This is easy (although somewhat tedious) to show, and so we can
say that E.KT4 is equivalent to E.

Proposition 9.3. A = UOUA is a theorem of E.K4.

Proof. Let t = A be A! and ¢ be A?

1. t=A)= ((t=1t)= (t=A)) Proposition 9.2(b)
2. t=(t=1) axiom 1 and RN
3. t=A)=(t=(t=A) 1,2, RK4

4 OA=0O0A 3, def. O

O]

Proposition 9.3 shows that the fill necessity of E.K4 is very much like that of the
classical modal logic K4.

10 E.KT and E.K4 Models

An E.KT frame is an E.K frame with two additional conditions. The first condition
that we add is

(SRT) If Eaj...anc, then 3z3y(Eayp,...anx A Eap...any N Ezyc),

where at least one of m or p is 1. We do not require that either n — m or that
n — p be at least 0, although we do require that n > 2. When m = n, then we read
FEay, ...anx as ay < x, and similarly for p = n.

Suppose that Fabc. By SRT we have Fabx and b < y and FEzyc. By semantic
condition 3 on E.K frames, we have Exbc and so we have Fabbc. Thus, Fabc implies
FEabbc. This is the condition for contraction from the definition of an E frame.

We can also derive the condition Faaa for all situations a. Here is the proof.
By semantic condition 1 on E.K frames, 3z(x € 0 A Ezaa). By contraction, Fzaaa,
i.e., there is some y such that Fxay and Fyaa. By the definition of <, a < y and so
by semantic condition 3, Faaa. The condition Faaa is called complete reflexivity.
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Complete reflexivity allows us to prove simple instances of RKT such as:

FA= (B=20C)
FA=B
FA=C

The second condition we add is the following:

(T) 3Fz(x € 0A Eazxa)

The condition T just says that M is reflexive for E.KT, as one would expect.
Lemma 10.1. The rule RKT is valid in the class of E.KT frames.

Proof. The only cases that are not covered by the soundness proof for E.K are
instances of the rule in which ¢ = n. We have already proven the case in which
q = n = 2. Suppose that A = (A™F! = ... (A" = (B = (C))...) and AP =
(APl = ... (A" = B)...) are both valid in the class of E.KT frames. Now, consider
an E.KT model and situations aj,...,a, and ¢ such that Fa; ...a,c and a; E A’
for all ¢, 1 < ¢ < n. By the assumption and SCT, cE B = C and cFE B. By Eccc
and the satisfaction condition, ¢ F C. Generalising, F Al = (--- (A" = C)...). O

Theorem 10.2. E.KT is sound over the class of E.KT frames.

The proof of completeness for E.KT is very like the one for E.K. Lemma 8.10
has to be tweaked slightly, but the proof is essentially the same. Thus we merely
state the completeness theorem:

Theorem 10.3. E.KT is complete over the class of E.KT frames.

The soundness and completeness theorems for E.K'T show that there is an alter-
native axiomatisation of the logic that includes the axiomatic basis for E.K plus the
two axiom schemes PMP and T.

The definition of an E.K4 frame is the same as for an E.K frame except that it
includ